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many questions which necessarily excite our interest and 
curiosity are discussed in the dynamics of a particle that 
this subject has always been a favourite one with students. How, 
for example, is it that by observing the motion of a pendulum we 
can tell the time of the rotation of the earth, or knowing this, 
how is it that we can deduce the latitude of the place ? Why does 
our earth travel round the sun in an ellipse and what would be 
the path if the law of gravitation were different ? Would any 
other law give a closed orbit so that our planet might (if 
undisturbed) repeat the same path continually? Is there a 
resisting medium which is slowly but continually bringing our 
orbit nearer to the sun ? What would be the path of a particle 
in a system of two centres of force ? When a comet passes close 
to a planet does it carry with it in its new orbit some tokens 
to prove its identity ? 

Such problems as these (which are merely examples) excite 
our curiosity at the very beginning of the subject. When we 
study the replies we find new objects of interest. Beginning at 
the elementary resolutions of the forces we are led on from one 
generalization to another. We presently arrive at Lagrange’s 
general method, by which when a single function (worthily called 
after his great name) has been found we can write down, in 
any kind of coordinates, all the equations of motion cleared of 
unknown reactions. A little further on we find Jacobi’s method 
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by which the whole solution of a dynamical problem can be made 
tp depend on a single integral. 

The last word has not yet been said on these problems. The 
student finds as he proceeds much left to discover and many new 
questions to ask. 

When we extend our studies so as to include the planetary 
perturbations and to take account of the finite size of the 
bodies the mathematical difficulties are much increased. In the 
dynamics of a particle we confine ourselves to simpler problems 
and easier mathematics. 

As the subject of d3naamics is usually read early in the 
mathematical course, the student cannot be expected to master 
all its difficulties at once. In this treatise the parts intended for 
a first reading are printed in large type and the student is advised 
to pass over the other parts until they are referred to later on. 

The same problem may be attacked on many sides and we 
therefore have several different ways of finding a solution. In 
what follows the most elementary method has in general been 
put first, other solutions being given later on. For the sake of 
simplicity they have also generally been treated first in two 
dimensions. In these ways the difficulties of dynamics are 
separated from those of pure geometry and it is hoped that 
both difficulties may thus be more easily overcome. 

Some of the examples have been fully worked out, on others 
hints have been given. Many of these have been selected from 
the Tripos and College papers in order that they may the better 
indicate the recent directions of dynamical thought. 

I cannot conclude without thanking Mr Dickson of Peterhouse. 
He has kindly assisted me in correcting most of the proofs and 
has given material aid by his verifications and suggestions. 

EDWARD J‘. ROUTH. 

Peterhouse, 

July^ 1898 . 


CONTENTS. 


CHAPTER I. 

ELEMENTARY CONSIDERATIONS. 

ARTS. 

1 — 30. Velocity and acceleration .... 
31—38. Cartesian, polar and intrinsic components 
39 — 40. Belative motion . . . 

41—46. Angular velocity 

46—48. Units of space and time .... 

49 — 62. Laws of motion 

63 — 67. Units of mass and force .... 

68 — 72. Vis viva and work 

73 — 79, The two solutions of the equations of motion 
80—91. Impulsive forces and impacts . 

92—93. Motion of the centre of gravity 
94. Examples on impacts .... 


PACES 

1—10 

11—13 

14— 16 

15— 16 

16— 17 

17— 23 
23—26 
26—27 
28—34 
35—41 

41— 42 

42— 46 


CHAPTER II. 

RECTILINEAR MOTION. 

96—103. Solution of the equation. Ambiguities .... 47—53 

104—117. A heavy particle in vacuo and in a resisting medium. 

Bough chords 53 60 

118 — 122. Linear equation and harmonic motion .... 60 — 64 


X 


CONTENTS. 


ARTS. 

429—449. 

450—464. 

465—472. 

473—489. 


490—502. 

503—512. 

513—519. 

520—523, 

524. 

525. 

526—534. 
635—545. 
546—549, 
560—554, 
555 — 567, 
668—575, 
576—584, 


585—589. 

590—594, 

595—599. 

600—606. 

607—612. 


Orbits classified, (1) F=jj,u\ (2) F=f(u), Stability of 
asymptotic circles. Examples . . , . , 

Law of force in a conic. Newton, Hamilton. The two 
laws . , . , , . 

Singular points in orbits 

Kepler’s problem. Lagrange. Bessel. Convergency of 
series . . 


CHAPTER YII. 

MOTION IN THEBE PIMENSIONS, 

Elementary resolutions, Moving axes , , , , 

Lagrange’s equations , , , , , , 

•Small oscillations and initial motion , , , , 

Solution of Lagrange’s equations. Liouville, Jacobi, Also 
one coordinate absent, pages 322, 409 . , , , 

Change of the independent variable. Pages 408, 410 , 

Curvilinear coordinates ,,,,,,, 
Motion on a curve, fixed, moving or changing. Free motion 
Motion on a surface ; special cases , , , , , 

Gauss’ coordinates «fco, , , , , , , , 

Heavy particle on a surface , , . , , , 

Conical pendulum, Time, apsidal angle &o, , . , 

Motion on an ellipsoid, Cartesian coordinates . , 

ElliptiQ coordinates , , 


CHAPTER VIII, 

SOME SPEPIAh PEOBEBMS, 

Motion under two centres of force in two und three 

dimenaione . i , , , , , , 

Brachiatpohrones, general equations , , , , , 

Three theorems, with dynamical interpretations 
Brachistochrones with a vertical force, a central force , 
Brachistochrones on a surface. Equal times. Examples 


FAGES 

275—283 

283—291 

292-295 

295—303 


304—3X1 

311—317 

318—321 

321—323 

323— 824 

324— 325 

325— 332 
832—338 
338—339 
840—343 
843—349 
350—364 
854—860 


361-365 

865—868 

868—370 

370—374 

374—377 


CONTENTS. 


XI 


AET3. 

613—619. 

Motion relative to the earth. Falling bodies . 

PAGES 

377—380 

620—621. 

The two cases of motion ....... 

380—382 

622—623. 

On projectiles • • • - 

382 

624—626. 

On Foucault’s pendulum . ’ 

382—384 

627. 

History 

384—385 

628—630. 

Inversion of the path. See also Art. 650, Ex. 2 . . 

385—387 

631—632. 

Inversion of the pressures. Examples .... 

387—388 

633—635. 

Conjugate functions, path and pressures .... 

388—390 

636—638. 

Grouping of trajectories 

390—393 

639—644. 

Jacobi’s method of solving dynamical problems 

393—397 

646. 

Examples on Jacobi’s method and Liouville’s work function 

397—399 

646—648. 

Principle of least action 

399—400 

649. 

Case of failure 

400—401 

650—652. 

Examples and other proofs of previous theorems . 

401— "402 

653—654. 

Discussion of the terms of the second order . 

402—405 

Note 1. On an ellipsoidal swarm of particles .... 

406—407 

Note 2. On Lagrange’s equations. A new form for tlie Lagrangian 
function. Also any function (say 6 ) of the coordinates made 
the independent variable. Eotating field . 

408—410 


Index 


411—417 




CHAPTER L 


Velocity and Acceleration. 

1. The science of dynamics is divided into two parts. In one 
the geometrical circumstances of the motion are considered apart 
from the physical causes of that motion. In the other the mode 
in which the motion is produced by the action of forces is investi- 
gated. The first is usually called kinematics, the second is called 
sometimes kinetics and sometimes dynamics. 

2. Let us consider the geometrical motion of a point on a 
given curve. The motion is said to he uniform when equal spaces 
are described in any two equal times. The space described in any 
unit of time measures the velocity. 

The word “any” in this definition is important. If all the 
spaces described in successive units of time were equal, the motion 
need not be uniform. For example, the hands of a clock move 
over equal spaces in successive seconds, but in some clocks each 
space is described by a jump at the end of each second. 

In discussing the geometry of the motion, the time is regarded 
as the independent variable. It is merely some continually in- 
creasing quantity. So far as our present purpose is concerned, 
we may suppose that the time is measured by the space described 
by some standard point moving in a straight line always in the 
same direction. 

Let s be the distance at the time i of a point P moving 
uniformly on a curve measured along the arc from some fixed 
point on the curve. Let So be the arc-distance at the time 
Since v is the space described in a unit of time, the arc s — Sq 


2 


VELOCITY AND ACCELERATION. 


[CHAP.’I. 


described in t — to units of time is given by s — So = ^ - 4)- This 

leads to the converse equation, in uniform motion the velocity is 
equal to the space described in any time divided by that time. 

3. When all the arcs described in equal times are not equal, 
the velocity is variable. By the principles of the differential 
calculus we consider the arcs described in infinitely short times. 
The point being in any position P at the time t, let Bs be the arc- 
described in a following interval of time Bt. If this arc were 
described uniformly the velocity would be BsjBt. The limiting 

ds 

value when Bt is indefinitely small is y = This may be de- 

fined to be the velocity in the position P, This equation is 
usually expressed in the following words. 

The- velocity of a point when variable is measured by the space 
or arc which would be described in a unit of time if the point were 
to move uniformly with the velocity it had at the moment under 
consideration. 

It is worth while to give a more formal proof of the important equation v=dsldt. 
Let, as before, 5s be the arc described in the next interval dt. Let v^, be the 
greatest and least velocities of the -point in that interval. The space 5s must lie 
between v^dt and v^8t, and therefore BsjSt must lie between and . In the limit 

and ^2 become equal to each other and- therefore each is equal to dsjdt. This 
therefore must be the value of v. 

4. Parallelogram of velocities. Velocities may be com- 
pounded by the parallelogram law. Let a point P move with a 

uniform velocity u along a finite 
straight line OA and arrive at A 
at the end of a given time, then 
OP = ut. Let the straight line 
OA move, always remaining 
parallel to itself, with a uniform 
velocity v and come into the position BG in the same time. It 
is evident, from the properties of similar figures, that the point P 
has described the diagonal OG of the parallelogram, two adjacent 
sides of which are OA and OB. The two velocities u, v are 
proportional to the lengths of the straight lines OA and OP, and 
are evidently represented by those lines in direction and magni- 
• tude. When therefore a particle moves with two simultaneous 
velocities represented in direction and magnitude by the straight 
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lines QA, OB, its motion is the same as if it were moved with a 
single velocity represented in direction and magnitude hy the 
diagonal 00 of the parallelogram constructed on OA, OB as sides. 

5. This rule is the same as that givea in Statics for com- 
pounding forces which act at the same point. Hence all the rules 
of Statics, which are derived from the parallelogram of forces, will 
also apply to velocities. 

We may therefore infer the triangle of velocities, and all the 
various rules for resolving and compounding velocities, both by 
rectangular and oblique resolutions. 

6. Moment of a velocity. The moment of a velocity about a 
point may be defined in the same way as the moment of a force. 
Let a point P be moving with a velocity v in a direction repre- 
sented by the straight line APB. Let ON be the perpendicular 
drawn from any point G on the straight line APB. The moment 
of the velocity v about G is then defined to be equal to vp. 

Using the same proof as that adopted in Statics, we infer that 
the moment of the velocity of a point about any straight line is 
equal to the sum of the moments of its components. 

7 . This theorem enables us to express the moment of the 
velocity about the origin in several different forms, all of which 
are in common use. 

Let a point P move along a curve. It is proved in Art. 12 
that the polar components of the velocity are drjdt and rddjdt ; 
the moments of these about the origin are respectively zero and 

dd 

r^dOldt. The moment of the velocity is therefore . 

In the same way, the Cartesian components being dxjdt and 

... dy doo 
dyfdt, the moment of the resultant velocity is a? ^ -2/^^ • 

Lastly let A be the polar area bounded by the path, the 
moving radius vector r and any fixed radius vector. It is clear 
that pds is twice the area dA traced out by the radius vector. 

... ..dA 

The moment of the velocity about the origin ispv=2 . 

8 . The definition given above is strictly the moment of the velocity about a 
straight line drawn through C perpendicular to the plane containing G and the 

1—2 
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straight line APB. When we require the moment of the velocity of a point moving 
along AB about any straight line CD which is inclined to the plane CAB, we use 
the same extended definition as in Statics. 


Let MN be the shortest distance between AB and CD; resolve the velocity u 
along AB into two components, one along Nz parallel to CD and the other along Ny 

perpendicular to CD. The former is v cos d, the 
latter v sin 6, where d is the angle contained by 
AB and CD. The moment of the former is 
defined to be zero, the moment of the latter is 
V sin 6 .p where p=iUiV. ’ 

If a point move along AB loitli a velocity v, 
the moment of that velocity about CD is vp sin 9, 
where p is the shortest distance between AB and 
CD and 6 is the angle contained by those lines. 

The symmetry of this result shows that the 
moment about AB of a velocity along CD is 
the same as that about CD of an equal velocity along AB. 



9 . Ex. 


Given the two straight lines 


\ fi- V ' 


x-f 

y 


= &o., where 


X, fi, v; y, &c. are the direction cosines of the two lines, 
along one of them ; • prove that the moment of the 
velocity about the other is vi, where i is the deter- 
minant in the margin. 


A particle is moving 

X fi. V 

y y! v' 


10. Kelative velocity. Two points P, Q are moving along^ 
two straight lines AB, GJD with velocities v. It is required to 
find their relative velocity. 

Let any number of bodies be situated within a space and 
let that space be moved carrying the bodies with it (as in a 
railway carriage) ; it is evident that the relative positions of 
the bodies are unchanged. If then we impress on both the 
points P, Q a velocity equal and opposite to that of one of them, 
say P, the relative positions and motions are unaltered. The 
point P is now at rest and the velocity of Q is the resultant of 
its own velocity, viz. v, and the reversed velocity, viz. — u, of P. 

To find the relative velocity of Q with regard to P, we compound 
the actual velocity of Q with the reversed velocity of P according to 
the parallelogram law. 

Ex. A circle is rotated in its own plane about a point in its circumference with 
an angular velocity u and a point P moves on the circle in the opposite direction 
with angular velocity 2&) relative to the circle. Prove that P moves in a straight 
line and find its velocity. [Coll. Exam. 1896.] 
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11. Coordinate velocities. Let P, P' be the positions of a 
point moving on a curve APP* at the times t and re- 

spectively. Let 


OM=x, MP — y 
be the coordinates of P ; OM' , 

MP' those of P'. Let PL, 
drawn parallel to Ox, cut 
FM' in L, then 

PL = dx, LP' — dy. 

By the triangle of veloci- 
ties the sides PL, LP' of the 
triangle PLP' represent the oblique components of velocity on 
the -same scale that PP' represents the resultant velocity. The 
components of velocity are therefore PLjdt and FLjdt If then 
a point move on a curve, and its coordinates are x, y, the Cartesian 

, . dx n dy 

components of its velocity are equal to ana ^ 



12 Let PH be a perpendicular drawn from P on OF. The 
sides of the triangle PHF will ultimately represent on the same 
scale the component velocities perpendicular and parallel to the 
radius vector OP. These components are therefore PHjdt and 
HFIdt. If OP = r and the angle P0x~6 we know by the 
elementary principles of the differential calculus th.a.tPH = rdd 
and HP' = dr ultimately. The components of velocity along and 

, r dr T dd 

perpendicular to the radius vector are therefore ^ ana . 


13. Let Q be another point whose coordinates are x, y'. The 
components of its velocity are dx'jdt and dy fdt. To find the 
component velocities- of Q relative to P we follow the rule of 
Art 10 Reversing the component velocities of P and adding 
the results to those of Q, it is clear that the component relative 

_ . V / .7 . 


velocities of Q are 


dx' dx 


rr- and 


dt dt 


dy 

If 


dy 

dt 


We may put the argument in another form. Let -n, be the coordinates of Q 
referred to axes having their origin at the moving point P, 

ing parallel to the original axes. The component relative velocifaes are then $/ 

and V But since%=.'-.,.=./-J/, we arrive by differentiation at the same 

results as before. 
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14 . Ex. 1. The component velocities of a point in the directions of two axes 

are 2at and 2bt+§. Prove that the path is a parabola whose axis is parallel to 

ay = bx. 

We have dxjdt^iat, x=^at^+A. Similarly tj may he found. Eliminating 
first and then t, the path follows at onde. 

Ex. 2. The component velocities parallel to the axes of x and y respectively 
are ax and hy + /3. Prove that the path is (fiy + pY=AxK 

Ex. 3. The polar components of velocity parallel and perpendicular to the 
radius vector are 2ad and br. Prove that the path is 6?’ =0.0® + A. 

Ex. 4. If a particle he moving in a hypooycloid with velocity u, and v, V 
represent the velocities of the centre of curvature and the centre of the generating 
circle corresponding to the position of the particle, prove that * 

V? r® 4F® 

(c -6)® ■'■(6+6)2 "(c- 6)2’- 

c being the distance between the centres of the generating circles, and 6 the radius 
of the moving circle. [Math. Tripos.] 

15. Acceleration. This word is used to express the rate at 
which the velocity is increasing. It may be either uniform or 
variable. 

If a point move in such a manner that the increments of velocity 
gained in any equal times are the same in direction and equal in 
magnitude, the acceleration is said to he uniform. The increment 
of velocity in each unit of time measures the magnitude of the 
acceleration. 

16. First, let the point move in a straight line. Let Vo be the 
velocity at any time % ; after a unit of time has elapsed, let Vq +/ 
be the velocity.' After a second unit of time the velocity must 
be ■00 + 2/, because equal increments are gained in equal times. 
Hence after t — U units of time the velocity has increased by 
/(t — to)- If "0 be the velocity at the time t, we have 

'o = v^ +/(t ~ Q- 

The quantity f is the acceleration. 

17. If the point does not move in a straight line the explanation 
is only slightly altered. Let Oy represent the direction in which 
the constant increments of velocity are given to the point, and 
let Ox be the direction of motion at the time t — t^. Let Uq, v,^ 
be the components of the velocity in the directions of the axes 
Ox and Oy respectively at the time t^. After a unit of time has 
elapsed the component of velocity parallel to Oy is Vq + f, but 
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that parallel to Ox is unchanged because no velocity has been 
added in that direction. After t - U units of time, the component 
of velocity parallel to Oy is % while that parallel to Ox 

is still u,. If u, V are the components of velocity at the time t, 

we have , 

U — Uq, yV-Vo+jit — to)- 

The magnitude of the acceleration is/, and its direction is Oy. 


18. When the increments of velocity in equal times are 
unequal in magnitude, or not the same in direction, the accelera- 
tion is said to be variable. To obtain a measure we follow the 
method adopted to measure variable velocity. 

Acceleration when uniform is measured hy the velocity generated 
in any unit of time. When variable, the acceleration at any instant 
is measured hy the velocity which would he generated^ in the next 
unit of time if the acceleration had remained constant in magnitude 
during that interval and fixed in direction. 


19. To find the equations of motion of a point moving in a 
straight line with a variable acceleration f. 

Let V and v + dv be the velocities at the times t and t + dt. 
Assuming the principles of the differential calculus, cZi) bemg 
the increment in the time dt, it follows by a simple proportion 
that dvjdt is the velocity which would be added in a unit of time, 
if the acceleration had remained constant. Hence, by Art. 16, 


f= dvjdt. 

The argument is usually put into a more elementary form. Let 5v be the 
velocity generated in the time St. Let A, A be the greatest and least 
of the particle during the interval St. Then since the actual ^te at which t 
velocity is increasing is ahvays less than the one f ® 

velocity added is less than Adt and gi-eater than ASt. In the hmit A A 
cide and we have f=dvjdt. 


20. Let the geometrical position of the point at the time i 
be determined by its distance s. from a fixed point in the pat 
Let V be the velocity ,/ the acceleration, then 

__ds dv d^s _ 

~ dt’ ~ dt dt^ ds' 

All these expressions for the acceleration are of great importance. 

21. We notice that velocity and acceleration - are dynamical 
names for the first and second differential coefficients of s with 
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regard to the independent variable t If the third differential 
coefficient were required, we should use some such name as 
the .hyper-acceleration, but this extension is not necessary to 
dynamics. 

22 . It appears that acceleraliion bears the same general 
relation to velocity that , velocity bears to space. When a point 
moves in a straight line the velocity is the rate of increase of the 
space, the acceleration is the rate of increase of the velocity. 

23 . Just as velocity is positive or negative according as the 
space measured in the positive direction is increasing or decreasing, 
so acceleration is positive or negative according as the velocity is 
increasing or decreasing. A negative acceleration is sometimes 
called a retardation. 

24 . To find, the motion of a point P moving in a straight line 
with a uniform acceleration f. 

Let the position of the point at the time t = to be given by 
s=So, and let Vo be the velocity. Since /= d^s/dt^, we have 
v = ds/dt=ft + A. 

Hence Vo=fto + A, 

and v=f(t~to) + Vo. 

Integrating again, since v = dsjdt, 

s = \f (t — td)~ + Vot -f jB. 

Hence So = Voto + B, and therefore 

® = i/ ~ iofi + % (t — to) + Sfl. 

25 . The • three fundamental formnlse of elementary kine- 
matics follow from this result. If the point start from the position 
s = 0 at the time t = 0, 

S = ^ft^ + Vot, 

V=ft + Vo, 
v^—2fs-\ Vo^ 

26. JBx. 1. A particle describes a space s in time t with a uniform accelera- 
tion, the velocities at the beginning and end of this period being Vq and v. Prove 
that s=^{vo+v)t. Notice that the coefficient of t is the mean of the two 
velocities. 
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Ex. 2. A particle moves from rest witR a uniform acceleration. Prove that the 
average velocity is hah or two-thirds of the final velocity, according as the time or 
the space is divided into an infinite number of equal portions and the average 
taken with regard to these. [St John’s Coll., 1895.] 

Ex. 3. Two points P, Q move on a straight line AB. The point P starts from 
A in the direction AB with velocity u and acceleration f, and at the same time Q 
starts from B in the direction BA with velocity u* and acceleration /'; if they pass 
one another at the middle point of AP and arrive at the other ends of AB with 
equal velocities, prove that [uaW) {f-f)=8{fu'-fu). [Coll. Exam. 1896.] 

Ex. 4. A heavy particle, projected horizontally on a smooth table with 
velocity v, is reduced to rest by the resistance of the air after describing a space s. 
Supposing the resistance of the air to he a uniform force, prove that, when the 
particle is projected vertically upwards with any velocity, the squares of the times 
of ascent and descent to the point of projection are in the ratio 2gs -v^ to 2gs + v^ 
Ex. 5. A particle is projected vertically upwards from a point A. If the 
resistance of the air were constant and equal to «i 7 , where n is less than unity, 
prove that the times of ascent and descent are as + 

Ex. 6. A particle is projected vertically upwards in vacuo from a given 
point P. Prove that the product of the times of passing through another given 
point Q is independent of the velocity of projection from P. 

Ex. 7.. Two particles P, P' starting simultaneously from the points A, A' with 
initial velocities w, u', move in the straight line A A' with accelerations /, / . If 
V, v' are their velocities when the distance PP' exceeds the initial distance AA by 

See Arts. 10 and 39. 

27 . Ex. A point P, at any given moment, is in the position 0 moving in the 
direction Ox with a velocity, ii. A uniform acceleration / is given to^ it in the 
direction ’Og. It is required to exhibit geometrically the position and direction ot 
motion after t seconds. 

To find the direction of motion we measure lengths OA, OB along Ox, Oy to 
represent on any scale the velocities u and ft respectively. The direction of motion 
after t seconds is parallel to the diagonal OB of the parallelogram AOB. 

To find the position of the point we measure lengths equal to the spaces, viz. 
OE = ut, 0F=^ft^. If 0& is the diagonal of EOF, the point is at G moving. in a 
direction parallel to OD. 

To find the direction of motion we eovvpound the velocities, to find the position 
loe compound the spaces. 

28. The parallelogram of accelerations. This theorem 
follows at once from the parallelogram of velocities. Let a point 
be moving in any direction at the time t with any velocity. 
Referring to the figure of Art. 4, let OA, OB represent in 
direction and magnitude two uniform accelerations given to the 
point. Then by definition OA, OB represent the two velocities 
given to the point per unit of tiihe. By the parallelogram of 
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velocities the diagonal OG of the parallelogram constructed on 
OA, OB represents the resultant increment of velocity per unit 
of time. The point is therefore uniformly accelerated, and the 
acceleration is represented in direction and magnitude by 00. 

The actual velocity at the time (if required) could be 
found by compounding the velocity at the time t, either with 
both the components OA, OB, each multiplied by t', or with 
their resultant after multiplication by t'. 

28. IXodograpli. Let a point move in a curve and let P be its position at any 
time t. Erom the origin 0 draw a straight line OH. to represent in direction and 

magnitude the velocity v at P. Then OH 
is parallel to the tangent at P and its 
length is equal to kv, where k is an arbitrary 
constant introduced to show the scale on 
which OH represents the velocity. 

As the point travels from P along its 
path, the point H describes a second curve 
ivhioh is called the hodograph of the first. 

Let P, P' be two positions of the point at the times t, t + dt; H, H' the corre- 
sponding points on the hodograph. Since OH,. OH' represent the velocities at 
P, P' in direction and magnitude, the third side HH' of the triangle HOH' must 
represent in direction and magnitude the velocity given to the particle in the time 
dt. - It follows by a simple proportion that HH'jdt represents the velocity which 
would have been added to the velocity at P if the acceleration had remained 
constant for a unit of time. 

The tangent at H therefore represents the acceleration in direction and the ratio 
of an elementary arc HH' to the time dt of describing it measures the magnitude of 
the acceleration on the same scale that the radius vector OH represents the velocity. 

In this way the hodograph represents to the eye the motion of a point on a curve. 
In general language, the radius vector represents the velocity, the arc gives the 
acceleration. If r is the radius vector and <r the arc BH, then r=KV and do-/dt=K/, 
where / is the acceleration. 

'ao. To find the hodograph 'when both the curve described by P and the velocity 
of P are given. If xp be the angle the tangent at P makes with some fixed straight 
line taken as the axis of as, we notice that kv and p are the polar coordinates of H. 
From the conditions of the question we first find v and \p in terms of some one 
quantity. Then eliminating that quantity we obtain the polar equation of the 
hodograph. Several examples will be given in the chapter on central forces. 

31. To find the equations of motion of a point moving in a 
curve with variable acceleratimi. 

We may deduce the components of acceleration parallel to 
the axes of coordinates from the acceleration of a point moving- 
in a straight line. Referring to the figure of Art. 11, let OM = x, 
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ON - y. The components of the velocity of P have been shown 
to be the actual velocities of M and N as they move along the 
axes of a? and y respectively. This being true for all positions of 
P, the acceleration of P is the resultant of the accelerations of M 
and N, If then X, F are the component accelerations of P, we 

have Y — Y — — 


32. E*. 1, When a point Q describes a circle with a uniform velocity, its 
projection P on any diameter x'Ox oscillates on each side of the centre 0 through a 
length equal to the radius. Prove that the acceleration of P tends towards 0 and 
varies as the distance from 0, 

Let the arc described by Q per unit of time subtend an angle n at the centre,, 
let the angle QOx be a when t=0. Then at the time t, the angle QOx=nt + a. 

If a be the radius, the length OF=a ooa (nt + a), hence the acceleration 
d^xjdt^ = - dv? cos (wt + a) = ~ n^x. 

The minus sign shows that the acceleration tends towards 0- 

An oscillatory motion represented by coB(nt + a) is usually called a siviple 

hamoniG oscillation. 

Ex. 2. A point P moves toioards a fixed point 0 so that its velocity varies as 
x^, where x=OP. Prove that the acceleration varies as Is the acceleration 

to or from 0? 

33. The Cartesian components of acceleration are not the only ones which are 
required in dynamics. The components in polar coordinates and those along the 
tangent and normal are continually used. Besides these there are the components 
for moving axes and the extension of all these formula to three dimensions. In 
order to avoid raising unnecessary difficulties at the beginning of the subject we 
shall confine our attention in the present chapter to the simpler oases. The others 
will be taken up in the sections on resolved velocities and accelerations. 

34. The general principle on which the component of velocity 
or acceleration in any fixed direction has been defined may be 


summed up in the following manner. 

Since the component of acceleration is the rate at which the 
component of velocity in that direction is increasing, we have by 
the definition' of a differential coefficient 


resolved ^ ^ , (res. vel. at time t + dt)- (re^ vel at time 

V:5:Llimit' — 

acceleration] 


In the same way if the fixed direction is called the axis of x, 

^ ... . . . 7 f\ «.4- 4- 4 -.-v-v /-i </ 


resolved] 
velocity j 


: Limit 


(abscissa at time t + dt) 
dt~ 


(absc; at time^ 


t) 


35. To find the resolved accelerations of a point in polar co- 
ordinates. 

Let OP = r, POx = 6 be the polar coordinates of P. By 
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OP is 


Art. 12 the components of velocity at P along and perpendicular 
to OP are 'ib — drjdt and v = rddldt. At 
the time t + dt let the particle be at P\ 
the components of velocity along and per- 
pendicular to the radius vector of P', viz. 
OP', are Ui—'U + du and 1)1 = v + dv. Since 
the angle POP' = dO, the component of 
velocity at the time t + dt in the direction 
Uy cos d9 — Vy sin d6. 

This direction being fixed in space for the time dt, the acceleration 
along the radius vector OP is 

. (u + du) cos dd — (v + dv) sin dO — 11 du dO 
Limit - ~ dt ^ dt' 

Similarly the acceleration perpendicular to the radius vector OP is 
^ . (u -f du) sin dO +{v + dv) cos dd — v dd dv 

jt “ “ & s • 

Substituting for w, v their values given above, the accelerations R 
and S along and perpendicular to the radius vector at the time t 
are respectively 

_ dv [d6\ 

^'~d^~'^\dt, 


8 : 


d 

dt dt dt 


de 


dd 


1 d 

dt j ~ r dt dt . 

36. To find the resolved accelerations along the tangent and 
normal. 

Let the arc AP = s. By Art. 3, the velocity -y at P is along 
the tangent and v^dsjdt. At the time 
t + dt the point is at P', its velocity Vy is 
in the direction of the tangent at P' and 
Vy==v + dv. The components of Vy in the 
directions of the tangent and normal at P 
are therefore Vy cos d^lr and Vy sin di/r, wh^re 
d^lr is the angle the tangents at P and P' 
make with each other. The acceleration along the tangent at P 



is therefore 


• T = Limit 


(v + dv) cos — y 


dv 

dt dt' 

Similarly that along the normal in the direction in which the 
radius of curvature p is measured positively, is 


N == Limit 


(v + dv) sin dyjr _ d'\p' __ v' 


dt 
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37. "Wo ]i8iV6 HOW obt8ji]i6d th,re6 diffsrsiit ssts of coinponoiits for tlio acocloia- 
tions of a moving point. These are tlie components X, Y along the axes, the 
components B, S along and transverse to the r.adius vector, and the components 
T, N along the tangent and normal. Any one set can he deduced from any other set 
hy a simple resolution. 

The components B, S are evidently connected mth X, Y by the equations 


B^XGOsd + Ysmd, S=-Xsme+Yoose. 

Writing X=d^xldt\ Y^dhjjdi^ and substituting a:=r cos i9, y = rAn d we arrive by 
a simple but rather long differentiation at’ the values of B and 8 given in Art. 35. 
In the same way we have 

r=Xcos\f'+rsini/', N= -Xsini//+rcos 1,^. 


The process of deducing the polar and the tangential-normal components of 
acceleration from the Cartesian components may he shortened hy the following 
artifice. If x=r cos 6 we have by differentiation 


d"x ___ 


{dt'^ 


de\ 


] y cos 6 


dtj f 


-1 


dt dt ’ dt- 


6 ) . 
? 4 “ 


sin 6. 


Since the axis of x is arbitrary in position, let it be so tahen that the radius vector 
r as it turns round the origin is passing through x at the, time t. We then have 

^=0,andAbecomesR;henceR = 5-r (g)'. To find the acceleration 8 per- 
pendicular to the radiu? vector, we take the positive side of the axis of a: parallel 
to the direction in which 8 is to be measured; that is, the axis of x must 
right angle in advance of the radius vector. Putting therefore 0= -^tt, we find 


38 . The three elementary sets of components may be summed up^ m the follow- 
ing table. They are to be measured positively in the direction in which the length 
named in the fourth column is measured positively. 



velocity 

acocleration 

positively 


dx 

d^x 

X 

axis of X 

dt 


axis of y 

dy 

dt 

dhj 

dt^ 

y 

along 

dr 

dh- /^Y 

r 

rad. vect. J 

dt 

dt^ \dt ) 


perpendic.] 

de 

- - ('•■’x') 

e 

rad. vect. j 

dt 

r dt \ dtJ 



ds 

dH 

s 

tangent 

dt 

dt'^ 



v-^ 


1 normal 

0 

— 

p 



P 
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39. Relative accelerations. Two points JP, Q are moving 
along two curves, it is required to find the acceleration of Q relative 
to P. By the same reasoning as in Art. 10, it follows that if we 
impress on both points an acceleration equal and opposite to that 
of one of them, say P, their relative motions and accelerations 
are unaltered. This leads at once to the following rule ; the ac- 
celeration of Q in space is the resultant of its acceleration relative 
to P and of the acceleration of P. As we generally require the 
components of acceleration, we say that the component of the 
acceleration of Q in any direction is equal to its component relative 
to P plus the component of the acceleration of P. 

40 . Ex, 1. The position of a point P is given by its polar coordinates r, 6, 
referred to a fixed origin O and the axis of x. The position- of Q is given by its 

polar coordinates referred to P as origin with 
the axis of parallel to x. It is required to find 
the component accelerations of Q in space. 

The polar accelerations of P are 

dV fciey c- 1 

r dt\ dtj' 

If Ri, Si, represent similar quantities when 
r Oi, are written for r, d, these are the accelerations of Q relatively to P. If 
(pziO^-O, we see by a simple resolution, that the resolved part of the space aoce e 
ration of Q in the direction PQ is 

=Bi + Rcos<l) + S sin <p. 

The resolved part perpendicular to PQ is 

=zSi_-Rsm<p + Scoscj>. 

In the same way the resolved parts along and perpendicular to OP are 

R + EiCoa4>- Sisin^, 

S + Ri sin (p + SiCoa<p. 

Fx 2 The point P describes a circle of radius a with a uniform velocity u. 
Tho point Q donoribes n oirde of radius 1 -relatively to F with a uniform velocity u. 
Prove that tha components of the space aoceleration o! « along and perpendtculai 
to P« are respectively o=/b + oos . n'/a and sin * . u>la, where - (o/l - n/o) >■ 

Fx 3 A point P describes a circle of 1 foot radius in 1 hour, and a point Q 
describeB'n concentric .circle of 4 feet radius in 14 hours, both points move in the 
counto-clockwise direction ; show that the line joining them rotates m the eounter- 
elocltwise direetion for a period of ISAminutss ioUowedbya periodofMAm.^^^^^^^^^^ 
in tbe clockwise direction. -L 

Ex 4 A circular wire of radius a moves in its own plane without rotation so 
that 'its centre has a simple harmonic motion of amplitude « (Art. ^ 

moves on the wire uniformly, completing a ciiomt m the period of the simple 
harmonic motion, and being in the line of the motion of the centre when the centre 
is in its mean position and is moving in tha direction towards the bead ; prove that 



ART. 43.] 


ANGULAR VELOCITY. 


15 


the acceleration of the bead is towards the centre of the simple harmonic motion 
and that its path is an ellipse of eccentricity ^/5 - [CoU. Exam. 1897.] 

Ex 5. A railway passenger seated in one corner of the carriage looks out of fce 
winlws at the further end and observes that a star near the honzon is traversing 
these windows in the direction of the train’s motion and that it is obscured by the 
partition between the corner windows on his own side of the carriage and the middle 
window while the train is moving through the seventh part of a mile. Prove that 
the train is on a curve the concavity of which is directed towards the st^r an 
which, if it be circular, has a radius of nearly three miles, the breadth of the carriage 
being seven feet and the breadth of the partition four inches. 

4X Angular velocity and acceleration. A rigid body is said to be turning 

round "an axis OA when each point is describing a circle whose 
dicular to OA and whose centre lies in OA. Let <p be the angle which the plane 
containing any point P of the body and the axis OA makes with some plane fixed in 
ZZe through OA. The rate at whioh the augle moreasmg .. 
called the aLular velocity of the body. FoUowing the same line of argument as in 
the case of Lear velocities, the angular velocity is measured by d0/dt and the 

angular acceleration by , ,, i 

We notice that it P. he any otheV point in the body and * ‘''' ““f » ^ ^ 

P,Od makes with the plane ot reference, the angle is mdependent 

SO th&t d<l> I dt = d<pildt. . i,- 

If 0 be any point of the body, r its distance from the axis OA and be 

the angular vefocity, the point Q is moving perpendicularly to the plane QOA wit 

a velocity equal to wr. _ , i.. v 

If the rotation continue only for a time dt the axis OA (by rotation about whic. 
the motion in that time can be constructed) is called the instantaneous ax^s and . is 
the instantaneous angular velocity. 

' 4a An angular yelooity » about an axis ie geometrically represented by a 
length OA proportional to /measured along the axis. The direction of there aton 
raefe.^n.njl convention used in Statics to indicate the directon of ro a ion 
of a lple If OA be the direction in whioh the length is measured the rotation 
when positive, should appear to be in some standard direction to a spectator plaMd 
wfth his feet at A and head at B. This standard direction is often taken to the 
direction of rotation of the hands of a clock. 

43. ParaUelosTum of angular ..locMoa If Mo imtmta,ieom irn^lar 
reiocilie. of » boiy an represented in magnUud. and direct.™ ^ »s b . 

OB the diagonal 00 of the parallelogram constructed on OA, OB as sides is 
n^taru imtantaneou. aad, of rotatioa, and its ienjtb represent, the magmtnde of the 

resultant angular velocity. _ ^ 

Let Q be any point which at the time t lies m the plane = 

distances of IJ from OA, OP, p its dietance from . ^ , whUe that 

a = 0O. The velocity of Q due to the two rotations ». 18 “i’i+."f;’ j,, 
due to the single rotation 0 is Up. To prove that these « T“1 it 
notice that it OA, OP repmsented force, and “"/t 
asserts that the sum of the moments of OA, OB about q equa 

resultant 00. 
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Let V be the velocity of Q, then 

17 = = Op. 

n Q Ue on 00, p=0, snd thereiore avety point of OC is at rest. Hence OC is 
the test Itant atis ot rotation. Also sinoe fi = .;p the ansular reloeily about 
axis is D. 

44. The theorem of the parallelopram of mguUr accoleratlo,is foUoivs from 
that of angular velocities, just as the parallelogram of linear accelerations follows 
from that of linear velocities. 

45 . The rule for compounding angular velocities being the same as that used 
in Statics to compound forces, we may interpret the limiting case when e - 
section 0 is at infinity as we do the corresponding case in Statics. It 
simpler to deduce the result independently. 

^ Let the body Uoe wstanlansoM anjilfar -oeloeitiee w, o', o6«t 

OA, O'B distant a /«». cock otto. Ihe resultant velocity. of any oint « in 

plale of OA.-O'B and distant ,j and y + a from them rospootaely is «j + o. (!! + «)• 
Firstly, let »+ u' not be aero. Equaling the velocity of « jo aero, wo see tha 

every point on a straight line 0"0 determined by '“*• T"® 

resultant avis of rotation is therefore parallel to OA O'Ji and a. a “•'j* ^ 
the former. To ind the resultant angular velocity 0 we notice that the 
a point 5 situated on OA Is represented both by n(-,j) and Hence eubeli- 

tnting for y, 12= w + w'. 

Secondhi let co + to' = 0. The resultant velocity of Q is independent of y and is 
eau!l to t'a Hence every point in the plane of the axes (and therefore every point 
nf tt rilthotl is moving with the same velocity in the same direction. We 
infer, that fico equal and opposiU instantaneous angular velocities about 
are together equivalent to a translation in a direction perpendiculai to p 
containing the axes. 

46. Units of space and time. The ordinary unit of tune 
is the second of mean solar time. Space is measured ^ 

. feet or centimetres. The metre is 39-37 inches nearly, while the 
centimetre is the hundredth part of the metre. The unit velocity is 
then either one foot or one centimetre per second, and the unit ot 
acceleration is a gain of one unit of velocity per second. 

47 We are not however restricted to use these units. Let 
the unit of space be cr feet and the unit of time r seconds. The 
unit of velocity is then o- feet per r seconds, i.e. ajr oi the teet- 
seconds units of velocity. The unit of acceleration is a gam o 
air feet per second, to be added on every r seconds, i.e. ^/r feet 
per second added on every second. The unit of acceleration is 
therefore tr/r^ feet-seconds units of acceleration. 

Let F be the measure of an acceleration when the units are 
cr T- and /the measure of the same acceleration when feet and 
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seconds are used. Then since the measure of the ^me thing 
varies inversely as the length of the units employed, ive have 

!•=/-■ 

'' <X 

as & 1 If the aceeleration of a talUng body dm to gravity “ 
when a foot and a aeoond are the anite, show that the aeceteahon is 981-17 whe 

“ aemleratlon describe. 90 feet ln the half 

second Z^It "Ite ^nlt 

dtoLd a ^ftha/ot space the acceleration will he Mpos,' I860.] 

Ea. 6, If the area of a held of ten acres is repre^nted by 100 and the accelera- 
tion of a heavy falling body by 58J, find the umt of time, Oo _ J 

Since an acre is 4840 sguare yards, 100 new sqn^e ^nal ‘o 

464^9x10 square feet. The new measme of length is therefore Ofifeet. Let 

r be the required unit of time, then 58}=g. 32. This give. r=ll seconds. 


Laws of Motion. 

49 If one portion of matter, say A, act on another, B, the 
mutual action is in dynamics caUed force. If we are 
the motion of A only, disregarding B, this force is 
eaemal to .1, but if we are taking both portions into 
the action is an internal force. An external force y ?" «n 

cm impressed force. The mutual actions and 
the molecules or parts of a body axe internal fomes. These femes 
have different names according to the circumstenc 
When the bodies are apparently in contact, their 
called pressure, when at a distance, the action is called attraction. 

Nothing has been said of the size of the “ 

convenient to divide bodies into small portions. A body so small 
that its position in space when free is determine y 
ordinates of one point may be called a paHicle. This divismn 
into indefinitely small particles is not necessary for 
purpose. All that we require is that there shall be no rotation 
A particle maybe said to have no rotation; the rotation of fin 
bodies is usually regarded as a part of Rigid Dynamics. 

50. Our object in dynamics is to investigate the motion of a 
body. We have then to consider (1) how a body A moves w en 
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Let V be the velocity of Q, then 

Tf riT ^ ~ ~ ^P’ 

II Q he on 00, p=zO, and therefore every noint of nr ic j. tt 
the resultant axis of rotation aio« • ® is at rest. Hence OC is 

axis is 0. the angular velocity about the 

flial of angnkf "looWea! follows from 

from that of linear velocities. ^ allelogiam of linear accelerations follows 

in Statics to oomponnrforoeT we^ “ngntar velocities being the same os that used 

simpler to dednoe the resnlt mdependcnar*””” “ ■'“'•'c'cr 

-- - .a™., o.. 

,e. „at be sero, EgnaUng the velocity of « serwe ll that 

rv "nninf /\trt 1. I , 


r.!"””*.™/ ““ '=y y = ia at res. 


, ;/ — , , ds ar rest. The 

^r '“ y foom 

a point « Situated on Od rreme3^oa°f o'? 

tu ting for y, + 2/) and w'a. Hence substi- 

nn!z2: n!:,‘ ^ ^ ^ 

of the rigid body) is movins with tbo ^ ° ? therefore every point 

infer, that tioo equal and omosite ?»<!/ velocity in the same direction. We 

accTletationrat“‘ “T" ?«>■ second, and the unit of 

acceleration is a gam of one unit of velocity per second. 

47. We are not however restricted to use these units Tot 
the unit of space be c feet and the unit of time t seconds ' Tlf 
unit of velocity is then o- feet per r seconds, i.e. ah of the feet 
seconds units of velocity. The unit of acceleration is a gain of 
o-jT feet per second, to be added on every r seconds i p / 2 r t. 
per second added on every second. The unit of aiceleration'^is 
therefore cr/r^ feet-seconds units of acceleration. 

<r and f'the ft.” when the units are 

> . /the measure of the same acceleration when feet and 
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seconds are used. Then since the measure of the same thino- 
wies mversely as the length of the units employed, we kZ 

48. Ex. 1. If the acceleration of a falling bodv due f,. 'i. • 

when a foot and a second are the units show tw ^=32-19 

. centimetre end . .eeond are - 981-17 when 

hon i. to that ofiavityl 32? tr'pl; 

«f time and a miie that o, .pane the aoceieratt:: S 

XV o rr +1,.. ^ r. [Math, Tripos, 1860.1 

tion of a heavy tamng Jody by tSMndTh.' 

Since an acre is 4840 square vards inn ^ 

4840 X 9 X 10 square feet. The new measure of lengTh Trerefoi^ 66 feirL^ 

V be the regnired nni. of time, then 68 ,-^. . 32, lu. 

Laws of Motion. 

' mnttit'l matter, say A, act on another, S the 

Z mLr o“f ™ examining 

ilZfiol Z T ^’ A this force is said to bf 

he action is an internal force. An external force is usually called 
2 ^rnprese^ farce. The mutual actions and reaetIT betted 
the molecules or parts of a body are internal forces. These forces 
wSn'fe b?d-’'“'"' ‘0 the circumstances of the case. 

called ^ ■“ '“tect, their mutual action is 

pessure, when at a distance, the action is called oMmctim. 

Nothing has been said of the size of the .body but it is 

rr A bo\ i:: 

ordinItesT determined by the co- 

Lto tdefi ^“u‘ This division 

purpose ^Alf rt, 7“ ^ '““*=■''3' f« <»m present 

A particle may be said to have no rotation; the rotation of finite 
bodies is usually regarded as a part of Rigid Dynamics. 

bodf' We"l, “ *“ “™a‘israte the motion of a 

body. We have then to consider (1) how a body A moves when 
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left to itself; (2) how the motion is affected by the action of 
an external force, say, due to the presence of another body 5; 
(3) how the action of 5 on is related to the reaction of A on J5. 
The answers to these questions are given in Newton’s Laws of 
Motion. 

The strict definition of the meaning of the word force as used 
in dynamics is determined by these laws. We do not consider 
all the actions which one body can exert on another but those 
only which tend to alter the instantaneous motion of the body. 
The .following definition or explanation is commonly given. The 
wovd foTce is used to expvess cvny cause which pvoduces or tends 
to pToduce a change in the existing state of vest ov motion of the 
body. 

The velocity of a body has both direction and magnitude, we 
must therefore suppose that the cause of this motion also has 
both direction and magnitude. To determine a force we require 
to know (1) its point of application, (2) its direction, and (3) its 
magnitude. The unit of magnitude will be considered presently, 

61. Newton’s Laws of Motion are as follows* : 

Law 1 . Every body continues in its state of rest or of uniform 
motion in a straight line, except in so far as it may be compelled to 
change that state by impressed forces. 

Law 2. Change of motion is proportional to the impressed 
force, and takes place in the direction of the straight line in which 
the force acts. 

Law 3. To every action there is always an egual and contrary 
reaction^ or, the mutual actions of any two bodies are always eyual 
and oppositely directed. 

52. The first law of motion asserts that the internal forces of 
a body do not alter the uniform motion. This law is not a 
repetition of the explanation of the word force given in Art. 50. 
The law asserts that the causes of motion must be external. 

* The reader-who desires something more than the slight sketch here given of 
the laws of motion may refer to Newton’s Principia, to a treatise on Matter and 
Motion by the late J. Clerk Maxwell and to the Elements of Natural Philosophy by 
Thomson and Tait. There are also Maxwell’s two reviews of the latter book in 
Nature, vol. vii. and vol. xx. Several points of controversy are discussed in an 
essay by E. F. Muirhead to which a Smith’s Prize was awarded in 1886, see the 
Phil. Mag. 1887. 
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The law is sometimes expressed by saying that the lody has 
inertia. The body has no power of itself to change its state of 
rest or motion, but goes on moving in the same direction with the 
same velocity when not acted on by an impressed force. 

63 . To define a uniform state of motion we require the measurements of space 
and time. ^ If we assume the truth of the first law for some particular body, we can 
measure time by the space passed over by that body. The first law then asserts 
that the spaces described by any other body (not acted on by any external force) 
ai^ equal when the spaces simultaneously described by the clock-body are equal. 
There remains the practical difficulty of obtaining a body free from external 
forces, which could be used as a clock. For this purpose we have recourse to some 
other dynamical result. 

Applying the principles of dynamics, as developed from the laws of motion, to 
a rotating body, it can be proved that the motion of rotation about a certain axis 
is uniform if the external forces have no moment about that axis. The rotation of 
such a body may be used very conveniently as a clock. 

The rotating body actually chosen is the earth. The forces which tend to alter 
the period of rotation are so small as to be only scientifically perceptible. This 
period, scientifically amended where necessary, is used as a unit of time, The 
practical methods of adapting our clocks to the rotation of the earth are described 
in treatises on astronomy. 

We have specially mentioned the rotation of the earth because that supplies the 
measure of tiine in common use. Other phenomena may also be used, for 
example, the velocities of the different kinds of light and their wave lengths ip 
vacuo are constants. Their numerical values, have been calculated, and from these 
we could deduce unalterable units of space and time. The numerical values 
connected with any perpetual phenomenon would enable future observers to dis- 
cover our present units from their determinations of the same periods and lengths. 

64. The words “ change of motion ” iji the second law mean 
change of momentum.” 

The quantity of matter in a body is called its mass, This 
may be measured by taking any given lump of matter as the 
unit of mass. Confining our attention, for the moment, to any 
the same kind of matter, the mass of any other lump may be 
deduced by taking the ratio of the volumes. 

Ihe momentum of a body, all the points of which are nioving 
in, parallel straight lines with equal velocities, is the product, qfthe 
mass by the velocity. ^ 

We notice that the momentum of a body has direction qpd 
magnitude. It may be compounded and resolyed by the parallplo- 
gram law. Let m be the mass, v the velocity, and let 6 be the 
angle the direction of motion makes with some fixed straight 
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left to itself; (2) how the motion is affected by the action of 
an external force, say, due to the presence of another body B ; 
(3) how the action of 5 on is related to the reaction of A on B. 
The answers to these questions are given in Newton’s Laws of 
Motion. . 

The strict definition of the meaning of the word force as used 
in dynamics is determined by these laws. We do not consider 
all the actions which one body can exert on another but those 
only which tend to alter the instantaneous motion of the body. 
The .following definition or explanation is commonly given. The 
word force is used to express any cause which produces or tends 
to produce a change in the existing state of rest or motion of the 
body. 

The velocity of a body has both direction and magnitude, we 
must therefore suppose that the cause of this motion also has 
both direction and magnitude. To determine a force we require 
to know(l) its point of application, (2) its direction, and (3) its 
magnitude. The unit of magnitude will be considered presently. 


61. Newton’s Laws of Motion are as follows* : 

Law 1 . Every body continues in its state of rest or of uniform 
motion in a straight line, except in so far as it may he compelled to 
change that state by impressed forces. 

Law 2. Change of motion is proportional to the impressed 
force, and takes place in the direction of the straight line in which 
the force acts. 

Law 3. To every action there is always an equal and contrary 
reaction^ or, the mutual actions of any two bodies are always equal 
and oppositely directed. 

62. The first law of motion asserts that the internal forces of 
a body do not alter the uniform motion. This law is not a 
repetition of the explanation of the word force given in Art. 50. 
The law asserts that the causes of motion must be external. 

* The reader -who desires something more than the slight sketch here given of 
the laws of motion may refer to Newton’s Principia, to a treatise on Matter and 
Motion by the late J. Clerk Maxwell and to the Elements of Natural Philosophy by 
Thomson and Tait. There are also Maxwell’s two reviews of the latter book in 
Nature, vol. yii. and vol. xx. Several points of controversy are discussed in an 
essay by E. F', Muirhead to which a Smith’s Prize was awarded in 1886, see the 
Phil. Mag. 1887. 
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The law is sometimes expressed by saying that the body has 
inertia. The body has no power of itself to, change its state of 
rest or motion, but goes on moving in the same direction with the 
same velocity when not acted on by an impressed force. 

63 . To define a uniform state of motion we require the measurements of space 
and time. If we assume the truth of the first law for some particular body, we can 
measure time by the space passed over by that body. The first law then asserts 
that the spaces described by any other body (not acted, on by any external force) 
are equal when the spaces simultaneously described by the clock-body are equal. 
There remains the practical difficulty of obtaining a body free from external 
forces, which could be used as a clock. For this purpose we have recourse to some 
other dynamical result. 

Applying the principles of dynamics, as developed from the laws of motion, to 
a rotating body, it can be proved that the motion of rotation about a certain axis 
is uniform if the external forces have no moment about that axis. The rotation of 
such a body may be used very conveniently as a clock, 

The rotating body actually chosen is the earth. The forces which tend to alter 
the period of rotation are so small as to be only scientifically perceptible. This 
period, scientifically amended where necessary, is used as a unit of time, The 
practical methods of adapting our clocks to the rotation of the earth are described 
in treatises on astronomy. 

We have specially mentioned the rotation of the earth because that supplies the 
measure of time in common use. Other phenomena may also be used, for 
example, the velocities of the different kinds of light and their wave lengths in 
vacuo are constants. Their numerical values, have been calculated, and from these 
we could deduce unalterable units of space and time. The numerical values 
connected with any perpetual phenomenon would enable future observers to dis- 
cover our present units from their determinations of the same periods and lengths. 

64. The words “change of motion” in the second law mean 
“ change of momentum.” 

The quantity of matter in a body is called its mass, This 
may be measured by taking any given lump of matter as the 
unit of mass. Confining our attention, for the moment, to any 
the same kind of matter, the mass of any other lump may be 
deduced by taking the ratio of the volumes. 

The 'momentum of a body, all the points of which are moving, 
in parallel straight li'fies with equal velocities, is the product of the 
mass by the velocity. 

notice that the momentum of a body has direction nhd 
magnitude. It may be compounded and resolyed by the parallelo- 
gram law. Let m be the mass, v the velocity, and let 6 be the 
angle the direction of motion makes with some fixed straight 
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line • then . cos 6 is the component of velooi^, and cos 6 the 
“m^onent of momentum in the direction of that straaght hne. 

B6 The force spoken of in the second law is an external 
J It includes th"e ideas of the magnitude of the ^ and 
the time during which its action is considered. During 
time the direction and magnitude of the force 
changed We may also regard it as an impulse by w ic 
whol! momentum is instantaneously communicated to the body, 
"dor the case in which a uniform force ^ -ts - a movmg 
-narticle in the direction of its motion, and m the tune i 
Cvlay he increased from u to u'. The second law asserts 
that the change of momentum produced m a unit of time. 
“-^.Sed by the time f-h ie proportional to the 

“Tat'fcrc!'^’ is not uniform, the time f'- « must be replaced 

to the instantaneous magnitude ot the lorce n. 

^ varies as wi/. 

56. The arguments for the truth of Newton’s laws maybe 
liBRcis. 4 .'Utc? 

' fird we can make an appeal to 

is consiiered to suggest the laws ^ ^ con 

try some simple experiments so arranged that t y 
ducted with considerable accuracy. These test the laws y 
■ tithin the limits of error of the experiments, but, by taking , 
iViPcip' f*an be reduced to a small amount. 

ScowicMil we can show that having granted some portions o 
the laws as’being truly founded on an expenmental basis other 

portions follow by pure reasoning. - Viv-nnthpsis and 

Lastlv we can assume the laws as a working yp /■ 

aedncTt: them the proper motions of a variety of bodies 
If these are found to agree with the observed motions the law 
1 tested within the limits of error of the observations. Let us 
consider these latter tests a little more fully. 

57 The position of a planet, the times of the beginning and 
end of an ecUpse and some other phenomena can b® observed 
with great accuracy and are therefore severe tests of the trut 
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„f the results of dynamics. The calculations by which these 
of ^ ^ery complicated, depending on the 

predictions are obtainea are r tLovp are therefore 

Combination of many forces acting ‘Xlnao 

prrnr The predictions in the JNauticai iviind,u<ie 
many causes of error, xne p 

are ^ expected by accumulation to produce a 

“ \k efifeIt“Yet ^withstanding both these opportunities of 
sensible effect, iet “°t™ ® ^^e observations, 

detecting errors, the predicted places ape m 

In many of the astronomica • f the predictions 

of gravitation IS assumed “^““hat law, as well as 

with observations is a test of the trutn oi 

of the principles of dynamics. _ 

dyn^c^ piin p motion may be made 

to reroC\Lriatter considerations. We 
:: :: a^oms onwhichthe -nee 

r““ 

r:r”,r = - - ■•* » »• 

“™M1 such a course would be felt to leave 
We require to know how the laws were mcov , 
what considerations would make them probable^ Foi tto eaeon 
a very brief summary of the arguments has been , given 
following articles. . . . + ^ 

6B. Mntlan. as"li<>4r 

*'7 “ of ret.iain, the motion given 

continues in motion, it Has tneieio ^ ^ 

to it. There is only a Tlmbody gradually comes to rest, but we also 

portion of the velocity given • ^ friction and the 

'b,erve thet to are 7^3;3“^";:leee are .moll the body 

resistance of the air. We g^ggggts that the diminution of the 

continues in motion for a long • hViniiah it does not prove that fact. 

velocity may be entirely due to the resis anc , experiments sufficiently 

We improve the. argument by having recourse to some expe 
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accurate to allow measurements to be madp j- 

in taHsna on element dynamios may b; utiuL for Ih” p„“J„rbrta Z 
most commonly used is Atwood’s machine. Purpose, but the one 

be experimented on. We find that a ^ ^ gi'avity as the force to 

the ceiling of a .ailwaTcalgtt 

the floor that it would have hit had u point of 

iow, .bo .toe ro.:“::;“o"Li Irr .bo“ '“*• “ 

acted TordcaUy on the moving parMoli thi is i„ iaT*”®*’ 

particle were at rest. ^ ® direction as if the 

in the same time i *5*““ 

altered by the eristing mo Jn o, th! I«.ed: “■" " “ 

^ experiments cannot be made with great accuracv Thevnrofi .... 

to answer the question placed at the beginning of this, article. attempts 

. which passes^SveTt pXy^“ If T am w ^ string 

force i. while L Taermir- 
rzrrsreordtirran^t^^^^ 

measured with some degree of accuracy and therefore be 

falling bodies. The mLhine heino T s u ^ compared with the laws of 

made for the inertia of the' pulley, the friction allowance may be 

owing to simplicity of the motion nn i, ’ n ” resistance of the air, 

ceptible in such slow motions Bv n ^ ^ lowed for; but it is almost imper- 
be added or subtracted so that P^^^^o^rns small weights can 

decreased at pleasut By maW th^^^ T 

the first law. By other changes wb can deTemine^rti^® resistances we can test 
modified by a previously existing velocity. ^ 

wherittr?cIedTyZ''errrh; rt etLgThis to 

to be acted on iii the same direction bv two f ^ ^ imagine the body 

these forces can act only I prodnd^^^ 

that this action is not modified hv^ • 

force will generate the same velocity In^the bXhftr*'^^^ Assuming this, each 

velocity is produced hy twice the foroo «n.i ^ n the same time. Thus twice the 

the force when the mass is constant. ’ velocity produced varies as 

by siL, and each\?teVonre3ffole^^® of the same material are placed side 

same time. If the initial veLiHof 7’"^! velocities are generated in the 

side by side, without pressing on each otL/S continue to move 

into one mass. Thus twice tVio f -ii “®'y suppose them to be united 

Ihus twice the force will produce in twice the mass the same 
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velocity, and generally the force varies as the mass when the velocity produced is 
constant. Varying both the velocity and the mass, we conclude that the magnitude 
of the force varies as the mass multiplied by the velocity generated. This product 
is called momentum. Art, 54. 

62 . Lastly let us consider how far the equality of action and reaction is 
suggested by elementary considerations. If we press a stone with the finger, the 
finger is pressed back by the stone. If a horse pull a body by a rope, the tension 
of the rope impedes the progress of the horse. To determine if these actions are 
equal, we shall examine separately the conditions when the bodies are in contact 
and when they act at a distance. 

We have to prove that when two bodies in contact press on each other, the 
momentum lost by one is equal to that acquired by the other. In our test experi- 
ment, we arrange the circumstances so that these changes of momenta can be 
readily observed. Let us suspend two spherical balls by strings and allow them to 
impinge on each other. The initial positions being given we can find the velocities 
just before impact. By observing their subsequent motion we can deduce the 
velocities just after the impulse is concluded. In this way Newton showed that 
the changes of velocity were such that the momentum lost by one was equal to 
that gained by the other. 

Let us next compare the forces exerted by two mutually attracting bodies. It 
was a well-known fact that a magnet attracts iron, but Newton showed experi- 
mentally that the iron attracts the magnet with an equal force. This he effected 
by floating both in separate vessels in standing water. The vessels being placed 
in contact, neither was able to propel the other. The resultant force on each 
body was therefore zero. Admitting that the mutual action and reaction of the 
vessels in contact are equal and opposite, it follows that the attraction of each of 
the distant bodies on the other was equal to the pressure between the vessels and 
therefore equal to each other. 

63. Units of mass. The second law of motion enables us 
to extend our measurement of mass to bodies of different materials. 
We first select some quantity of a standard substance and define 
that to be the unit of mass. Such a quantity of the same or 
another substance is then said to be of the same mass when two 
forces, known to be equal, acting on the two masses generate 
equal velocities in equal times. The second law then asserts 
that, with this definition of mass, the momentum generated by 
every force is proportional to that force. Art. 55. 

The Biitish unit of mass is defined by Act of Parliament. 
It is a quantity of platinum preserved in the office of the Ex- 
chequer and called the Imperial standard pound Avoirdupois. 
One seven-thousandth part of it is declared to be a grain, and 5760 
grains to be a pound Troy, The French standard of mass is called 
the gramme. This is the one-thousandth part of a certain mass 
of platinum preserved in the Archives and called a kilogramme. 
The English pound is very nearly equal to 453-59 grammes, and a 
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kilogramme to 2'2 pounds. The system of units derived from the 
centimetre, gramme and second is usually called the c.G.S. system. 
That founded on the foot, pound and second may be called the 
F.p.s. system. It should be noticed that the pound and the gramme 
are measures of mass, not weight. 

A very full account of the history of the English standards of weight and of 
their comparison with the French standards was given by the late Prof. W. H. Miller 
in the JPkil, Trans, for 1856. 


64. Units of Force. The unit of force is that force which, 
acting on the unit of mass for a unit of time, generates a unit of 
velocity . This is usually called Gauss’ absolute unit of force. 

When the unit of mass is the Imperial pound and the units 
of space and time are a foot and a mean solar second, the unit 
of force is called a poundal When the unit of mass is the 
gramme, and the units of space and time are a centimetre and a 
second, the unit of force is called a dyne, 

^ Since the pound is 453-59 grammes and a metre is 39-37 inches, 
it is clear that the poundal generates a velocity of 1200/39*37 
centimetres in 463-59 grammes. By the second law the magni- 
tude of a force is proportional to the product of the mass by the 
velocity generated ; the poundal is therefore equal to 
1200 X 453-59 , 

— Wm — 

This makes the poundal equal to 13825 dynes nearly. 

When a force F , constant in magnitude and fixed in direction, 
generates in a mass m a velocity v in a unit of time, we know 
by the second law that where \ is some constant de- 

pending on the units of m, v and F, Since ^ is a unit when m 
and V are units, A = 1. Hence F = mv. 

When the force F is not constant in magnitude for any finite 
time, we have recourse to the principles of the differential 
calculus. Let y be the acceleration, then f is equal to the velocity 
which would be generated in a unit of time if the force F 
continued constant in magnitude for that time. Hence F = mf 
see Art. 55. 


65. The determination of the magnitude, of a force by ex- 
periments on the velocity generated is an inconvenient method 
of proceeding. We have recourse to the attraction of the earth 
on, them. The law of gravitation asserts that the forces of 
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attraction of the earth on different bodies at the same place are 
proportional to the masses of those bodies. This is true whatever 
be the materials of which the body is made, provided only they 
may be regarded as particles when compared with the size of the 
earth. > ■ 

This is an experimental • fact which is independent of the 
laws of motion, and is referred to here as a practical method 
of comparing forces. Forces therefore may be compared by 
measuring the weights which they would support at any the same 
place on the surface of the earth. 

Let W be the force of attraction of the earth on a mass to 
at any given place, let g be the acceleration, then the equation 
F — mf becomes TF = mg. 

The law of gravitation asserts that ^ is a constant at the same 
place on the surface of the earth. It is sometimes called the 
constant of gravitation. 

The average value of g for the area of Great Britain is about 
32T8 when the units of space and time are a foot and a second. 
When the unit of space is changed to (Centimetres, the numerical 
value of g becomes 981. 

The equation W — mg shows that the weight of a unit of mass 
is g. The poundal, or unit of force, is therefore 1 /gth part of the 
weight of the unit piece of platinum, Art. 63. Since 16 oz. make 
the pound, the poundal is roughly equal to the weight of half an 
ounce. The dyne is consequently equal to l/18800th part of half 
an ounce. Art. 64, roughly a 64th part of a grain. 

66 . There are two elementary experiments by w'hieh it may be shown that ff 
is a constant at the same place and from which the numerical value may be 
deduced. 

In Atwood’s machine, let vi ^ , m 2 be the masses suspended by a string over the 
pulley, Art. 60. If the law of gravitation is true, the weights are and m 2 ff. 
The mass moved being and the moving force (?«i - nin) g, the equation 

W=mf shows that 

(Hij + mo) /= (i/ii - HZo) g 

where / is the acceleration. By measuring the initial and terminal velocities we 
can find the value of / and therefore of g for any assumed masses 1 ) 1 ^., vu. Repeat- 
ing tl;e experiment with other masses, we find that the constancy of g is verified as 
far as the imperfections of the machine allow. 

67 . The method adopted by Newton is more accurate. He measured the times 
of oscillation of hollow wooden balls which he filled with substances of different 
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kinds. Whatever the matter placed inside might be, the time of oscillation (under 
similar circumstances) was found to be the same. The forces of attraction, 
measured dynamically by the motion communicated, must therefore have been 
proportional to the masses moved. 


The theory of the oscillation of a particle suspended by a string is given in the 
chapter on constrained motion. Many experiments have been made since Newton’s 
time for the purpose of determining the numerical value of g.' In these the 
oscillations of bodies of finite size have been observed. An account of some of 
these experiments is given in the author’s Bigid Dynamics, vol. i. 


68. Accelerating- Force. The quantity / in the equation 
F= mf is the acceleration measured, as already explained, by the 
velocity generated per unit of time. The quotient FJm is called 
the accelerating force. It is equal to the acceleration and the 
word force appears to have been added merely to show from 
which side of the equation the quantity is derived. It is a 
convenient phrase to use when we wish to call attention to the 
fact that the impressed forces under discussion are proportional to 
the masses acted on. 

The product of the mass and the acceleration is called the 
effective force. Thus md^xIdP and md^yldt\ are the Cartesian 
components of the effectivfe force on the particle m. The utility 
of this name will be better understood when we come to the dis- 
cussion of the motion of several connected particles. 

69. The vis viva of a particle whose mass is m and velocity v 
is mv^. The half of this quantity has also been called the vis viva, 
but in England it is more usual to call this latter quantity, viz. 

the kinetic energy. 


70. The work of a. force. The theory of work is so much 
used in statics that only a very brief account is necessary here. 

Let the point of application .4 of a force F be moved to a point 
B, where AB = ds. Let $ be the angle made by the direction of 
motion of 4 with the direction of the force. Then FcosOds is 
the work of F for the indefinitely small displacement ds. It is 
also called the virtual moment of F. The work may also be defined 
to be the product of the force by the resolved displacement of the 
point of application in the direction of the force. 

If the point continue to move and describe any curve, the 
integral /I?'cos Ods is defined to be the work. 

If a weight W descend a space dz, the work done is Wdz. 
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fh 

If the space is finite and equal to h, the work is I Wdz. The 

J 0 

work is therefore Wh. 

71. The theoretical unit of work is the work done by a 
dynamical unit of force acting through a unit of space. As ex- 
plained in Art. 64, this unit of force might be the poundal and the 
unit of space the foot. 

The work required to raise a given weight a given height 
is taken as a practical unit of work. The unit adopted by English 
engineers is that required to overcome a force equal to the gravity 
of a pound through a space of a foot. This unit is called & foot- 
pound. 

In the C.G.S. system the theoretical unit is the work done by a 
dyne in acting through one centimetre. This unit is called 
the 6rg. 

The work done when a kilogramme (Art. 63) is raised one 
metre is the practical unit and is written kilogramme-metre. A 
kilogramme-metre is 7 '23 foot-pounds very nearly. 

72. The rate of doing work is measured by the work done 
per unit of time. Thus, if the particle describe a space ds in the 
time dt, the rate of doing work is F cos 6 dsjdt. The rate is 
therefore Fv cos 0. 

The term horse-power is used to express the work done per 
unit of time in practical measure. The unit of horse-power is 
usually taken to be 550 foot-pounds per second. 

The term force de cheval corresponds to horse-power, but with 
different units. The unit of force de cheval is 75 kilogramme- 
metres per second. A force de cheval is therefore 541 foot-pounds 
per second ; i.e. ’98 of one horse-power. 

Ex. 1. If the unit of space is tr feet, the unit of time t seconds, and the unit of 
mass fi pounds, prove that the unit of force is (xa-jr^, the unit of energy is the 

unit of horse-power /tcr^/r^ ; see Art. 47? 

If F, E, H represent the force, energy and horse-power with these units, find 
their measures where feet, seconds and pounds are the unite. 

Ex. 2. Prove that a foot-pound is ’138, and an inch-ton is 26-8 kilogramme- 
metres. 
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The Equations of Motion. 

73. Equations of Motion. When the resolved part F of 
the impressed - force in any direction and the mass are given, 
the corresponding equation of motion is found by equating FjTn to 
the resolved acceleration in that direction. For example in 
Cartesian coordinates, if X^, be the components of the im- 
pressed force, we unite X^lm, Y^jm for X, Y in Art. 31. We 
thus have 

^ __ Fi 

dt^ m ’ dt^ m 

The polar and other resolutions may be treated in the same way. 

74. To make the meaning of these equations clear, let us 
consider the case of a particle moving in a straight line under 
the action of several forces, F-i, F^, &c. . The corresponding 
theorems when there are no restrictions on the motion of the 
particle will be considered later on. 


If m be the mass in motion, the equation of motion takes the 
form 


dv dv 
mv 


■■F, + F,+... 


•ax 


ds ~ ‘"'dt 

where s is the space described, and v the velocity at the time t. 

This equation may be integrated in two ways. Taking the 
time t as the independent variable, we have 

'))iv - mv^ = JFidt + JF4t -f- (2), 


where is the velocity at the time io, and the limits of integration 
are to to t. The forces F^, F^y &c. may not act during the whole 
time, thus Fi might act from ti to ti -f a, F^ might act from 4 to 
4 4-/3 and so on. In such cases the limits of each integral should 
be from the time of beginning to the time of ending of the force. 
For the sake of conveniently using the equation we notice (what 
really follows at once from the second law) that each force F adds 
to the Tnoving mass a momentum equal to JFdt, where the integration 
extends over the time of action of the force. This is called the 
time-integral of the force. The equation (2) is called the equation 
of momentum. 


75. 

have 


Taking the space s as the independent variable, we 
- ^mvQ- = JFids -I- JF^ds 


( 8 ). 
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It follows that the increase of the kinetic energy of the mass 
moved is equal to the sum of the works of the several forces. 
Each force F communicates to the moving mass an amount of 
kinetic energy equal to JFds where the integration extends over the 
space described while F acts on the mass. This is called the space- 
integral of the force, The equation (3) is called sometimes the 
equation of vis viva and sometimes the equation of energy. 

If the velocity of the mass is the same at any two times, the 
momentum added on by some of the forces must be equal to that 
removed by other forces. 

If again the velocity is the same in any two positions, the 
work added on by some of the forces must be equal to that sub- 
tracted by other forces. > 

In this way we obtain two equations to find the one quantity v. 
If the forces F^, F^, &c. are constant both the space and time- 
integrals can be at once found. We therefore use either or both 
the equations (2) and (3). If the forces are functions of either t 
or s, only one of the integrations can be immediately effected. We 
use the equations (2) or (3) according as the forces depend on the 
time or on the position of the particle. 

76. When the system 
contains more than one par- 
ticle, their mutual actions 
may have to be taken into 
consideration. Suppose, for 
example, that two particles 
P, P', whose masses are m, m', 
are constrained to slide on the straight lines Ox, Ox', and are 
acted on by the forces F, F' in these directions. Let these be 
connected by a string of given length which passes over a smooth 
pulley G. The two equations of energy are 

-|m (v^ ~ro‘^) = JFds — [T cos Ods, 

\m' - vp) =JF'ds - JT cos 0'ds' 

where 0, 0' are the angles the two portions of the string make 
with Ox, Ox. To use these equations we must eliminate the 
unknown tension T. 

We notice that the string is in equilibrium under the action 
of the tensions at its extremities P, P ' ; hence, by the principles of 
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statics, their total virtual moment or work is zero. We have 
therefore 

T cos &ds + 3^ cos d'ds' = 0. 

Adding therefore the two equations of energy together 
(v^ — (v'^ — Vo'^) = f-^ds + JF'ds'. 

The tension therefore may he omitted in forming the equation of 
energy y when both the particles are brought into the equation. 

77. Consider next the two equations of momenta 

m (v - Vo) JF dt - JT cos $dt 
m' (v' — Vo') — JF'dt — j’T' cos 6'dt. 

The tension T measures the whole momentum transferred per 
unit of time from one particle to the other along the string. 
The components transferred are respectively Tco^d, Toosd', and 
these are not equal. The transverse components T sin 6, T sin 6' 
are destroyed by the reactions of the rods Occ, Ox. If however 
the pulley G is situated at the intersection 0 of the rods, 9 and 6' 
are always zero, and the component momentum added to one 
particle is equal to that taken from the other. 

Since the particles must now move with equal velocities, we 
have v' = ~v. Eliminating T from the equations of momenta, we 
have 

(m + m') (v — Vo) — jFdt — JF'dt. 

We can thus eliminate the reaction T by combining the two 
equations of momentum when the reaction makes equal angles 
with the directions of resolution, 

78. BxamplcB*. Ex. 1. Two heavy rings P, P', of unequal mass, slide on two 
smooth rods Ox, Ox' at right angles and equally inclined to the horizon at an angle 
a= J tt. The rings are connected by a straight string of given length I and start from 
rest at distances a, a' from 0. Find the motion. 

Let . 9 , s' be the distances of P, P' from 0 at the time t. Since the particles 
start from rest the equation of vis viva becomes 

I {mv^+m'v'^)=Jng sin ads + jm'g sin ads'=g sin a {m{s-a)+m' {s'-a')} (1), 

the limits of integration being « = a to s and s'=a' to s'. The length of the string 


being given we have the geometrical equation 

s^ + s'^ = P=a‘^ + a'^ ( 2 ). 

Differentiating (2) we have sv + s'v' = Q (3). 


* Most of these examples are taken from the examination papers for the entrance 
and minor scholarships in the several colleges. 
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The equations (1) and (3) give v and v'. When the particles again come to rest, 
vziO, v'=0. Substituting in (1) and using (2) we find, besides the initial solution 
s=a, s=a', 

, 2mm' a - (m^ - m'") a ' 

S_ j i, _ 7)13 + 'm2 



Let be the initial depth of the centre of gravity of the particles below the 
horizontal line through 0, y the depth at the time t. The equation (1) then gives 

4 {mv^+m'v'^)=g (m+w') (y-yo) (d). 

The centre of gravity G cannot therefore rise above the horizontal line AB drawn 
through the initial position H, for if it could, the right-hand side of (4) would be 
negative while the left-hand side is essentially positive. Since the distances of the 
centre of gravity from Ox, Ox' are respectively y—s'm'IBl and f=sni/llf, where 
M=m + m', we see from (2) that the path of the centre of gravity is the ellipse 

£+'l=-2.. 

This conic cuts the straight line AB in two points H, K. If both these points lie 
between the rods the centre of gravity continually oscillates in the elliptic arc having 
H, K for the extreme points. If either H or K lies outside the rods, one particle 
will pass through the intersection 0. 

If the string instead of being straight were bent by passing through a small 
pulley at the intersection of the rods, we could eliminate T from the two equations 
of momentum. We then have 

(m •{■m!)v= jmg sin adt - jm'g sin adt =g ein a {in - m') t. 

The equation of vis viva is the same as before, but since v'= ~v and s' -a'=a-s, 
it takes the simpler form 

J (un -I- m') v^=g sin a (m - m'} (s-a). 

These equations give s and v in terms of the time t. We notice that if m>m', the 
particle P descends along the rod Ox and finally draws P' up to 0. 

Bx. 2. Two small rings of masses m, m' are moving on a smooth circular wire 
which is fixed with its plane vertical. They are connected by a straight weightless 
inextensible string. Prove that, as long as the string remains tight, its tension is 

2 mm g tan g cos g 2a is the angle which the string when tight subtends at the 

m in 

centre and d is the inclination of the string to the horizon. [Peinb. Coll. 1897.] 
Equate the tangential accelerations of the two particles. 
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Ex, 3. A bucket of mass M lbs. is raised from the bottom of a shaft of depth 
h feet by means of a light cord which is wound on a wheel of mass m lbs. The 
wheel is driven by a constant force which is applied tangentially at its rim for a 
certain time and then ceases. Prove that if the bucket just comes to rest at the top 
of the shaft, t seconds after the beginning of the motion, the greatest rate of working 

in foot-poundals per second is jjj • The mass of the wheel may be 

considered to be condensed in its rinj. [Coll. Ex. 1896.] 

Let the force F act on the rim for a time t'. This force communicates a 
rhomentum Ff to the system, which (since the system comes to rest after a time t) is 
equal to that removed by gravity in the whole ascent, therefore Ft'=Mgt. If s' is 
the space ascended in the time t', the force F communicates a work Fs', which is 
equal to that removed by gravity in the whole ascent h, therefore Fs'=Mgh. Since 
the mass moved is M+m and F - Mg is the acting force we have also the two 
equations (M + m) v' = (F - Mg) t', {M+ m) s' = ^ (F — Mg) where v' is the velocity at 
the time t' (Art. 25), These four equations determine F, t', v', s'. The rate of 
adding work to the system is Fv (Art. 72), and this is greatest when v is greatest, 
i.e. when v = v'. The result follows without difficulty. 

Fx. 4. A train of mass m runs from rest at one station to stop at the next at a 
distance 1. The full speed is V and the average speed is v. The resistance at the 
rails when the brake is not applied is uVjlg of the weight of the train and when the 
brake is applied it is u'Vjlg of the weight of the train. The pull of the engine has 
one constant value when the train is starting and another when it runs at full speed. 
Prove that the avei-age rate at which the engine works in starting the train is 

(H + V)ll, where i = ? _ - i . j-Coll. Ex. 1895.] 

There are three stages of the journey. During the first the engine pulls with 
force F, the acceleration is Fjvi-uVjl, and the velocity increases from zero to V. 
During the second stage the velocity is uniform and equal to V, the pull F' of the 
engine just balancing the resistance. During the third the engine stops working, 
the brake is applied and the acceleration is — w'U/Z. Using the formulae of Art. 25, 
and remembering that the sum of the spaces in the three stages is I, while the 
average velocity is I divided by the sum of the times, we deduce F. The average 
rate of working is the quotient “work by time,” Art. 72; during the first stage 
this is Fsiltj = ^FV. 


Ex. 5. The cage of a coal-pit is lowered for the first third of the shaft with a ' 
constant acceleration, for the next third it descends with uniform velocity, and then 
a constant reterding force just brings it to rest as it reaches the bottom of the shaft. 

If the time of descent is equal to that taken by a particle in falling four times the 
whole depth, prove that the pressure of the man inside on the bottom of the cage 
was at the beginning 23/48ths of his weight. [Coll. Ex. 1897.] 

The initial acceleration / is found to be 25y/48. If R be the pressure required 
the equation of motion of the man is inf=mg — R. This leads to the value of R. 

Ex. 6. One engine A starting from rest generates in two minutes in a train a 
velocity of 46 miles per hour while it passes over a distance of 1 mile on the level. 
Another engine B of equal weight can pull the same train up an incline of sin~^ 1/80 
at a full speed of 20 miles per hour. Assuming that the resistance due to friction, &c. 
is constant and equal to the weight of 12 lbs. per ton, prove that the time average of 
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the horse-power at which A works for the two minutes is 1'52... times the horse- 
power ot S. ‘ [Math. Tripos, 1893.] 


Ex. 7. A window is supported by two cords passing over pulleys in the frame- 
work of the window (which it loosely fits) and is connected with counterpoises each 
equal to half the weight of the window. One cord breaks, and the window descends 
with acceleration /. Prove that the coefficient of friction, between the window and 


the framework is where a is the height and h the breadth of the window. 

(0+f)b 

[Coll. Ex. 1896.] 

Let the pressures of the window against the framework on one side at the bottom, 
•on the other at the top, be M, M'. Since the window does not move sideways or 
turn round, we have the statical conditions R=R', Tb=2Rci. Considering the 
vertical motion for the weight alone and for bo.th bodies respectively, we have 
T - iMg, f Jr/= - )i2E . 

These determine /x. 


Ex. 8. A two-wheeled vehicle is being drawn along a level road with velocity v : 
the wheels (radius c) are connected by an axle (radius r) fixed to them and the weight 
of the vehicle exclusive of the wheels and axle is W, and its centre of gravity is 
vertically above the middle point of the axle. Prove that if the shafts are in a 
horizontal plane with the tops of the wheels, the horse is working at’ the rate 


Wvr sink. 
sin“ A) ’ 


where A is the angle of friction between the axle and its bearings. 

[Coll. Ex. 1895.] 


The vehicle, being in uniform motion, is in equilibrium under the action of the 
pull E of the horse, the reaction R of the axle acting at some angle 9 to the vertical 
and the friction JR tan A. The equations of Statics give J?*, R, and 9, and the 
required rate of working is Fv. 


Ex. 9. A particle of mass ni is suspended from a fixed point 0 by a string of 
length a, and from m is suspended another particle of mass m' hy a string of length 
h. If a horizontal velocity be suddenly communicated to ni, show that the tensions 
of the strings are immediately increased by amounts which are in the ratio 

l-f : 1. [Coll. Ex. 1895.] 

m' (ft + 5) '• 

Let T, T' be the tensions of the strings above and below m. Since vi describes a 

circle whose centre is 0, its vertical acceleration is v^ja, hence —^=:T~T'~ing. 

The vertical acceleration of in' is equal to that of in plus that due to the relative 
motion. Relatively to m it begins to describe a circle of radius h with a velocity v, 
the relative vertical acceleration is therefore v-jh, see Art. 39. Hence 



Solving these equations the result follows at once. 


Ex. 10. In the system of pulleys in which the string, passing round each pulley, 
has one end attached to a fixed beam and the other to the pulley next above, there 
is no “power” and no “ weight.” The n moveable pulleys are all of equal weight, 
they are smooth, and can all be treated as particles in calculating their motions. 
The string is without mass. Prove that the acceleration of the lowest pulley is 
3///(2>‘-i-l). [Coll. Ex. 1896.] 
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The equation of momentum for the rth pulley counting downwards is 

where and being the power and weight, are zero. Also the velocity of each 
pulley is half that of the one just above. Multiplying these equations by 1, 2, 
2® ... beginning at the lowest and adding the results the tensions disappear. 

JEa;. 11. In the system of pulleys in which each string is attached to the weight, 
there are two pulleys, the weight of the moveable pulley being w, the power P and 

the weight W. Prove that the acceleration of W is [Coll. Ex. 1897.] 

vA "1“ tv “f" rr 

Ex. 12. A prism with axis horizontal and whose section by a plane perpen- 
dicular to it is a regular polygon ABCD... of in sides is fixed with the uppermost 
face AB horizontal, and n equal particles are placed at the middle points of AB, 
BC, &c. These are connected by a- continuous string which passes over smooth 
pulleys at the corners P, 0, &o. Assuming that the faces are smooth, prove that 

the initial acceleration is — ^cot ^ • [Coll. Ex. 1897.] 

Ex. 13. Two equal particles are connected by a string one point of which is fixed 
and the particles are describing circles of radii a and 6 about this point with the 
same angular velocity so that the string is always straight. ’ The string is suddenly 
released, prove that the tensions of the two portions are altered in the ratios 
(a + b) : 2a and (a + b) : 26. [Coll. Ex, 1895.] 

Before the release the tensions are mv^^ja and mv^^lb, where vja=vjb = u. 
After the release the relative space velocity is The acceleration of each 

particle being Tim, the relative acceleration is 2Tlin. Since the relative path of 
either is a circle of radius r=a+b, the relative acceleration is v^jr. Equating 
these, the tension is mv'^l2r. The result follows. 

Ex. 14. A cubical box slides down a rough inclined plane, whose coefficient of 
friction is fi, two sides of the base being horizontal. If the box contain sufficient 
water just to cover the base of the vessel, prove that the volume of the water is 
J/i times the internal volume of the vessel. [Coll. Ex-. 1897.] 

The relative acceleration of a particle of water and the box must be perpendicular 
to the surface. 

70. Iiinear and Angular Momentum. Let the momentum mv of any 
particle P'of a system be represented in direction and magnitude (Art. 54) by a 
straight line PP'. Since velocities obey the parallelogram law, we may proceed as 
in Statics and replace the momentum PP' by three linear momenta at any assumed 
origin in the directions of the axes, and three couple momenta. 

Let the coordinates of the particle be x, y, z and the direction cosines be X, /jl, v. 
The three linear momenta being the resolved parts of mv are mv\, mvfi, mw 
respectively. These are often called linear momenta. The three couple momenta 
are the moments of the momentum mv about the axes. We know by the corre- 
sponding theorem in Statics that these moments are 


mv y z , 

mv z X , 

mv X 

y 


V X 

X 

h- 


These are called the angular momenta about the axes. 


The linear momentum of a ^article in any direction is the resolved part of the 
momentum in that direction. The angular momentum about a straight line is the 
moment of the momentum about that straight line. 
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80. Impulsive forces. In some cases the forces act only 
for a very short time, yet, being of great magnitude, produce 
perceptible effects. Let a force F act on a particle of mass nv 
for a time T. Let v be the velocity at any time t less than T, 
and let V, F' be the velocities at the beginning and end of the 
interval T. We have 

= m(r'-V)=rFdt ( 1 ), 

Let the force F increase without limit while the duration T 
decreases without limit. The integral may have a finite limit, 
say P. The equation then becomes 

m(V'-V) = F (2). 

If Vi, V 2 are the greatest and least velocities during the impact, 
the space described lies between ■WiP.and v^T, and both these are 
zero in the limit. The particle therefore has not had time to move, 
hut its velocity has been changed from V to V. This sudden 
change of velocity is the distinguishing characteristic of an 
impulse. 

We may consider that a proper measure has been found for a 
force when from that measure we can deduce all the effects of 
the force. Since in the case of the limiting force the change of 
velocity is the only element to be determined we may measure 
such a force by the quantity P. When P is known, the change 
of velocity is given by (2). 

81. An impulse or blow is the limit of a force whose magnitude 
is infinitely great and time of action infinitely small. A finite 
force F is measured by the momentum generated per unit of time. 
An impulse P is measured by the whole momentum generated 
during the whole time pf action, that is, P =JFdt. 

When the direction of the force. F remains fixed in space 
during its time of action, the resolved part of P in any direction 
is also the limit of the resolved part of F. When the direction 
of F is not fixed in space, we resolve F into its components X, 7. 
The integrals of these, viz. Ai= JXdt, Yi=JYdt, are defined to be 
the components of the limiting impulse. 
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Strictly speaking, there are no impulsive forces in nature, but 
there are some forces which are very great and which act only for 
a short time. The blow of a hammer is a force of this kind. Such 
forces should be treated as finite forces if the small displacements 
, during the time of action cannot be neglected, and as impulses 
when these are imperceptible. 


82. The general equations of impulsive motion follow from 
t ose of finite forces. If Vj) are the Cartesian components of 
velocity we have, by Art. 73, 




dvi 


where X, Y are the components of a finite force F. Let (u, v), 
(u\ v') he the components of the velocity just before and just 
after the action of any impulse. Let X,=JXdt, Fi=fFdt be 

the components of the impulse, Art. 81. We then have by inte- 
gration, 

m(v'-v)=F^. 

These equations may be summed up in the following working 


' Res. Mom. \ / Res. Mom. \ __ /ResolvedN 

.after impulse/ Vhefore impulse/ “ I impulse J ' 


^ 83. Elastic suiooth bodies. -When two spheres of any 
hard material, impinge on each other they appear to separate 
almost immediately and a finite change of velocity is generated 
m each by the mutual action. Let the centres of gravity of the 
spheres be moving before impact in the same straight line with 
velocities w, v. ^ After impact they will continue to move in the 
same straight line ; let < F be their velocities. Let m m' be the 
masses,, JS the action between them. The equations of motion are 

= m'{v'-v) = E ( 1 ). 

These^ equations are not sufficient to determine the three quanti- 
ties < v' and E. To obtain a third equation we must consider 
what takes place during the impact. 

Each of the bafis is slightly compressed by the other, so that 
they are no longer perfect spheres. Each also in general tends 
to return to its original shape, so that there is a rebound. The 
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period of impact may therefore be divided into two parts. Firstly, 
the period of compression, during which the distance between the 
centres of gravity of the two bodies is diminishing and secondly, 
the period of restitution in which the distance is increasing. The 
first period terminates when the two centres of gravity have the 
same instantaneous velocity, the second when the bodies separate. 


The ratio of the magnitude of the action between the bodies 
during the period of restitution to that during compression is 
found to be different for bodies of different materials. If the 
bodies regain their original shapes very slowly the separation 
may take place before this occurs and then the action during 
restitution is less than that during compression. 

In some cases the force of restitution may be neglected, and 
the bodies are then said to be inelastic. In this case we have just 
after the impact u' = v. This gives 




mm' 
m + m' 


{u - v), 


u = 


mu + m'v 
m + m' 


( 2 ). 


If the force of restitution cannot be neglected, let R be the 
whole action between the balls, Bq the action up to the moment 
of greatest compression. The magnitude of R can be found by 
experiment. This may be done by observing the values of u' 
and v' and thus determining R by means of the equations (1). 
Such experiments were made in the first instance by Newton 
and led to the result that R/Rq is a constant ratio which depends 
on the materials of which the balls are made. Let this constant 
ratio be called 1 + e. The quantity e is never greater than unity; 
in the limiting case when e = 1 the bodies are said to be perfectly 
elastic. 

The Newtonian law RjRQ = l + e gives only a first approxi- 
mation to the motion, and is not to .be regarded as strictly true 
under all circumstances. 

The value of e being supposed to be known the velocities after 
impact may be easily found. The action Rq must be first calcu- 
lated as if the bodies were inelastic, the value of R may then be 
deduced by multiplying by 1 e. This gives 

r, mm' , . ^ 

R — : — ^ — 7 (u — 'v)(l+e) (3). 

m + m^ ^ ^ ^ 


IMPULSIVE FORCES. [CHAP. L 

The three equations comprised in (1) and (3) give the whole 
motion. Substituting from (3) in (1), we have 

m'e , ' 

Tfi + 'm! m + m' ^ 

I /g\ 

/ mu + m'v me , , f 

^ ~ "IT"; — r"H yiu — v) 

m+m w+m^ ^ 

84 . We notice as a useful corollary that 

- v' — u' =^ — e{v — u) ( 4 ). 

The relative velocity after impact hears to the relative velocity before 
impact the ratio of — e to 

By the third law of motion the momentum gained by one ball 
is equal to that lost by the other; the whole momentum being un- 
altered by the impact. Hence 

mu' 4- m'v' = mu + m'v ( 5 ). 

This result follows also by eliminating jS between the equations (1). 

The equations (4) and (5) may be used to determine u', v', 
when the impulse B is not required. 

86. When two perfectly elastic spheres of equal mass impinge 
on each other the bodies exchange velocities. In this case, by (3), 

It = m (u ~ v) 

and the equations (1) then show that u' = v, v' = u. Conversely 
we may show in the same way that if the spheres exchange 
velocities their masses are equal and the elasticity is perfect. 

• 86. When a sphere impinges on a fixed plane, we regard the 
plane as an infinitely large mass. Putting m' infinite, we find 
B = mu (1 + e), u' = ~ eu, v' — 0, 

the velocity of the sphere is therefore reversed in direction and its 
magnitude is multiplied hy e. 

Ex. If the plane be in motion with a velocity F, prove that the velocity of the 

sphere after the rebound is -eu+F(l + e). i 

87 . If one sphere of mass m impinge directly on another of 
mass m' which is at rest and if m = m'e, the equation (3) gives 
M = mu. The impinging sphere therefore loses its whole mo- 
mentum and is reduced to rest. 

In the same way, let n spheres be placed in a row at rest 
and let their masses form a geometrical progression of ratio 1/e. 
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If any velocity is given to the first, it will strike the next in order 
and be reduced to rest. The second will strike the third and 
remain at rest and so on. Finally the last sphere will proceed 
onwards with the whole momentum communicated to the first. 

If the spheres are perfectly elastic, e = 1 and the same things 
happen when the masses are equal. 

If the spheres are placed close together, they are only in 
apparent contact ; and each impact will still be concluded before 
the next begins. Each ball transfers the momentum to the next 
in order and remains in apparent rest, the last ball moving 
onwards with the whole momentum communicated to the first. 

This may partly explain why, in some cases when blows have 
been given by the wind or sea to masses of masonry, the stones 
to leeward have been more disturbed than those exposed to the 
blows. 


88 . Ex. A series of perfectly elastic balls are arranged in the same straight 
line, one of them impinges directly on the next and so on ; prove that if their 
masses form a geometrical progression of which the common ratio is 2, their 
velocities after impact will form a geometrical progression of which the common 
ratio is 2/3. [Math. Tripos, I860.] 

89. Two smooth homogeneous spheres A and B impinge 
obliquely on each other. To find the subse- 
quent motion. « 

Let the common tangent plane at the 
point of contact 0 be the plane of xy, and 
let the common normal be the axis of z. 

The spheres being smooth the mutual im- 
pulse acts along the axis of z. 

Let Fi, Fg be the velocities of the two 
spheres, before impact, F/, Fg' the velocities after. Let 

(«tj, Vj, Wi), (ttg, 'W/g) 

be the components of the velocities Fj, Fg, and let the same 
letters, when accented, represent the components of F/, Fg'. Let 
m, w! be the masses. 

Since the impulse has no components parallel to the axes of 
X and y, we have 

«/ = u^ , Vt^ = «! ; Uo = U2, 



V2 — V2. 
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Considering next the normal impulse, we find as before 

D , D 

jtX ; (qj), — CK 

m + rri 


7 - w,) (1 + e) , <w{ - = 


R 

m 
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R 


Wa —Wo = —,. 

m 


no 

These equations determine the components of the velocities after 
tile impact. 

When the bodies are rough, the mutual impulse does not 
cessanly aet along the common normal. The problem then 
becomes more complicated. The reader will tu; ^ a . 
in the author’s R^id DynaJ^l 

have'i'Z talrf 

n mmf , ^ » -ra 

“ TO + (1 + e), u'==u v' = v + ~ 

m ’ 

■ /. mxif^ + m'v^ = mu^ + m'v^ +h{v-u)+R r 

I mm' J 

S'the tpt”. ™ decreased 

vis;![™bete*^/r’t“rf.Tu“?' be the 

before, UT that after the impulse. Then, as in Art. 69 

22" — m (zt,= + u,s q. ^^2^ q. _J_ _J_ 

z; ■"’ •“* “• ‘ " • 


2T'~2T=:- 


mm' 




xn -f m' 

It follows that vis viva is always lost. 

™ ™ 

=t 1Z fZ' TT/ t ~ 0% 

■J 1 .U ’ ™ * **’ the . bodies are perfectly elastic It is 

evident that w, cannot be equal to m. or e = - 1. 
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, ?" ®'i’e projected from a given point A in all directions and 

ob ique y impmge on a fined plane ot elasticity t. Prove that after refienion the 
to^lions of mofion diverge from a point S, where AB intersects the fined plane at 
right angles in some point M, and RN=e . Ailf. 

Let the path of a particle before impact, PQ that after. Let QP 

produced intersect the perpendicular A3I produced in some point B. The com- 




ponent of velocity, , 1 , along 3IP is unchanged by the impact, while that perpendicular. 
VIZ. V, becomes ev and is reversed in direction, ^ 

tan QPx= evju= e tan APJif 

^Xtr'f^mT ‘“r ft- 

perpenctioular from A in the same pomt. 

By using this theorem we can trace the course nt a ow • 

rcflcnions tarn any number of fined planes“™ 1“ ts'e be' 

the fl^r tbit” P>^oieoted from a ^ven point 

A on the fioor, that after reflexion at two vertical walls Ox, Ou, it may pass 

I takeTl-cir ft* t AB to’theZt Z 

refledtTnas* throtrs ““ 

joining .1 'L 0, e to P and P to '“"”1 *>? 

middle t ‘ ■“ Proi“ied along a hoiieontal plane from the 

^ton 1 1 T" 1 right-angled triangle so as aft- 

pStthat hecow ride to roturn to the same point- 

prove that tlie cotangents of the angles of reflexion are c-H and e + 2 reapeotivoly. 

[Math. Tripos, 1851.] 

attracting particles is in motion, 
ore (1) that the centre of gravity moves in a straight line with 
umform velocity, and (2) that the motion of the centre of gravity 
IS not afected hy any impacts between the particles. 

The mutual attraction between any two particles is measured 
by the momentum ti-ansferred from one to the other per unit 
of time; the mutual impulse is measured by the whole mo- 

motion that the whole momentum of the two particles and the 
components m any directions, are unaltered by their mutual 
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Let {oo^, 2/i)j (^ 2 > y^, &c. be the Cartesian coordinates and (wj, 

{u^, V 2 ), &c. the components of velocity at any time t Since 

= 'Emsc, yhm = hmy, 

we have by differentiation u%m = vSm = Xmv. It has just 

been shown that the components 'Zmu, '%mv are unaltered by 
the mutual attraction or impact of any two particles. Hence 
the components of the velocity of the centre of gravity, viz. u, v, 
are constant throughout the motion. The path of the centre of 
gravity is therefore the straight line x = ut-\-A, y = and 

the velocity is the resultant of u, v. 

If all the particles were suddenly collected together at the 
centre of gravity, each particle having its momentum unaltered 
in direction and magnitude, the momentum of the collected 
mass would be the resultant of the transferred momenta. The 
equations uXm = 1mu, vXm = 't,mv assert that the .centre of 
gravity of the particles before collection moves exactly as the 
collected mass does. 

93. The effect of the mutual action of two particles (whether 
attracting or impinging on each other) is to transfer a momentum 
from one to the other whose direction is the straight line joining 
the particles. Hence the moment of the niomentum about any 
straight line is unaltered by the transference. The moment of 
the momentum of the whole system (that is, its angular mo- 
mentum, Art. 79), about any straight line is unaltered by the 
mutual actions of the particles. 

In a system of mutually attracting or impinging particles, the 
components of its linear momentum along, and the angular momenta 
about, any fixed straight lines are constant, except so far as t}}ey may 
be altered by the action of external forces. This is only the third 
law of motion more fully explained. 

94. Examples*. Ex. 1. If a system of mutually attracting particles were 
suddenly to become rigidly connected together, determine the conditions that the 
rigid body should be at rest. 

The rigid body will possess the same momenta as the system but differently 
distributed. If the momenta of all the particles are in equilibrium, the rigid body 
has no component of momentum in any direction and no moment of momentum 


* Many of these examples are taken from the examination papers for the 
entrance and minor scholarships in the several colleges. 
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about any straight line. It is therefore at rest. By the rules of Statics the 
necessary and sufficient conditions for the eq[uilibrium are (1) the whole linear 
momentum along each axis of coordinates is zero, (2) the angular 'momentum 
about each axis is zero. 

EaJ. 2, Particles of equal mass travel round the sides of a closed skew polygon 
in the same direction, one starting from each corner and the velocity of each is 
proportional to the side along which it moves. Prove that their centre of gravity 
is at rest and that it coincides with the centre of gravity of the sides of the polygon 
supposing the masses of the sides to be equal. Prove also that if one particle be 
removed, the centre of gravity of the remaining particles describes a polygon whose 
sides are parallel and proportional to those of the original polygon. 

Since the sides exert no pressures on the particles the centre of gravity moves 
in^ a straight line with uniform velocity whatever the momenta of the particles 
may be. When, as in the problem, the momenta are parallel and proportional to 
the sides of a closed figure, the components Smtt and "Sviv of Art. 92 are zero, and 
the centre of . gravity is therefore at rest. The other parts of the question then 
follow at once. 

JEx. 3. An explosion occurs in a rigid body at rest, and' the particles fly off in 
different directions. If in any subsequent positions they were suddenly connected 
together, prove that the rigid body thus formed would be at rest. 

Ex. 4. A number of particles originally in a straight line fall from rest, and 
rebound from a partially elastic horizontal plane. Prove that, at any time, the 
particles which have rebounded once lie in a parabola. [Ooll. Ex. 1897.] 

Ex. 5. Two small spheres of equal mass can move inside a rough endless 
horizontal tube of length 1. One sphere impinges with velocity v on the other at 
rest. If the friction of the tube produce a retardation / in either sphere and if 
after impact the spheres just meet again, prove that 2fl—v^e. [Coll. Ex. 1896.] 

Ex. 6. Four equal balls of the same material are projected simultaneously 
with equal velocities from the corners of a square towards its centre, and meet in 
the neighbourhood of the centre. Show that they return to the corners with 
velocities reduced in the ratio of the coefficient of restitution to unity. 

[Coll. Ex. 1892.] 

Ex. 7. Two equal spheres each of mass m are in contact on a smooth hori- 
zontal table, a third equal sphere of mass m' impinges symmetrically on them. 
Prove that this sphere is reduced to rest by the impact if 2ni' = Zine, and find the 
loss of kinetic energy by the impact. [Coll. Ex. 1897,] 

Ex. 8, Two equal balls lie in contact on a table, A third equal ball impinges 
on them, its centre moving along a line nearly coinciding with a horizontal common 
tangent. Assuming that the periods of the two impacts do not overlap, prove that 
the ratio of the velocities which either ball will receive according as it is struck 
first or second is 4 ; 3 - e, where e is the coefficient of restitution. 

[Math. Tripos, 1893.] 

Ex. 9. A heavy particle tied to a string of length I is projected horizontally 
with a velocity V from the point to which it is attached. Show that the 'energy 
lost by the impulse is a minimum when V^=lgls/B: see Arts. 27, 90. 

[Coll. Ex. 1896.] 
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Ex. 10. A particle of mass m lies at the middle point O' of a straight tube AB 
of mass if and length 2a, both of whose ends are closed. It is shot along the tube 
with velocity '7. Prove that it will pass the middle point of the tube in the same 

direction after a time , e being the coefficient of restitution between the 

particle and either end of the tube ; and that in this time the tube will have 

moved forward a distance ~~ [Coll. Ex. 1895.} 

The particle traverses the length GA = a in a time a/7 and after impact has a 
relative velocity eV. It therefore traverses the length AP = 2a in a time 2a/e7, 
and after impact at B has a relative velocity e^7. It traverses the remaining 
length BC=a in the time ajeW. The whole time T is the sum of these three 
times. The particle is now at the same point C of the tube as before, the distance 
traversed by the tube is therefore equal to that traversed by the centre of gravity 
of the system. Since the initial velocities of the particle and tube are 7 and zero, 
the velocity of the centre of gravity is v = The distance traversed is 

therefore vT, 

Ex. 11. A particle is projected inside a straight tube of length 2a, closed at 
each end, which lies on a smooth horizontal table and whose mass is equal to that 
of the particle. Prove that, at the moment just before the fourth impact the tube has 
described a distance 15a, if the coefficient of restitution is and find the proportion 
of kinetic energy which has disappeared. [Ooll. Ex. 1896.] 

Ex. 12. A smooth particle of mass m is at rest in a rectangular box of mass 
M which is free to move down a smooth plane inclined at an angle a to the 
horizon, the lowest edge of the box being horizontal, and the particle at its middle 
point. Suddenly the box is started down the plane with velocity V. Prove that 
if the coefficient of restitution be unity, the particle will strike the top and 
bottom of the box after equal successive intervals of time; and that the spaces 
travelled by the box in the first and second of these intervals are as 

72 + pt sin a : 7^ + 3gl sin a, 

where 2 i! is the length of the box. , [Coll. Ex. 1896.] 

Ex. 13. A perfectly elastic ball is projected vertically with velocity v-^, from a 
point in a rigid horizontal plane, and when its velocity is an equal ball is 
projected vertically from the same point also with velocity Uj; show, (1) that the 
time that elapses between successive impacts of the two balls is vjg, (2) that the 
heights at which they take place are alternately 

(3«i - V 2 ) {vi + ^; 2 )/ 8 ^f* and + v^) (v^ - v^)/8g, 

(3) that the velocities of the balls at the impacts are equal and opposite and 
alternately — 'Wo) and [Math. Tripos, 1896.] 

Since the balls exchange velocities at each impact, we may suppose that they 
pass through each other, one ball following the other at an interval t = (vj - Ugj/y. 

Ex. 14. A weight of mass m and a bucket of mass m' are connected by a light 
inelastic string which passes over a smooth pulley. These bodies are released from 
rest when a particle whose mass is p and coefficient of elasticity e falls with 
vertical velocity 7 upon the bucket. Prove that a second collision will occur between 
the particle and bucket after a time e (m + m') 7/mjf and find the condition that the 
bodies should then be in their initial positions. ■ [Goll. Ex. 1895,] 
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Ex. 15. A particle is projected from a point on the inner circumference of a 
circular hoop, free to move on a horizontal plane. Prove that if the particle 
return to the position of projection after two impacts, its original, direction must 
make with the radius through the point an angle tan'i {p^l{l + e + e‘^)}^. 

[CoU. Ex. 1897.] 


Ex. 16. Two balls of masses M, m (centres A and J5), are tied together by a 
string, and lie on a smooth table with the string straight. A ball of mass m' 
(centre G) moving on the table with velocity V parallel to the string strikes the 
ball of mass m, so that the angle ABC is acute and equal to a. Prove that M starts 
F?nm'cos®«(l+c) 


with a velocity 


e being the coefficient of restitution 
[Coll. Ex. 1895.] 


Mm' sin=^ a + m (JIf + m + m') ’ 
between m and m'. 

Let TJ' be the velocity of m' after impact in the direction CB, the common 
velocity of M, m in the direction AB, the velocity of m perpendicular to AB ; 
then m' (U' -V QOBa)= -R. Since R cos a has to move both M and m, while 
R sin a affects m only, 

{M + m) Vi' = R cos tt, mv ,2 = R sin a. 

At the moment of greatest compression, the velocities of m', m along CB are equal 
U'=Vi cos a + 1 ) 2 ' sin a. 


These equations give R. Multiplying the result by 1 + e the second equation then 
gives Vi'. 


Ex. 17. Three particles A, B, C whose masses are m, 'm', m", connected by 
straight strings, are placed at rest on a smooth table, and the obtuse angle ABO is 
T ~ a. If A receive a blow F parallel to CB prove that C will begin to move with a 

1 vi'Pooa^a 

velocity — ~ , 

m'Srft + mm sm^ a 


Let T, T' be the impulsive tensions of AB, BC. Since A, B must have equal 
velocities along BA 

{F cos a - T)/to = (T - T' cos a)/m'. 

Since B, C have equal velocities along BC 

{TQOBa-T')lm' = T'lm". 

These equations determine T and T', and the result required is T'jm". 


Ex. 18. Two smooth spheres whose coefficient of restitution is e are attached 
by inextensible strings to fixed points. One of them, whoso mass is m, describing 
a circle with velocity v, impinges upon the other whose mass is m' and which is at 
rest. If the line of centres makes an angle 6 with the string attached to m and 
the strings at that instant cross each other at right angles, then m' begins to 


describe a circle with velocity 

m COS" ^ sin-' 0 ' 


[Ooll. Ex. 1896.] 


Let A, B be the centres of m, ml , and let the strings be attached to D, E. Let 
BA intersect EB in G. The force R on m acts along BA and makes an angle d 
with AD. Let v', w' be the velocities of m, m' along EG and CD. Then 
0=-T + RQoad) m'w'=Rcoa6) 

m,{v' -v)= -Rsind] ’ 0 = - 2’' + JS sin ^ ‘ 

At the moment of greatest compression, the velocities of m, m' along AB are equal, 
.•. v' sin6=:w' Gos 6. This determines the value of R, and the required velocity is 
jR (1 + e) cos ejvi'. 
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In this way x has been expressed as a function of t, leaving 
the constants A and B undetermined. As this value of x satisfies 
the differential equation, whatever values A and B may have, 
there is nothing in that equation to help us in finding these two 
constants. We must have recourse to some other data. These 
are the initial conditions of the motion. Let us suppose that 
the particle was projected at a time t — a, from a point determined 
'by x — h with a velocity v — c. Then remembering that v = dxjdt, 
we. have 

;c =/,(«) + A, h^f„{o) + Aa + B. 

Solving these, we find A and B. The motion is therefore given by 
^ =fi, {*) + (c (a)} + {6 _ ac + af, {a) ~f„ (a)|. 


•• 97 . Let X be 

a function of x only, say X =f{x). 



• ■ 

(1). 

Multiply by 

dx d^x . . . dx 


Integrate 

= + 4 

(2), 


»=^=±{2/;(«=)+4}i 

(3). 


To determine the value of A and the sign of the radical we use 
the initial conditions. Let us suppose that when t = a, x = b, and 
v = c. We then have 

c^-2/,(6) = A (4), 

c==±\M{b) + A}^ ( 5 ). 

If c is not zero, the radical must have the same sign as c, i.e. the 
radical is positive or negative according as the direction of the 
initial velocity makes x increase or decrease. If however c = 0 , 
we notice that the particle will begin to move in the direction 
in which the force acts ; the radical therefore follows the sign 
of the initial value of X. Since X is a function of x only, it is 
obvious that if the initial value of X is also zero, the particle is 
at rest in a position of equilibrium and that there will be no 
motion. 


We now have 


/ 


dx 

[^x^~A]^ 


t-\- B 


( 6 ). 
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Repr6S6nting’ the left-hand side of this equation, after the in- 
tegration has been effected, by tf) (.r), we have 

+ B (7). 


To find £ we recur again to the given initial conditions, viz. that 
a; = b when t = a, hence B = <f)lb)- a. 

98. The equation (7) determines t when x is known, i.e. it 
gives the time at which the particle passes over any given point 
of the straight line along which it moves. If we require the 
position of the particle at^any given time, we must solve the 
equation and express 

^ = ( 8 ). 

The solution of this algebraical equation may lead to different 
values of x, thus we may have x = ^lr^ (t), a; = (t), &c. We have 

yet to determine which of these represents the actual motion. 
We notice that since the equation (7) is satisfied hy x~b, t = a, 
one at least of these values of x must satisfy this condition. All 
the others must then be excluded as not agreeing with the given 
initial conditions. If more than one of these solutions could 
satisfy this condition, the equation obtained by putting ^ = a in 

(^)> ’Viz. <f>{x) = a + B, 

must have equal roots. Hence (x) = 0 when x==b. Since (j> (x) 
represents the left-hand side of (6) it immediately follows that 
2/1(6) + A is infinite. But by (5) this cannot happen if the 
initial velocity c is finite. 

99 . Subject of integration mfinitc. Other points requiring attention arise 
when the integrals which occur are such that the subject of integration is infinite 
at some point B of the path. Since the forces in nature are necessarily finite this 
cannot happen in the integral (2), for if /j (a;) were infinite its differential coefficient, 
/ {x) for onxy finite value of x, would also be infinite. In the integral (6) the subject 
of integration is infinite when the velocity is zero. 

We can use the integral (6) to find the time of transit from any point A to a point 
P as near as we please to B on the same side of B as A. If the result is infinite 
the particle never reaches B. If the time of arrival at B is finite we have to find 
the subsequent motion. 

As the particle approaches B the velocity is numerically decreasing and there- 
lore the accelerating force X has the opposite sign to the velocity. Supposing X 
not also to vanish at B, the particle after arriving at B must begin to retrace its 
steps. Considering as a new initial position, the subsequent motion may be 
deduced from (3) by putting c=0. If A=0 also at £, the particle, as explained 
above, will remain there in equilibrium. 
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lOO. Ex. 1. A particle moves in a straight line under a central force tending 
to the origin and equal to Investigate the motion. 

Weliave m~~x^ ' 


The minus sign is introduced because the left-hand side represents the 
acceleration in the positive direction of » and the force acts towards the origin. 
We then find 

( 2 ). 

dt ^2 [ 

Let us suppose that the particle starts from rest at a very great or infinite 
distance from the origin; then when x is infinite, dxjdt^O. Hence A =0, and the 
equation becomes 


Since the particle begins to move towards the centre of force the velocity is 
initially negative. We therefore take the negative sign. 

Multiplying by x and integrating, we find 

x^=B-2nt (4). 

Initially when t = 0, the particle is infinitely distant from the origin, i.e. .-c is 
infinite and therefore B is infinite. It follows that the particle does not get -within 
a finite distance of the origin until after the lapse of an. infinite time. 

If the initial conditions are slightly altered we may obtain a finite result. Let 
us suppose the particle to be initially projected at a distance x—b (6 being positive) 
•with a velocity njb towards the centre of force. Proceeding as before we find A=0, 
and as it is given that the initial velocity of the particle is negative, the radical 
has still the negative sign. We thus again arrive at the equation (4). Since x = b 
when t=0, we find B=b^, and 

cc= ±(&2_2nt)- (5). 

Since x is initially positive we must give the radical the positive sign. 

As t increases we see that x continually diminishes and when t=b‘^l2n the 
particle arrives at the origin. Its velocity at that moment is found by putting 
ar=0 in (3) and is easily seen to be infinite. 

Cases in which either the velocity or the force is infinite do not occur in nature. 
If we construct a central force by placing some attracting matter at the origin 
there would be an impact before the particle reached the origin and the whole 
motion would be changed. But as a matter of curiosity we may enquire what 
would be the subsequent motion if our equations held true for infinite velocities 
and forces. 

In this case the particle arrives at the origin with a negative velocity, we must 
therefore suppose that the radical in (2) does not change sign when the quantity 
passes through infinity at the - origin. Hence since x now becomes negative, we 
must take the positive sign in (3) instead of the negative one hitherto used. This 
gives x^=B + 2nt, where B need not necessarily have the same value as before. To 
find B we notice that at the initial stage of this part of the motion, a;=0 and 
l — yfQ easily find that B=~h^. The motion after the particle has passed 

the origin is therefore given by a;= - (2nt - b^)-. 
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Ex. 2. If a?=a<’‘ we have ^ t, a 

dt2 ~^\a) .where A =aji (71-1). Let ug 
suppose that 71 >2. ' ^ 

A particle is placed at rest at the origin. Show that if acted on by Z=At»-2 

the subsequent motion is given by x=at» but if acted on by X=A(xla\^ the 
motion IS given by .i;=0. ' ' 

£». 3. A pathole is projeoled torn the origm 0 with a velooily pp* under the 
aoHon of an aeoelerating too Z= - Jpt (p - ,)i, p„,, ^ 

rest in the position of equilibrium defined by x=p. 


101 . Let the acting force X he a function of the velocity only, 
say X =f(y). The equation of motion now takes the form 

dv 

( 1 ). 

Integrating this, we have 

f dv . 

JM~ 

writing </>(«) for the integral on the left-hand side, this becomes 

4>(v) = t + A 

Supposing as before that the particle is initially projected at a 
time i = a, with a velocity c, we have A = <f)(c)~a. 

Two rules are given in the theory of differential equations for 
the solution of the equation (3). The first rule requires us to 
solve the equation for v and find v = f(t), and as already ex- 
plained that solution is to be chosen which makes '’ 1 = c when 
t = a. Remembering that v = dxjdt we then obtain x by inte- 
gration. 

If the equation (3) cannot be solved for v, we use the second 
rule. This requires us to recur to the form (1), eliminating dt by 
using the equation v = dxjdt, we have 



Thus after integration both x and t ape expressed by (2) and (4) 
in terms of a subsidiary quantity v, We notice also that this 
subsidiary quantity has a dyntimical meaning, viz. the velocit}^ 
of the particle. 
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loa. Ex. 1. A particle is projected with a velocity V in a medium tvhose 
resistance is /cv”, where n is a positive quantity. The equation of motion is then 

(1). 

dt 

.,pi=-a+A... (2). 

v" 1 — n 

Measuring t from the moment of projection we have when t=0, v—V, hence 
yi-n 

A = — . We therefore find 

1-''^ . /o\ 

7i-»= _ (1 - n) Kt (3). 

If n<l the velocity decreases continually from its initial value V, and vanishes 
after a finite time, viz. . The particle will then remain at rest, since 

X=0. 

If n>l, writing (3) in the form 

W’ 

we see that the velocity decreases continually and vanishes after an infinite time. 

If n=l, these equations take an indeterminate form. Eeturning to the equa- 
tion (2) we have 

log -Kt-FA; {5)» 

It follows that the velocity decreases continually and vanishes after an infinite 
time. 

In all these cases we can find the space described in any time t. Eememhering 
that v = dxldt, we have from (3), 

r _i_ _ 1 

Determining B from the condition that a:=0 when t=0 we find 

2— it 

-(2-n)CT={Fi-"-(l-w)/ctp-^-F2-« ,.(6). 

We may also find the velocity after the particle has described any space x. 
We begin with 

dv 

v—= -kV^. 

, dx 

dv — ~ Kdx ; v^~^= F®“” - (2 - n) kx (7) . 

Lot us find the space described by the particle when 'y=0. 

yZ-n yl-n 

If n<l, we have r- aud t= 7 - r — as shown above: thus the particle 

(2 - n) K {1- n) K 

comes to rest after describing a finite space in a finite time. 

yi-n 

If 7!>1 and <2, we have x=-j^ — t^.-- while t is infinite: the particle therefore 
{2-n)K ^ 

comes to rest after describing a finite space in an infinite time. If n>2, we find 
that v vanishes when x is infinite and the particle describes an infinite space in an 
infinite time before it comes to rest. 

Ex. 2. If the resistance is nv, show that the particle comes to rest after 
describing the finite space F/k in an infinite time. 
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Ex. 3. If the resistance is kv^, prove that the particle describes an. infinite 
space in an infinite time before coming to rest. 

103 . Ex. 1. If X=:(f>{vy. f {x) or X=<p {v)f (t), prove that the equation of 
motion can be solved by separating the variables. 

In the former case we use vdvjdx=X, in the latter dvjdt—X. 

Ex. 2. If X=:f {x) v”'+F(x) show that the equation of motion becomes 
linear by writing v'^~”'=:y. 

Ex. 3. If X=f {v^jx) show that the equation of motion becomes homogeneous, 
and that the variables can be separated by writing v^=xy. 


Motion of a heavy particle. 

104.' A heavy particle starting from rest slides down a rough 
straight line which is inclined to the vertical at an angle 0. It is 
required to find the motion. 

Let 0 be the initial position of the particle, OV the vertical, 
Q the particle at any time t. The accelerating force due to 




gravity is g cos 0. The pressure on the straight line being 
mg sin 0, the retarding force due to friction is fjbgsm0, where 
fi is the coefficient of friction. The whole accelerating force is 
therefore 

f= g (cos 0 —/asm0) = g sec e . cos {0 + e), 

where y, = tan e. Writing OQ — s, the equation of motion is 

d^s dv . ^ V 

^ys = '^^=^sece.cos(d + e) ...(1), 

Integrating, we find 

v" = 2gs sec e cos (^ + e) + A. 

Since the particle starts from rest, v and s vanish together. We 
therefore have Al = 0, and 

V- = sec € cos {0 + e) (2), 

To interpret this formula we make the angle VON = e and 
draw any straight line NVQ perpendicular to ON cutting the 
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vertical in V and the straight line along which the particle 
travels in Q. Then ON — s cos (0 + e). It follows that the velocity 
acquired in, describing any chord OQ is independent of 6 and is 
equal to that acquired in describing 0 V. 

If the chord OQ is taken on the same side of the vertical OV 
as N, the angle 6 as above measured becomes negative. Since 
the friction varies as the pressure taken positively, it must now 
be represented by — gg sin 6. The theorem therefore only applies 
to the chords on the side of the vertical opposite to OiV! 

If we make the figure turn round the vertical OF, the straight 
line OF will describe a right cone having OF for its axis and 

~ e for the semi- vertical angle. The velocity acquired in 
descending any chord from rest at 0 to the surface of this cone is 
equal to that acquired in descending OF. 

105. By integrating (1) twice with regard to t, and re- 
membering that both s and dsjdt vanish when t = (i, we find 

s = sec e cos 4- e) f (g). 

We may interpret this formula by a similar geometrical con- 



struction. Making as before the angle VON = e, we see that, 
when t is constant, (3) represents the polar equation of a circle 
whose radius vector is s and whose centre 0 is situated on ON. We 
have therefore the following theorem. Describe any circle passing 
through 0 and having its centre on ON, and let it cut the vertical 
through 0 in some point F . The time of descent from rest at 0 
down any chord OQ of this circle is the same as that down OF. The 
chord OQ must be on the side of 0 F remote from the centre. 

In the same way if the circle is drawn above 0, we can show 
that the time of descent from rest at any point Q of the circle to 0 
is equal to the time down FO. 


ART. 108.] 
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• f «Mes is smooth ON 

coincides with the vertical. The cone in Art. 104 becomes a horizontal plane, and 

the circle in Art. 105 has OV for a diameter. We thus fall back on the well-known 
theorems (1) that the velocity acquired in descending from rest to a given hori- 
zontal plane is the same for all chords, (2) that the time of descending from rest at 
the highest point of a circle to the circle is the same for all chords. 


107 . If the motion take place in the air we must make 
allowance for its resistance. Supposing the resistance to vary as 
the velocity, the equation of motion is 


( 1 ). 


where /= ^,sec e cos (5» -f e). Kemembering that v = ds/dt we find 
by integration 


ds 

dt 


=ft—KS 


.( 2 ), 


the constant being omitted because s and v vanish together. 
Transposing ks, the equation can be integrated again by following 
the ordinary rule for linear equations. We have 

^ =/i5e'‘« ; 


Ke'^^s =f (te^^ — ^ + cj . 

Noticing that s should vanish when t = 0, we have c = l//c. 
Hence, restoring the value of/. 


,9 = £ sec e cos (0 e) {««-! + (3). 

When t is constant and (d-t-e) is regarded as variable we 
see that (3) is again the equation’ of a circle having its centre 
on OiV. The theorem of Art. 105 is therefore also true when the 
particle slides 07i a rough chord in a medium resisting as the 
velocity. The times of descent from rest at 0 down all chords of 
the circle are equal. 


108 . There is another method of proof by which the solution of the diffe- 
rential equation is evaded. We notice that if we write s = (reos(d-f6), the equation 
(1) of Art. 107 becomes 




da 
dt ’ 


from which the angle 9 has disapiieared. The initial conditions now become <r=0 
and daldt=0 when t = 0; these also are independent of 9. Hence the time of 
describing any given length a is independent of 9. But if any value is given to a, 
the equation s = o-coa (d-t-e) is the equation of a circle, s being the radius vector. 
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1O0. When a heavy body is immersed in a fluid it is partly supported by the 
surrounding fluid. Let V be the volume of the body, D its density, p that of the 
fluid. If the body were removed, a mass Vp of fluid would just fill the vacant 
place and he supported hy the pressures of the surrounding fluid. The apparent 
weight of the body is therefore (FH - Vp) g, and the accelerating force of gravity is 

g' = g(l-Ly 

This value of g' should properly replace g when the moving body is immersed 
in a resisting medium. It is sometimes called the relative acceleration, 

no. Ex. 1. Prove that when k= 0, the formula for s in Art. 107 reduces to 

This may be shown by expanding the expression in powers of k. 

Ex. 2. The plane of a circle is inclined to the vertical, prove that the times of 
descent down all smooth chords from rest at the highest point are equal. 

Ex. 3. Two tangents AB, CD are drawn to touch a vertical circle^ at its 
highest and lowest points A, B. A variable tangent PQJ? cuts AB., CD m P, B 
and touches the circle at Q, Prove that the velocity acquired in descending from 
rest at P to i? under gravity is the same for all positions of the tangent. Prove 
also that the time of descent from P to P is proportional to the length PB and the 
time from P to Q is proportional to the distance of P from the centre of the 

circle. 

Ex. 4. If the resistance per unit of mass is ku® and the particle slide on a 
smooth straight wire inclined at an angle d to the vertical, prove that the space « 

described in time t from rest is given by e"® = 4 + e where kq cos 6. 

111. liimiting Velocity. When a particle is projected 
vertically downwards in a medium whose resistance varies as the 
nth power of the velocity, the equation of motion is 


where g is the relative acceleration of gravity. 

If the particle is projected downwards with a velocity L such 
that KL‘^ = g it is clear that dvjdt is initially zero. There is 
nothing to change the velocity and the force of gravity continues 
to be balanced by the resistance.- The particle therefore descends 
with a uniform velocity equal to L. If the particle is projected 
downwards with a velocity less than L, gravity exceeds the re- 
sistance and the velocity of the particle is increased. If the 
velocity of projection is greater than L, the resistance exceeds 
gravity and the velocity is decreased. If the particle is projected 
upwards, the resistance and gravity combine to bring the particle 
to rest, after which it descends in the manner just described. 



ART. 113 .] 


LIMITING VELOCITY. 
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In all cases the velocity tends to become more and more 
nearly equal to the velocity L given by the equation 
This velocity is called sometimes the limiting velocity and some- 
times the terminal velocity. The latter name is commonly ascribed 
to Huygens. • Other names are given under other circumstances. 
When the body considered is a ship, the constant g may represent 
the force of the engine and kv'^ the resistances. The ship is said 
to be at full speed when these balance each other. 


112 . When the body is in the beginning of its fall from rest, 
the term /c# is nearly zero and is much smaller than g. The body 
begins to fall nearly as in a vacuum, and the velocity at first 
increases rapidly. If the resistance is so great that L is small, 
the velocity will soon be so nearly equal to the limiting velocity 
that the motion will be sensibly uniform. 

This result has many applications in nature. In a shower of 
rain, the velocity of a drop is not proportional to the time elapsed 
since it began to fall. The drops, being observed soriie little time 
after the motion has begun, move with a velocity which is sensibly 
uniform and independent of the height of the cloud. 


113 . The magnitude of the coefficient k of the resistance 
depends on the size and form of the falling body as well as on 
the nature of the resisting medium. To illustrate this let us 
suppose that, for similar bodies falling in similar positions in an 
indefinitely extended fluid, the resistance varies ( 1 ) as the surface 
of the body, (2) as the nth power of its velocity, and (3) as the 
density p of the fluid. If I be the length of any side the surface 
varies as P, while the mass moved varies as Pa- where a is the 
density of the body. The accelerating force on the body is 
therefore 


f=g~y 


Pa- 


pv'^'- 


where 7 is some constant depending on the form and position 
of the falling body. Equating / to zero, it follows that the 

limiting velocity varies as {lajpj^. We see therefore that the 
smaller the size of the body the less is the limiting velocity. For 
example, large drops of rain fall with greater velocity than sniall 
ones. The particles of a mist are so small and their limiting 
velocities so slight that the falling drops seem to have no motion. 
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MOTION OF A HEAVY PARTICLE. 


[chap. IL 


We have supposed that the falling body is so far symmetrical 
about a vertical axis that it is not made to rotate by the re- 
sistance. 


1 14. Ex. 1. A particle falling freely from rest in vacuo acquires a velocity L 
in |3 seconds. Show that the same particle, falling ip a medium in which the 
resistance varies as the velocity and the terminal velocity is L, will acquire half its 
terminal velocity in about seconds and two-thirds of that velocity in ^^8 seconds. 

To prove this we use the formulae proved in Art. 107 for v. Remembering that 
Ij=gjK when the resistance vanes as the velocity we have' /c=l/^. 

Ex. 2. Show that the effect of the resistance of a medium on the motion of a 
heavy body is less the greater the size and density of the body. 


IIS. KeBi8tanee=(tn2. A particle is projected vertically upwards AVith a 
velocity F in a medium resisting as the square of the velocity. It is required to 
find the motion. 

During the ascending motion the resistance acts downwards and the equation 
of motion is 

dv dv 


where E is the limiting velocity. When the particle descends the resistance acts 
upwards, but tince v^-does not change sign with v, the equation of motion must be 
changed to 

dv _ dv 

where in both equations s and v are measured positively upwards. This discon- 
tinuity occurs whenever the power of v in the law of resistance is even. 

Following the second rule given in Art. 101 we express both s and t in terms of 
V. We have for the ascending motion 

- r (1), 

L J L^ + v^ L L 

- 2fls_ [ 2vdv _ ^ 2 ^ 

L2 - j xa + us" F2 ^ 

the Constants being determined by the condition that v=V when t=0 and s = 0. 

The time T of ascent and the space h ascended are deduced by putting v=0. 
We thus find 

■ 

The time of ascent and the space ascended are less than in a vacuum, for both 
gravity and the resistance join in bringing the particle to rest. - 
For the descending motion we have in the same way 

L J L^-v^ ^ ’’ 

2g{s~h) f 2vdv L^-v^ 

the constants being determined from the condition that when n=0, t=2’, s = 7i. 


4.RT. 116.] 


RESISTING MEDIUM. 


59 




; /u\« 


xdx 


The velocities at which the particle passes upwards and downwards through any 
given point of space are connected by a simple relation. Taking the given point 
as the point of projection upwards, let the two velocities be V and V. Putting 
.9=0 in (5) we find 

_ ^ 

U 

Eliminating h between this equation and (3) we arrive at 
7/2 Y'l- ip.' 

If «r be the space descended and r the time, we find by eliminating v 
See Art. 110, Ex. 4. 

116. Resistance =xr”. A particle is projected vertically upwards with a 
velocity F in a medium resisting as the nth power of the velocity. It is required 
to find the motion. 

We write the equation for the ascending motion in the form 
dv _ dv 
ds ~~ dt 

It will be convenient to put v=xL. Proceeding as in the case when ?i=2, we find 
for the whole time T and space h of ascent 
(}T _ h dx gli 

T~JoT+^’ L2 

where the initial upward velocity is V=aL. 

To find the time and space in which the velocity is decreased from aL to bL we 
take the limits from & to a. 

We can find superior limits to the values of t and h by making the initial 
velocity V infinitely great. In this case a=co , and both the integrals are given in 
the Integral Calculus. We then have 

gl' _ TT gh _ TT 

L ~ n sin irjn ’ L'^~ n sin 27r/?i ’ 

the former requiring n > 1 and the latter n>2. It is remarkable that both thege 
limits are finite, though the upward velocity of projection may be as great as we 
please. 

Eor the descending motion it is often convenient to measure s downwards from 
the highest point. We thus avoid using a negative velocity. Adopting this plan, 
the equation of motion is 

dv dv f vy’’ 

Putting v = xL as before, we find for the time and space necessary to acquire a 
velocity aL, 

gT _ dx gh' _ xdx 

These integrals can be found without difficulty when n is an integer by using 
the method of partial fractions, see Greenhill’s Differential and Integral Calculus, 
Art. 190. Roberts’ Integral Calculus, Art. 35. The result when n has its general 
integral value is too comp4jca±ed_to be reproduced here. 
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117. Bx. 1. A heavy particle is projected upwards with a velocity L in a 
medium resisting as the ath power of the velocity. Prove that the whole space 
(up and down) described when the velocity downwards is F is equal to LT when L 
is the limiting velocity and T is the time in which the particle faUing from rest in 
the medium will acquire a velocity V^jL. 


Ex. 2, A particle is projected upwards with velocity L in a medium resisting 
as the cube of the velocity. Show that the whole time and space of the ascent 

2iTr 

are connected by the equation s + iT = r— — . 

o y o g 


The linear differential equation. 


118. The Linear equation. The most important equation 
of motion which occurs in this part of dynamics is the linear 
equation with constant coefficients. The simplest form of this 
equation is 


d^x 


-\-hx=c. 


.( 1 ), 


where I and c are two constants. 


When & = 0 the equation represents the motion of a particle 
acted on by a constant accelerating force equal to c, and the 
solution is obviously 

x = ^cP‘ + At + B (2). 

When h is not zero, we can simplify the equation by putting 

= c/6 + f (3), 

we then have 

w. 

This can be solved without difficulty by the method already 
explained in Art. 97. But a simpler solution can be obtained 
by following the rules for solving equations with constant co- 
efficients given in books on differential equations. We assume 
as a possible solution 

| = (5). 

Substituting we find A (V + 6) 6^* == 0, The equation is therefore 
satisfied if A = + V(— 6). If 6 is negative and equal to — h', we 
have two real values of A, either of which give a solution. The 
equation is clearly satisfied by 


( 6 ) 
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and this is the complete integral because it contains the two 
arbitrary constants A and B. 

If b is positive, X is imaginary ; but remembering that an 
imaginary exponential is a trigonometrical expression, we replace 
the assumption (.5) by 

I = A sin (Xt + B) (7). 

Substituting we find A (— X® + b) sin (X^ + B) = 0. The equation 
is therefore satisfied by X = + ^b. These two values of X give 
the same solution, the effect of changing the sign of, X being 
merely that of changing the signs of the arbitrary constants A 
and B. The complete integral is therefore 

£G = c/b + A sin {tfs/b + B) (8). 

It may also be written in either of the forms 

x — clh + A' sin t\/b + B' cos tisjb (9), 

' x = clb-{- A" Q,0B{t\/b + B") (10). 

119. Harmonic Oscillation. The dynamical meaning of 
the linear equation is important. Consider first the case in 
which b is positive. Putting 6 = we have 

d^x , „ , . 

5 ? + ”® = " 

X — cfn"^ + A sin (nt + B) (2). 

First, we notice that as t continually increases the value of x 
alternates between the limits c/n^ ± A. We therefore infer that 
the differential equation (1). represents an oscillatory motion and 
that the arc of oscillation is constant. The semi-arc of oscillation 
is J..and its magnitude depends on the initial conditions. The 
semi-arc is called the amplitude of the oscillation. 

Secondly. The middle point of the arc is determined by 
x — cjn^, and this point is independent of the initial conditions. 
If the particle is placed at rest in the position defined by this 
value of X, the equation (1) shows that the accelerating force (viz. 
d'^xfdf) is zero. The middle point of the arc of oscillation is 
therefore a position of equilibrium. 

Thirdly. When t is increased by 27r/n, the values of x recur 
in the same order, but when increased by w/n they recur with 
opposite signs. The period of a complete oscillation is therefore 
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27r/?i. This period is independent of the initial conditions. The 
quantity n is called the frequency of the oscillation. 

The time of a complete oscillation is the time occupied by the 
particle in describing twice the whole arc of oscillation starting 
from any point and returning finally to the same point again. 
When the period is independent of the length of the arc, the 
motion is sometimes called tautochronous. 

Fourthly. The constant B depends on the instant from which 
'the time t is measured, thus if we write i + a for t, nothing is 
changed except that B is increased by na. 

Fifthly. Let x=cgq, dccldt — Vf^ be the given values of x and 
V at the time io- Writing the equation (2) in the form (9) of 
Art. 118 and equating the values of x and dxfdt to x^ and % 
when t — to,we find the values of A' and j5'. The solution there- 
fore becomes . 

^ ^ ~ ~ ^ 

Comparing this with the solution (2) we see that 
A sin jB = *0 — c/ w®, A cos B~ Va/n. 

The semi-arc A of oscillation is therefore given by 
A^ = {xo — c/n^y -f- (volny. 

120 . Consider next the case in which 6 is negative. Writing 
h — — n^, the differential equation and its solution become 

d^x 2 
dP 

oo = -~+Ae'^* + Be-^K 

First, we notice that the motion is not oscillatory. 

Secondly. If A is not zero the particle travels in an infinite 
time to an infinite distance from the origin, If A = 0 the particle 
after an infinite time arrives at the point determined by = — o/n% 

Thirdly. The position of equilibrium is given hy x-- cjn^ 

Fourthly. The particle can change its direction of motion only 
once. This change occurs when 

dx I 


( = 0 . 
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This gives ’2ihi ~\og {B ! A). This is imaginary if A and B have 
opposite signs, and gives only one re^l value of i if -d and B have 
the same sign. The particle can change its direction only if this 
real value of t is subsequent to the beginning of the motion. 

Fifthly. If the values of cc and v are respectively and % at 
the time t fhe value of x at any time t is 

® = - 4 + ? (*• + -S + S') + 5 f®. + 4 - -) e-“ 

2 \ 7t/ . 2 \ ‘nP nj 

latl. When the eiiuation of motion is 

g+2a| + Z,.=c (1), 

We take as the trial solution 

(2). 

It is easily seen that this satisfies the differential equation if 

6=0. (3) . 

If cfi-b is positive, the roots of the equation are real. Representing these by 
Xj, Xn, the solution is 

(4), 

where Ai, Ag are two arbitrary constants. 

If aP-h is negative, say = the two roots are -aJ=n>y(-l). By an easy 
reduction the solution (4) becomes 

= ^ + sin (lit +J52) (5), 

where B., are two arbitrary constants. 

If 6 = 0, the general solution is 

a;=|- + (At-t-i3)e"“' (6). 


Considering the solution (6) as the more important of the three, we notice that 
the trigonometrical term vanishes whenever nt+B^ is a multiple of tt, the particle 
therefore passes through the position defined hy x=cjb at intervals each equal to 
7r/n. Since it necessarily passes through this, point alternately in opposite 
directions, the interval between two consecutive passages in the same direction is 
27r/a. This is called the time of a complete oscillation. The point defined- by 
a:=c/6 is evidently the position of equilibrium. 

To find the times at which the system comes momentarily to rest we put 
dxjdt=0. This gives tan (ntH-R 2 )=n/a. The extent of the oscillations on each 
side of the position of equilibrium may be found by substituting the values of t 
given by this equation in the expression for « - c/6. Since these occur at a constant 
interval equal to 7r/n we see that the amplitude of the oscillation continually 
decreases and the successive arcs on each side of the position of equilibrium form 

a geometrical progression whose common ratio is c “ 


64 


MOTION UNDER A CENTRE OF FORCE. [CHAP. II. 


122 . The following differential equations occur in dynamics. 

(1) Solve = 

Multiplying by sinnf, both sides become perfect differentials, hence 

dx. r 

^ sin nt - nx cos nt=: ^ (t) sin ntdt + A. 

Multiplying by cos nt, both sides are again perfect differentials, 
dx 


cos nt+nx sin nt = j <p (t) cos ntdt+B. 


These two simultaneous equations give both x and dx/dt. 

'I? 

To solve ^^ — n-x = (p [t) we use e and e as the two successive multipliers. 

(2) When ^ (t) is trigonometrical another method can be used. Let the 
equation be 

d^x 

dF ~ ^ 

^ Assuming a:=ilf sin (Xt + F) as a trial solution, we see at once that the equation 
IS satisfied if M Adding the solution found in Art. 118 we see that 

the complete integral is 

a;=A sin (n« + R) + sin (\t +!?'). 

This method fails when X=z«. In this case we take x=Mt cos (Xt+F) as a trial 
assumption. 

We find - 2Mn=E. The complete integral is therefore 

Ft 


-A sin {nt + D) - _ cos [nt+F) 


J^otion under ct centre of force. 


123. Central 

9 P A 



0 


force varying as the distance. A particle 
constrained to move on a smooth straight line 
is acted on by a central force tending to a 
fixed point 0 outside the straight line, whose 
magnitude varies as the distance of the particle 
from 0. 


Let 00 = h be the perpendicular on the 
straight line AC. Let P be the particle, OP = x. The force on 
P being . OP, the component along PG is n’^x . . Supposing the 
straight line to be smooth and the motion to take place in vacuo, 
the equation of motion is 

d^x 


This is the standard form discussed in Art. 119. The particle 


AKT. 125.] 


ROUGH PATH. 


65 


therefore oscillates about O as the middle point of the arc, and the 
time of a complete oscillation is 27 r/n. 

To find the time of oscillation numerically the magnitude of 
the force must be known at some given distance from the centre 0. 
Suppose that the force is equal to gravity at a distance a, then 
n^a-g, and the time of a complete oscillation is 27r\/(a/^). If 
g - 32T8, the distance a must be measured in feet and the formula 
gives the time in seconds. 

The extent of the arc of oscillation depends on the initial 
conditions. If the particle start from a point distant from G 
with an initial velocity Vo measured positively from G, the whole 
subsequent motion is expressed by the fifth result of Art. 119. 

134 . Ex. Any two places on the surface of the earth are joined by a straight 
tunnel. A particle dropped from one falls towards the other under the sole 
attraction of the earth. Assuming that the resultant attraction tends to the 
centre apd varies as the distance therefrom, prove that the particle will arrive at the 
second place after about 42 minutes, the radius of the earth being taken as 4000 
miles. 

125 . Ex. Effect of friction. If the straight line in Art. 123 is sensibly 
rough, it is required to take account of the friction. 

. Since the normal pressure on the straight line is equal to n^h and is therefore 
constant, the limiting friction is also constant. Let us represent this by f. The 
equation of motion is therefore 

We notice that the frictional accelerating force acts opposite to the direction of 
motion, so that the sign must be negative or positive according as the particle is 


A' jy~G D 


A 


moving in the direction in which x is measured or the opposite. The equation 
therefore presents the discontinuity which so frequently occurs whenever friction has 
to he taken account of. 


Let the particle start from rest at A where CA=:a. Initially the resolved 
attraction is n^a and unless n% is greater than the friction /, the particle will not 
move. Supposing this inequality to hold we write the equation in the form 





The motion therefore from A towards C is the same as if the centre of force were 
displaced a distance CD =//n^ towards A, The particle comes to rest at a point 
A' on the other side of D where DA' =AD. On the return journey we take CD' 
also equal to fjii^ and the particle moves as if D' were the centre of force. Thus 
the centre of force is alternately moved at each oscillation a constant distance, 
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always opposite to the direction of motion. The friction reduces the extent of 
each successive semi-arc of oscillation by 2//w2. The particle comes finally to rest 
when the extent of the semi-arc is less than fjn^. 


126. Resistance of the air. If the motion take place in 
the air its resistance must be allowed for. As a sufficient illustra- 
tion of the general effects of this force, let us suppose that the 
resistance varies a:.' the velocity. Excluding friction the equation 
of motion is then 




= — 




Assuming n>K the solution is (Art. 121) 

X = sin (pt + B). (2), 

where ps _ ^2 _ ^2 constancy of the period of oscillation is 

therefore unaffected hy the resistance of the medium, Art, 121. The 
time of oscillation is however longer than in a vacuum. 

The successive arcs on each side of the position of equilibrium 
decrease continually in geometrical prpgression and vanish only 
after an infinite time. 

In many cases the resistance of the medium is very slight 
compared with the other forces acting on the particle. The 
quantity k is then small, and we see that the period of any one 
oscillation differs from that in a vacuum by the squares of small- 
quantities. In using the equation (2) we must however remember 
that when the position of the particle after a great many oscilla- 
tions is required we cannot regard pt as the same as nt ; for though 
p and n differ hy a very small quantity, that difference is here 
multiplied by the time t. 


127, By making observations on the lengths of the arcs of 
oscillation we may test the correctness of the assumed law of 
resistance. A convenient method of trying the experiment is to 
use the particle as a pendulum. . It may be shown that when the 
oscillations are small the resolved action of gravity represents the 
force oi^x while the resistance is 2k dxjdt. The measurements 
show that the successive arcs do decrease in geometrical pro- 
gression when the arcs are small, but the decrease follows another 
law when not small. This, as Poisson remarks, is a justification of 
the statement that for small velocities the resistance varies nearly 
as the velocity. 



ART. 129.] 


DISCONTINUITY OF RESISTANCE. 
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The common ratio of the geometrical progression is By 

measuring successive arcs the numerical value of k can be found. 

128. Discontinuity of resistance. When the resistance 
varies as the velocity the analytical expression 2kv changes sign 
with V. It therefore represents the retardation due to the re- 
sisting medium both in sign and magnitude. If the resistance 
varies as the square (or any even power) of the velocity, the 
analytical expression '^kv^ represents the retardation in magnitude 
only. Whenever the particle changes its direction of motion it 
will then be necessary to change the sign of k. Thus a dis- 
continuity is introduced into the equations similar to that which 
occurs when friction acts on the particle, Arts. 125 and 115. 


lao. Ex. 1. A particle oscillates in a straight line under the action of a 


central force tending to a fixed point 
G on the straight line and varying as 
the distance therefrom. Supposing 
the motion to take place in a medium 
resisting as the square of the velocity, 
find the relation between any two 
successive arcs on each side of C. 


M 



Supposing that the particle is 

moving in the negative direction (Art. 128) the equation of motion is 


vdvjdx— -n^x + KV^. 


By Art. 103 this gives v^e ~ 

arcs, Xj being negative, we have 


/ 1 \ — 2Ka? 

( j d If ^ 0 , be two successive 

/ 1\ -2kXi , 1 \ „-2<cX|, 


We notice that this relation is independent of the strength of the attractive force. 


To interpret this relation we trace the curve y = 



If the particle 


start from rest at any place A it will come to rest again at A' where the ordinates 
of A and A' are equal. Taking GB=GA', the third point of rest is at a distance 
CB' from G on the side of 0 opposite to A', the ordinates of B, B' being equal, 
and so on. Thus if the particle start from rest at an infinite distance from G it 
willjfirst come to rest at K', where CK=lj2K numerically. 

The general character of the motion is that the successive arcs decrease rapidly 
at first, but afterwards become more and more nearly equal, the motion never 
ceasing. 


If GI is the abscissa of the point of inflexion, GI=CM=GK. 


Ex. 2. Prove that the times of describing all chords of a circle starting from 
rest at the same point A under the action of a centre of force situated on the 
diameter through A and varying as the distance are equal. The chords are to be 
regarded as smooth and the motion to be in a vacuum. 
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Ex. 3. A heavy particle whose mass is m is suspended from a fixed point 0 by 
an elastic string whose unstretohed length is a. If the particle oscillate up and 
down in a vacuum, prove that the complete period of an oscillation is 2Tr ^{majE), 
where E is Young’s modulus. 

Ex. 4. A particle oscillates in a straight line in a medium whose resistance 
per unit of mass is k times the square of the velocity. There is a centre of force 
situated in the straight line whose attraction is n times the square of the distance 
from the centre of force. If a and b are the distances from the centre of force of 
two successive positions of instantaneous rest, and /t is not zero, prove that 

{K^-b^-Kb-hl)e^''^ + {K^a^+Ka+h)e~^'“^=l. [Art. 135.] 

130. The inverse square of the distance. A particle, 
constrained ».to move in a straight line, is acted on by a central 
force tending to a fixed point 0 external to the line and varying 
inversely as the square of the distance therefrom. It is required 
to find the motion. 


Let OG be a perpendicular on the straight line, 0G=h. Let 
P be the particle, OF — x, OP = r. See fig. of Art. 123. Let the 
angle P0G~^, then sin <f> — x/r. The accelerating force on P 
being the component along PG is found by multiplying by 
sin 4> and is therefore fix/ 7'^. The equation of motion is 


dv 


fix 

^3 


•( 1 ) 


Since r® == + x^, we have n'dr = xdx. Hence 

vdv — — v^=G+^ . 

If the particle ' start with a velocity u at some point A distant a 
from 0, we have 

( 2 ). 

If the particle is projected from G along GA with a 
velocity u greater than \/{%fxla), it is clear that the velocity v 
cannot vanish or change sign. The particle therefore will move 
continually away from the centre of force. 


131 . When the centre of force lies on the straight line of motion, the time 
occupied by the particle in travelling from the initial position A to any point P 
can be found without difficulty. We put 


x = b cos^ 9, dx/dt = - 2b sin 6 cos 9 dOjdt. 


The equation of motion is 


2 cos'-* 6 


dt~^S/ bs ■ 


THE INVERSE SQUARE.- 
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We notice that x hegins at a; = a -with dxjdt initially positive ; x then increases 
until dxjdt =0, i.e. until x = l. At this point the particle begins to return and 
dxjdt becomes negative. To represent these changes we make 6 begin at 6 = 
where cos +J{ajb) because this makes dxjdt positive’ when a;=a. We then 
make 0 increase through zero and finally become | tt when the particle arrives at 
the centre of force. Thus the two times at which the particle passes through any 
point P are distinguished by the sign of 8. Since, according to this arrangement, 
8 continually increases with the time we give the positive sign to the radical in the 
expression for d0jdt. We then find after integration that the time from 0 = 
to 0 is 

The time from rest at a distance a follows from the preceding or may be found 
independently. We have 

the limits being x=a to x. Putting x=aoos^0 we easily find that the time t of 
moving from a: = a to a: is 


The time of arriving at the centre of force starting from rest at a distance a is 

TT / Ct? 

found by putting 0=4 tt. The result i®" 2 V ^ ’ 


183 . Ex. 1. A particle falls from rest at a point A whose altitude above the 
surface of the earth is equal to the radius. Show that the velocity on arriving at 
the surface is equal to that acquired by a particle falling from rest through half 
that space under a constant force equal to g, where g represents gravity at the 
surface of the earth. 

Notice that if fxjr^ is the attraction of the earth, a the radius, fija^=g. 

Ex. 2. If a particle fall from an infinite distance towards the earth, prove that 
the velocity at the surface is equal to that acquired in falling from rest through a 
space equal to the radius under a constant force equal to g. 

Ex. 3. If any heavenly body were isolated in space, prove that the least 
velocity -with which a particle must be projected from its surface that it may not 

fall back on the body is second, where M and E are the 

masses, r and a the radii of the body and the earth. The resistance of the 
atmosphere is to be neglected. 

Show that for the moon this velocity is about one and a half miles per second, 
taking its mass and radius to he ■j^-th and |th of the mass and radius of the 
earth, and the radius of the earth to be 4000 miles. 


133 . Ex. 1. A particle, constrained to move along a rough straight line whose 
coefficient of friction is /, is acted on by a force tending to 0 and varying as the 
inverse square. Prove that if the particle start from rest at any point A, it will 
next come to rest at a point B such that OM bisects the angle AOB, where M is 
the point on the straight line at which the resolved attraction is balanced by the 
limiting friction. 
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Following the same notation as in Art. 130, the equation of motion takes the 
form ' 

dx ^ ‘ 

Multiply by dx and put a:-— litany, where ^ represents the angle POC. Inte- 
grating as before, we find 

~ X ^ ~ + /sin (p-f sin 


_ 4 ^ 

“ "TT' 


2 


f 9i_+ <Po 
2 


0 ’ 


where ^q, e are the angles COA, COM, so that /=tane. It is evident that v- 
when 4(^-f0(,) = e. 


Mx. 2. If the force to 0 vary as the inverse fourth power of the distance and 
the particle starting from rest at A come to rest again at B, prove that the angles 
COA, COB are complements of each other when sin 2 ((70A) = (4/- 2)/(/-t-l). 
Thus if /=4 a particle starting from rest at an infinite distance will just reach 0. 


Ex. 3. A particle is constrained to move in a straight rough tube CA, and is 
acted on by a central repulsive force X/r, where r is the distance from the centre of 
force 0 and OCA is a right angle. The particle is projected from A away from G 
with a velocity uj prove that if it come to rest at a point P, the angle GOP is a 
value of 9 satisfying the equation /a0-lOgsecfl=v2/2X, where is the coefficient of 
^“ction. [Coll. Ex. 1898.] 


134 . Ex. 1 . The earth and moon being held at rest, find the least velocity 
V with which a particle must be projected from the moon to reach the earth. 

Let a be the radius of the earth, that of the moon, 60a their distance 

apart from centre to centre. Let E and be the masses of the earth and moon. 
If X is the distance of the particle from the centre of the moon, the equation of 
motion is 


d^x _ E IE 
d^ ~ (60a-,r)2 " ^ ^2 


(!)• 


This equation can be integrated by the rule of Art. 97. The constant of inte- 
gration can be found in terms of V by remembering that dxldt= V when x=b. 

There is evidently a certain point between the earth and moon where the 
attractions of these bodies balance each other. By equating the right-hand side of 
(1) to zero, this point is easily seen to be at a distance 6a from the centre of the 
moon. If P is such that dxjdt vanishes when x = 6a, it follows that a velocity of 
projection ever so slightly greater than V will carry the particle to the earth. 

Eemembering that Elo?=g and taking a to be 4000 miles, we find that V is 
approximately IJ miles per second. 


Ex. 2. If the earth and moon were placed at rest, they would fall towards 
each other under the influence of their mutual attractions. Supposing the initial 
distance to be equal to their present distance from each other show that they would 
meet after about four and a half days. 

Consider their relative motion. If E, M be the masses of the earth and moon, 
the attraction on the earth per unit of mass is M/r®. By Art, 39 we apply this, 
reversed in direction, as an acceleration to both bodies. The earth is thus reduced 
to rest, while the moon is acted on by the two accelerating forces ilZ/r^ and JS/r^, 
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Th-6 whole acoelerdting Rttractiou on the moon cAiislng the relative motion is 
therefore (E + M)lr^. We must also apply to each an initial velocity equal and 
that of the earth (Art. 10), but this, in our problem, is zero. The 
time is then found as in Art. 131. 

Ex, 3. Two mutually attracting spheres, each one foot in diameter, and the 
density of each the same as the mean density of the earth, are placed at rest in a 
vacuum, the distance between, their surfaces being one quarter of an inch. Prove 
that they will meet in less than 250 seconds. This problem is due to Newton, its 
history is given in Todhunter’s History of the Theonj of Attractions, &c,, Art. 72.5. 

Ex. 4. Two particles A, B, mutually attracting each other according to the 
. Newtonian law, are placed at rest at a given distance a apart. The particle B is 
now constrained to move away from A along the straight line joining them with a 
uniform velocity u, show that A will catch B up if u2<2/t/a where /j. is the mass 
of B. Show also that the time will be 4 (7r + 2/3 + sin 2|8) where cos2/3=a/6 

and 2ya/&= 2/.t/a - u^, [Reduce B to rest, see Art. 131.] 

Ex. 5. A body of mass M is moving in a straight line with velocity U, and is 
followed at a distance r by a smaller body of mass m, moving in the same line with 
a smaller velocity u. The two bodies attract each other with a force varying as 
the inverse square of the distance and equal to k for two unit masses at unit 
distance. Prove that the smaller body will overtake the other after a time 

where {BI + m) (l-x) = (U~ uf r. ' [Math. Tripos, 1887.] 

136. Discontinuity of a centre of force. A particle 
constrained to move on a smooth straight line is acted on by a 
force X tending to a point G situated on the line and varying as 
the nth power of the distance therefrom. It is required to find 
the motion. 

Let the particle F start from rest A, CA ~ a, CP = x. The 
equation of motion is 



dv 

-ax 

d¥" 

= -y ~ 


= n+'‘i 

(2X 


the constant of ii^egration being determined by the condition 
that v = Q when a. If r?, = — 1 the integral takes a logarithmic 
form, 

If n is an odd integer this equation shows tha't the velocity is 
again zero at a point A' determined by x = ~a. The particle 
therefore oscillates on each side of 0, the amplitudes on each side 
being equal. 
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If n is an even integer, the expression for v vanishes for no 
real value of x except x~a. Since the particle must obviously 
oscillate on each side of G through equal arcs, it follows that the 
equation (2) cannot represent the dynamical facts of the problem. 

The reason is that the force X (as given in the question) 
varies as the nth. power of the distance taken positively and always 
acts towards G. Now ic is the distance of the particle from G 
taken with its proper sigh. We must therefore write 

X — — or + yu- (— xY :(3), 

according as the particle is on the positive-or negative side of the 
origin G. These are identical if n is odd and in that case the 
equation (2) holds throughout the motion. If n is even, different 
equations of motion hold on each side of the origin. 

The particle arrives at G with a velocity v^^ obtained by putting 
= 0 in (2), This is a finite velocity if n is positive. After 
passing G, the equation of motion (1) must be changed to 

vdvjda = fjb (— «)” = ixx"^ (4), 

since n is even. We then find 

( 5 ), 

the constant of integration being found by the condition that (2) 
and (5) must agree when x~0. The equation (5) shows that v is 
again zero when x= — a, so that the particle in its oscillations 
describes equal arcs on each side of G. 

After the particle has passed through G on its return journey 
the equation of motion resumes the form (1). The integration is 
the same as before, but the constant C must now be determined 
from the condition that the value of v at the origin is the same as 
that given by (5). The resulting value of is however the same 
as that given by (2), so that the motion on the positive side of the 
origin is always that represented by (2), and the motion on the 
negative side that represented by (5). 


136. The time of travelling from A to C is given by 



dx 


To integrate this in terms of gamma functions we write or =za'^+^j^ 
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according as ?n-l is positive or negative. "We then have 



Ex. 1. A particle starts from rest at a distance a from a centre of force which 
attracts as the inverse cube of the distance. Show that the time of arriving at 
the centre is d^j^n. 

Ex. 2, A particle starts from rest at a distance a from a centre of force which 
attracts inversely as the distance. Prove that the time of arriving at the centre is 


Small Oscillations and Magnification. 


137. Small Oscillations. A particle, constrained to describe 
a straight line, is under the action of a force tending to a point 0 
external to the straight line and varying as some given function 
of the distance from 0. It is required to discuss the motion 
•when the arc of oscillation decreases without limit. 


Let OG be a perpendicular on the straight line, P the particle, 
00 — h, OP = os, OP =^r. Let the accelerating force be rf{r). 
The equation of motion is therefore 


d^oc , X 

-^p=-rf(r).- 


( 1 ). 


Since r'^ = ]\r-rS(f\ we can expand xf{r) in powers of x. The 
equation then takes the form 


d^xjdf = Ajic + A.jX^ + (2), 

where Ai, A«, &5c. are known constants. Supposing the series to 
be convergent when x decreases without limit, we may ultimately 
omit all the terms after the first which does not vanish. Assum- 
ing X to be initially small we proceed to discuss the subsequent 
motion. 


When A I is not zero, the equation reduces to 

d^x/df = A^x ( 3 ). 

The motion represented by this equation has been discussed in 
Art. 119. If A] is negative and equal to —n\ the time of a 
complete oscillation is 27r/ri. It appears therefore that when the 
arc of oscillation is continually diminished, the displacement and 
velocity of the particle are ultimately zero, but the limiting time 
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is finite. This finite time is called the time of a small oscillation, 
and tlie equilibrium position is said to be stable. 

If Ax is positive, we know by Art. 120 that the value of w 
contains a real exponential and that the motion is not oscillatory. 
As the displacement x does not remain small we cannot continue 
to reject the higher terms of the series (2) as compared with the 
first. The subsequent motion is not represented by equation (3). 
The equilibrium position is then unstable. 

If Ax = 0, let the first power which does not vanish be the ?*.th. 
The equation is then ultimately 

d^xfdP' = AnX'^'- (4). 

This equation has been discussed in Art. 135. If An is negative 
the time of oscillation has been found in gamma functions, with a 
factor where a is the semi-arc of oscillation. The limiting 

time of oscillation is therefore infinite if n is positive and greater 
than unity. If is positive, the value of x becomes great and 
the higher powers of x cannot be neglected. 

138 . Ex. 1. If Saturn’s ring were rigid and held at rest show that the 
position of Saturn placed at its centre would be one of unstable eguilibriunx for 
displacements in the plane of the ring. If the force between the ring and the 
planet were repulsion instead of attraction that position of Saturn would be stable 
and the time of a small oscillation woirld be 27r^(2a®/ilf), where a is the radius of 
the ring and M its mass. 

Show also that the time measured in seconds is 2ir.y(2a^/7i&‘'^(7) where n is the 
ratio of the mass of the ring to that of the earth, b the radius of the earth, and ff 
is gravity at the surface of the earth, a and b being measured in feet. 

To prove this, we let x be the distance of Saturn S from the fixed centre C of 
the ring. Let P be a point on the ring, PCS -6, SP—p. The attraction on S in 

the direction G8 is then seen to be F= ~ f Substituting 

2tlT _/ /) p 

p=a~xaos0, expanding in powers of xja and integrating, we find F=Mxl2a^. 
This force being positive, thp equilibrium is unstable. Eeversing its sign the time 
of a complete osoillatidn follows by Art. 123. The time in seconds is found by 
using the 'eq.uation Ejh‘^=g, see Art. 134. 

Ex. 2. If the ring attract Saturn, show that the central position of the planet 
is stable for displacements perpendicular to the ring, and that the time of a small 
oscillation is 

Ex. 3, A particle is in equilibrium under the influence of two centres A, B of 
repulsion each varying as the inverse nth power of the distance. Prove that the 
position of equilibrium is stable for displacements in the straight line AB and that 
the time of a small oscillation is 27^^y(a&/n (a + b)F), where a, b are the distances 
Af the particle from A and B, and F is the accelerating repulsion of either force on 
the particle in the position of equilibrium. 
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139. Magnification. A particle, oscillating in a straight 
line under the action of a centre of force whose acceleration is 
n^x, is also acted on by the two accelerating forces X — E Xt, 
Y=F cos lit. It is required to find the motion. 


The equation of motion is 

(Px[ dF — — + E cos Xt-\- F cos ixt. 

The solution of this, by Art. 122, is 

a; = A cos {nt + 5) + A" cos Xt + F' cos lit, 
E ..... F 


where 


E' 




F' = 


■ fi- 


If the particle start from rest at a distance a from the origin 
when i = 0, we have A—a — E'~F' and J5 = 0. 


The motion of the particle is therefore compounded of three 
oscillations, one has the period ttrln due to the central force, while 
the other two have the same periods, viz. 27r/X. and 27 r//tt, as the 
forces X and Y. 


This example is important because it shows that the dynamical 
effects of oscillatory forces are not necessarily in proportion to their 
magnitudes, hut depend also on their periods. Thus the ratio of 
E' to F' is a function of X and //, as well as of B and F. 

If the period of the force X is nearly equal to that of the 
oscillation caused by the central force, r? — X‘' is small, while, if 
no such near equality hold for the force Y, is not small. 

It follows that if E and F are nearly equal, E' is much greater 
than F\ If also E and F were so small that the effect of Y on 
the motion of the particle were insensible, that of X might still 
be very great. The general result is, that of two forces X, Y, that 
one produces (cseteris paribus) the greatest oscillation whose period 
is most nearly eqiial to the period of the oscillation due to the 
central force. 

On the other hand we notice that a near equality between the 
periods of the forces X and Y has no dynamical significance. The 
reason is that these forces being explicit functions of the time do 
not modify each other, each producing its own effect. But the 
central force, viz. —n^x, depends on the abscissa of the particle 
and this is more or less altered by the action of the forces X and 
F. The solution shows that the alteration is considerable when 
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the period of either X or IT is nearly equal to that due to the 
central force alone. 

If the period of X is exactly equal to that of the oscillation 
due to the central force the solution of the differential equation 
takes a different form. By reference to Art. 122 we see that 

Et 

x = a cos nt + ^ sin nt + F' cos ixt, 

so that the amplitude of the oscillation becomes very great as t 
increases. 

We may also notice that if A is very great the terms which 
contain F' as a factor are very small. It follows that an oscillatory 
force whose period is very short produces very little effect on the 
motion of the particle. 

140. As an example of th.ese effects considei’ how great an oscillation can be 
generated in a heavy saving by a series of little pushes and pulls if properly timed. 
If we push when the swing is receding and pull when it is approaching us, the 
motion is continually increased and the amplitude of the oscillations becomes 
greater at each succeeding swing. Such a series of alternations of push and pull 
is practically an oscillatory force, such as A, whose period is exactly equal to that 
of the swing. If however the alternations of push and pull follow each other at 
an interval only nearly equal 'to that of the period of the swing, a time wiU come 
when the effects are reversed. The push will be given when the swing is approach- 
ing us and the pull when the swing is receding. Thus, though a great oscillation 
of the swing is at first produced, that osSillation will be presently destroyed only to 
be again reproduced and so on continually. 

141 . Second approximations. In determining the small oscillations of a particle 
in Art. 137, it is explained that the terms containing x^, &c. are usually neglected. 
These terms are indeed very small in the differential equation, but we know from 
Art. 139 that their effects may in certain conditions be so magnified that they 
become perceptible in the value of x. It is therefore sometimes necessary to 
proceed to a second or a third approximation before we can find a value of x which 
represents the actual motion. Some examples of this will be, given later on, but 
the reader will find the theory given at length in the Author’s Rigid Dynamics, 
vol. II. chap. VII. 

142. Ex. A heavy particle P is suspended at rest from a point A by an 
elastic string whose initial and unstretohed length is a. The point A at the time 
t=0 begins to oscillate up and down, so that its displacement (measured downwards) 
at the time t is c sin \t. Prove that the length of the string at the time t is 

a . cn\ . . . 

a + (1 - oos nt) - sm nt + 

Discuss the interpretation of this result (1) when X is nearly equal to n, and (2) 
when X is very great. 

Notice that if d^xjdt^ is to be the acceleration of P, x must be measured from a 
point fixed in space, say the initial position of A. 
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Chords of quickest descent. 

143. To find the straight lines of quickest and slowest descent 
from rest at a given point 0 to a given curve. The straight line 
is supposed to be smooth and the motion to be in vacuo. 

The solution of this problem depends on the theorem that 
the curve which possesses the property, that the times of descent 



down all radii vectores from rest at 0 are equal, is a circle having • 
0 for the highest or lowest point. See Art. 106. 

Describe a circle having its highest point at 0 and touching 
the given curve in some point P. There are two cases, according 
as the circle touches the given curve on one side or the other. 
These are represented in figures (1) and (2). 

If OQ be any chord cutting the circle in R, the time down OP 
is equal to the time down OR and is therefore less than the time 
down OQ .in fig. (1) and greater than that time in fig. (2). Thus 
OP is the chord of quickest or slowest descent according to the 
mode in which the circle of construction touches the given curve. 

If 0 is the centre of the circle, the angles OPO and OOP are 
equal. Since 00 is vertical the chord of quickest or slowest descent 
from rest at 0 meets the given curve at a point P such that OP 
bisects the angle between the vertical and normal at P. 

If the position of a point P on a given curve is required 
such that the time of descent from P to a given point 0 is a 
maximum or minimum, we follow the same construction except 
that 0 is to be the lowest point of the circle of construction 
instead of the highest. The result is that the particle must 
start from a point P such that PO bisects the angle between 
the vertical and normal at P. 
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144. To find the chords of quickest and slowest descent from 
rest at one given curve to another given curve. 

Let PQ be the required chord. Then since the time down 
PQ is less than the time down any 
neighbouring chord drawn from P to 
the other curve, PQ must- bisect the 
angle between the normal and vertical 
at Q. Similarly by fixing Q and varying 
P we see that PQ must bisect the angle 
between normal and vertical at P. 

The points P, Q are therefore such 
that they satisfy these two conditions, 
(1) the normals at P, Q are parallel, 
{■i-) the chord makes equal angles with each normal and the 
vertical. 



quickest descent from rest in a medium whote 

' of construction, because the times 

of descent down all chords of a circle .from rest at the highest, point are equal. Art. 

thenro^!r^v“f“"^T^^l^^® possesses 

the property of equal times for the chords is not a circle ; see Art. 110, Ex. 4. The 
geometrical construction is therefore inapplicable. 

quickest or slowm descent are rough we slightly modify 
diameter through 0 makes an angle mth the vertical equal to the angle of friction, 

maket ^ ^ that OP 

^ ^ 

i)la«P^^'c!>,^^’i?’ t ^ ^ straight line BG are given in the same vertical 

thriime r . VOBeiUe) a straight line from A to BC, so that 

time of descent from rest under gravity may be equal to a given time t 
When there are two such lines, intersecting BC in P and Q, prove that the radius 
of the circle described about APQ is igt^ 

cidf r their foci coin- 

detmt ftZ r . downward.. Prove that the ehord ot quiokeet 

descent from the outer to the mner parabola paoeee through the toons and makes 
an angle equal to Jtt with the axis. 

similar the extremities of the chords are parallel and the parabolas are 

Z! 7 Tf tZ through the centre of similitude, i.e. the 

rZ! ®hows that the tri- 

angle bPG IS equilateral, i, e. each angle is equal to ^ tt. 
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Ex. 8. Find the smooth chord along which a particle must travel starting froiu 
rest at some point on one given curve and ending at another given curve, so that 
the velocity acquired may be a max-min. The force acting on the particle tends 
to a fixed centre 0 and varies as some function of the distance from 0, The result 
is that if P be either extremity of the required chord, either the force is z;ero at P 
or OP is a normal to the given curve at P. 

To prove this, let the central force be f [r). We then find t»"=2/(rj) - 2/(rg) 
where ri, are the distances of the extremities P, Q from 0. Fixing Q, let US 
vary P along the arc (as in Art. 144), then du2/ds = 0, Hence /' (?’j) di\ldsmQ, he, 
the component of the central force along the tangent to the curve is metVQ. 

Ex. 4. Prove that the smooth chord of quickest descent from rest at one 
given circle to another given circle when produced passes through the highest point 
of the first circle and the lowest point of the other. 

Prove also that the smooth chord of longest descent between the same two 
circles is either a horizontal straight line or (when produced if necessary) passes 
through the lowest point of the first circle and the highest of the other. 

Ex. 5. Prove that the locus of the points from which the times of descent to 
three given points in space are the same is a rectangular hyperbola. Prove also 
that the locus of the points from which the times of shortest descent to three equal 
spheres, given in position in space, are the same is a rectangular hyperbola. 

[Math. Tripos, 1885.] 

Ex. 6. Prove that the rough chord of quickest descent from rest at some point 
on a given straight line to some point on a given circle (not intersecting), (1) when 
produced passes through a point B on the circle such that a particle placed at B is 
in equilibrium with limiting friction, (2) bisects the angle between the diameter 
through B and the perpendicular from B on the given straight line. 

Ex. 7. Heavy particles slide down chords of a circle whose plane is vertical 
starting from rest at the highest point A in a medium resisting as the square of 
the velocity. Prove that the chords of slowest and quickest descent are the vertical 
diameter and a chord making an infinitely small angle with the horizon. 

These results may be deduced from the formulee given in Art. 115, but the 
following line of argument is worth noticing. Let AB=2a be the vertical diameter, 
.■i<3 a chord making an angle 6 with AB, then AQ=2a cosd. We have to find the 
time of describing 2a cos 0 from rest with an acceleration g cos d-K (dxfdtY. 
Writing a!s=if cosd, this time is equal to that of describing 2a from rest with an 
acceleration g - k oos 0 {d^ldt)^. In vacuo, where k= 0, this is independent of 0 
and therefore all chords are described in the same time. Also this time is increased 
by the presence of the resisting medium because the acceleration is thereby 
diminished. This increase of time is zero when cos^=0, i.e. 0=^ir, becomes 
greater as cos d is greater and is greatest when co8d = l, i.e, d = 0. The time of 
descent therefore increases as 0 passes from | ir to 0. 
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Infinitesimal Impulses. 

148. When the effect of an impulse acting on a body is 
required, we commonly disregard all finite forces which act 
simultaneously with it. The duration T of the impulse being 
infinitesimal, Art. 80, a finite force can generate only a mo- 
mentum FT which vanishes in the limit when compared with 
the finite momentum communicated by the impulse. If, however, 
the impulse is itself very small these may be comparable in 
magnitude and it -will then be necessary to take account of both 
forces in the same equation of motion*. 

This generally happens when the mass of. the body changes 
during the motion. 

149. Let a body of mass M whose resolved velocity parallel 
to is w he acted on by a finite force X Let this body lose a 
small portion m = — dM of its mass in each element of time dt. It 
is required to find the motion. 

The momentum at the time t is Mv, and the gain in the 
time dt is d(Mv). In this time the force increases the linear 
momentum by Xdt, while the momentum lost by diminution of 
mass is mv. Hence 

d(Mv) = Xdt + vdM, .■.M^=X (1). 

Here there are no impacts ; the particles merely separate with 
their common velocity without mutual action. 

If X = m^, the equation becomes dvldt = g, and each portion 
moves parallel to ac with an acceleration g. 

Next, let us suppose that the body gains a mass in 

the time dt and let the resolved velocity of this increment before 
it is attached to M be v'. The total gain of momentum is now, 
X dt due to the force and mv due to the impact produced by the 
sudden junction of the masses M and m with different velocities. 


* Problems on infinitesimal impulses were solved in the lecture room of the 
late Mr Hopkins as long ago as 1850. A problem of this kind was set in the 
Smith’s Prize examination in 1853 by Prof. Challis, and a solution given in Tait 
and Steele’s Dynamics. Another was proposed in 1869 by Prof. Cayley who 
published the solution in the Mathematical Messenger in. 1871. Two problems were 
also solved in the Quarterly Journal in 1870 by Dr Besant. 
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The equation. of motion is therefore 

d{Mv) = Xdt + v'dM.. (2). 

If v' = v this reduces to the former result. 


160. Ex. 1. A uniform chain of mass and length I, is coiled up on a 
small horizontal ledge at the top of a plane, inclined at an angle a to the horizon, 
and has masses fastened to its two ends. If is gently pushed off the 

ledge, prove that the velocity of just before it leaves the ledge is v', and just 
after is v", where 

+ „ /'I/, + J/a+JlJ, co8a\2 

” -- — — ■ » =”% - JK.+V+Vr ) 

[OoU. Ex. 1897.] 

Let X be the distance of the lowest point of the chain from the edge, m the 
mass of a unit of length of the chain. The momentum at the time t is (M^+mx) v. 
In the time dt a mass mdx without velocity is taken from the ledge and added to 
the moving length. Also gravity adds a momentum (ilfo + mx) (f'dt, where g'=g sin a. 

> d{ (Jlij + vix) } = (ilfg + mx) g'dt ( 1) . 

To make 'the formation of this equation more clear, let the coil be at a short 
distance a from the edge, and let the edge be rounded off in a circular arc of 
radius 6 . We here only require the limiting case when both a and b are zero. As 
each element passes over the edge, the velocity is at first horizontal and the change 
of direction is effected by the normal pressures at the rounded edge. The 
momentum generated by the weight of the chain on the rounded edge is ultimately 
zero since the radius b can be made as small as we please. 

To integrate ( 1 ) we multiply both sides by {M^ + mx) v, then remembering that 


v=:dxldt, 

{M., + nix)'-^ v-= { + mx)'^ + C} (2) . 

Since x and v vanish together G= - M^^. When all the chain has left the 
ledge a: = 1 , and 

2g'l (3). 

At this instant there is an impact, the tension acts on .¥3 horizontally, hence if 
u' be the velocity of and the chain just before ¥3 reaches the edge 

+ + M.j) v' =(M 2 +ml)v (4). 


The mass ¥3 immediately reaches the edge with a horizontal velocity v', while 
the chain is moving along the plane with an equal velocity. There is therefore 
another impact, the component of momentum M^v' sin a perpendicular to the 
chain remains unchanged, while the component ¥ 3 ?;' cos a is joined to that of the 
chain. If u be the common velocity of ¥3 and the chain parallel to the plane just 
after ¥3 has left the ledge, 

(¥3 + ¥2 + ml) u = (¥2 + ml) v' + M^v'cos a] 

+ sin a)^ j 

The equations (4) and (5) give the required results. 


( 5 ). 
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Ex. 2. A ehaiil of leiagth I is coiled at the edge of a table. One end is 
fastened to a particle 'whose mass is the same as that of the whole chain. The 
Cither end is pnt over the edge. Prove that immediately after leaving the table the 
particle is moving with velocity [Coll. Ex. 1896.} 

Ex, 8. A mass ill is attached to one end of a chain whose mass per unit of 
length is HI, The whole is placed with the chain coiled up on a smooth table and 
Jif is projected horizontally with a velocity T. Prove that when a length x of the 
chain has hecorae straight, the velocity of Jlf is ihF/(iH+ )»;«). 

[Cayley, 3Iath. Messe7iger, 1871.] 

Ex, 4, A uniform chain of length I and mass inl is coiled on the floor, and a 
mass me is attached to one end and projected vertically upwards with velocity 
ijigh. Prove that, according as the chain does or does not completely leave the 
floor, the velocity of the mass on Anally reaching the floor again is the velocity 
due to a fall through a height 4 {2l~c-ha?j{li-(:)^} or a-c; where a^=c^ {c + 3h). 

[Coll. Ex. 1896.] 

When descending each portion moves with a uniform acceleration g, as explained 
in Art. 149. 

E.X, 6. A chain brake is usbd at railway depots for arresting runaway trucks, 
consisting of a coil of chain between the metals, having a hook at one end so 
placed as to catch on to the axle of the truck. If the mass of the truck be equal 
to that of a length I of the chain, less than the whole length, then the truck 
running on the level with velocity V will be stopped when it has dragged a length x 
of chain over the rough ground, where V^l/j,g=^ (2x + 3l) x^jV-. 

[Coll. Ex. 1897.] 

Ex. 6. A weight W is connected with a coil of heavy chain by means of a fine 
weightless thread passing over a smooth peg above the coil which rests on a table ; 
if W be allowed to fall a height /t whereupon the thread becomes tight, find the 
motion, and show that if w = 3JF then in setting the coil in motion energy to the 
amount kWw/(W+to) is dissipated. [Coll. Ex. 1887.] 

E.X. 7. Rain is falling vertically with a uniform velocity of 20 feet per second 
at the rate of two inches depth per day on a cart with a cylindrical cover of semi* 
circular section and horizontal axis. Prove that, if the cover of the cart is 10 feet 
long and 6 feet in diameter, the resultant pressure on it due to the impact of the 
rain is about the weight of one-twelfth of a cubic inch of water. [Coll. Ex. 1895.] 

Theory of Dimensions. 

151. Many theorems follow at once from some simple con- 
siderations on the dimensions of the quantities with which we 
are dealing. Each side of an equation must be of the same 
dimensions in space, for we could not have, for instance, an area 
equal to a length. Again one side of an equation could not be 
the square of a time and the other side a cube, and so on. 

In dynamics we are concerned with the four quantities space, 
time, mass, and force ; but the dimensions of these quantities are 
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so related that force is mass . space/(time)'. Taking into account 
this relation we have the general principle that both sides of 
every equation must be of the same dimensions in regard to 
(1) space, (2) time, (3) mass. 

162 . As an example let us apply this principle to the following problem alreadj- 
considered in Art 136. 

A pStiticle std^riis Irom le&t at a distance a from a centre of force 0 whose acce*- 
lerating force at a distance .r is m-t”. To find the time T of arriving at the centre 
of force. 

It is clear that T is some function of a and /x, h being merely a number without 
dimensions. Expanding T in powers of a and p, we have 

T='2AaPfjfi 

Now the accelerating force is of the dimensions space/(time)“, hence is 
1 - n dimensions in space and - 2 in time. We also notice that a is one dimension 
in space and none in time, while T is one in time and none in space. 

Considering the equation (1) and counting the dimensions of each side first in 
space and secondly in time, we have 

0 = p + (l-n)q, l=-2q (2). 

Hence q— fl'iid p = J (1 — u)- As these equations give only one set of values 
to p, q, the equation (1) contains only one term, viz. 

T=Aa^0.-n)i^-i 

It follows that the time of arriving at the centre of force 0 varies as the 
^ (1 - n)th power of the initial distance. If the central force vary as the distance, 
n=l and the time of arrival at 0 is the same for all initial distances; a theorem’ 
which has been proved in Art. 136 by integrating the equation of motion. If the 
central force vary according to the Newtonian law, n= -2 and the square of the 
time varies as the cube of the initial distance, a result in accordance with one of 
Kepler’s laws. 

The symbol A represents a number and as it has no dimensions its magnitude 
cannot be deduced from the theory of dimensions. 

163 . Ex. 1. A particle moves with an acceleration g, prove that the velocity 
acquired in describing a space s varies as ^/(ps), and that the time varies as ^J(s/g).' 

Ex. 2. A particle starts from x’est at a given distance from a centre of force 
whose attraction varies as the distance and moves in a medium whose resistance 
varies as the velocity. Prove that the time of arriving at the centre of force is 
independent of the initial distance. See Art. 126. 

Ex. 3. A paxticle P moves from rest under the action of a constant accelerat- 
ing force / and a centre of force whoaS attraction is /j. times the distance, both 
tending to the same point 0 and the initial distance OP—o. Prove that 

{aplf), 

where t is the time of arrival at 0. 
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MOTION OF PKOJECTILES. 


Parabolic Motion. 

164. General principle. The particle moves under the 
action of a force which, being fixed in direction and magnitude, 
IS independent of the position of the particle. It follows that all 
the circumstances of the motion parallel to any fixed direction 
are independent of those of the motion parallel to any other 
direction. These circumstances may therefore be deduced from 
the formulae for rectilinear motion by taking account solely of the 
resolved initial velocity and the resolved force of gravity. 

156. Cartesian axes. Let the particle be projected from 
a point 0 with an initial velocity V in a direction making an 
angle a with the horizon. Let v be the velocity at any point P 
of the path ; v^, Vy its horizontal and vertical components. 

Consider the horizontal motion. Since the component of gravity 
in this direction is zero, the horizontal velocity is constant throughout 
the motion and is equal to F cosa. We therefore have 

x=V GOB at, Wa: = Fcos a ( 1 ). 

This gives an obvious and useful rule to find the time of describing 
any arc of the trajectory, viz. the. time of transit is equal to the 
horizontal space divided by the horizontal velocity. 

Consider next the vertical motion. Since the component of 

gravity is g we infer from the formula of rectilinear motion (Art 
25) that ^ 

y=VB^OLt~^gt\ V=E'sm2a-2^2/ 


( 2 ). 
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The Cartesian equation of the path is found by eliminating t 
between (1) and (2) ; we have 

y — x tan a - ^gaPjV^ cos^a (3). 

This is the well-known equation of a parabola. 

To find the gTextest altitude of the "paTtiGle. We consider only. 


the descending motion; the particle starts downwards with a 
zero vertical velocity and arrives at the level of the original point 
of projection with a vertical velocity which, by the theory of 
rectilinear motion, is equal to that with which it was projected 
upwards. If h is the greatest altitude we have V ^ sin^a = igh. 

To find the time of flight We again consider the vertical 
descending motion, disregarding the horizontal motion. If T be 
the time of ascent and descent, we have V sina = -^^T. 

To find the range on a horizontal plane. We consider the 
horizontal motion; the constant horizontal velocity is Fcos«, 
and the time of flight has just been found. The range is there- 
fore sin 2alg. The range is greatest for a given velocity when 
the direction of projection makes an angle of 46° with the horizon, 
and continua.lly decreases as the angle increases to a right angle 
or decreases to zero. 

166. When the motion with regard to an inclined plane 
passing through the point of projection is required, it is useful 
to take the axis of x along the line of greatest slope and the 
axis of y perpendicular to the inclined plane. 

If the direction of projection is not in the plane of xy, let V 
and W be the components of the velocity in and perpendicular 
to that plane. The motion perpendicular to the plane of xy 
is unifoi*m and = Wt. 

Turning our attention to the motion in the plane of xy, let <y 
be the angle the direction of the velocity V makes with Ox and /3 
the inclination of the plane to the horizon. The initial component 
velocities being V cos y and V sin 7, the formulm of rectilinear 
motion (Art. 25) give 

*•= Fcos 7J5 — 1-^ sin/3i^) = ( Fees 7)- — 2^ sin ... 

y—Vmi'^t — \gQ,0B^tf' Vy^ ■== {V Bin ~ 2g goq ^y] ' ' 

To find the time of flight T before reaching the plane, we 
consider the motion perpendicular to the plane. The descending 
motion gives F sin 7 = .7 cos /3 . T/2. It also follows that the time 
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Of describm^g the arc from 0 to the point where the tangent is 
para e to 0^ is Tj2, In the same way by considering the motion 
parallel to the plane we see that the time from 0 to the point 
where the tangent is parallel to Oy is Fcos ylg sin 

To Jlnd the ranger m the inclined plane, we use the expression 
for^, We easily findr=.2F2sin7cos(ry-f-/?).sec*»%. 

167. Oblique axes. ^ Let the direction of motion of the 
particle at any point P of the path be PT 
and let the velocity be F The particle 
being acted on by gravity in the direction 
PN, let Q be its position after a time t. 

Consider separately the motion ip the 
two directions FT and PPf, The oblique 
components of F in these directions are F 

^ ^e therefore have PTt^ Vt, and .... . (k\ 

Draw, ejf parallel to TP and let PM^r), '^e'^sLa 

of the path is therefore 

g 

Thuu the eqv^tim of a parabola vetoed to any diameter PJf 
,te Obhqne ordinates QN, If S be the focus, this equation 

useM rulf T We deduce the folwing 

T/l! /• ! ^ o/ w that dll 

to the distance of P from either the focus or dfrectripo. ' 

'■* P°”* «qual to 

rectvm T^ls * m 

rectum, i,e, Ab, %s equal to F^ co8^a/2g, See Art. 155. 

We have also another formula to find the time of transit 

a ong any arc PQ, Let the vertical at either end, say Q intersect 

PO “ r themhe time of desorOdng the arc 

ofgraX'^li Z T rest under m action 

/ ff y. It IS also the same as that of describing PT with a 

uniform velocity equal to that at P, y.-riyima 

a.™ Haf: 

through thou, will always remain parallel to iw,.’ Js^th 

space in the same time, hence the thcoL rematoftat 
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Two tangents FJt, QR are drawn to a paraboUc trajectory, prove 
(1) that the velocities at P and Q are proportional to the lengths of those tangents, 
and (2) that the vertical through R divides the are RQ into two parts which are 
described in equal times. 

Draw QT vertically to intersect the tangent PR in T. Then by the triangle of 
velocity the sides P 2^ RQ^ TQ represent in direction and magnitude the velocity 
at P that at Q, and that added on by gravity during the time of transit. Since 
the^i^ameter through R bisects the chord PQ, the results given above follow 

TI. i’ ^ respects are on the same horizontal line. 

The ball A is projected towards B with velocity ti, while at the same instant B is 
let fall. Prove that the balls wiU impinge and that after impact, the coefficient of 

res itution being unity, A will fall vertically and B will describe a parabola of latus 
rectum 2v^ g. „ 

[Coll. Ex. 1895.] 

The baUs will impinge because the straight line joining their centres moves 
paraUel to itself. At impact they exchange their horizontal velocities. 

P®. 4. If V, v', v" are the velocities at three points P, Q, R of the path of a 
projectile, where the inclinations to the horizon are o, a-/S, a -28 and if t t' be 
the times of describing PQ, QR respectively, prove that 

2 COB^ 


v'‘t= vt', 


1 ^ 

v'^v" v' 


[Math. T. 1847.] 


Resolve along and perpendicular to the middle tangent. 

P®. 6. Three heavy particles P, Q, R are projected at equal intervals of time 
from the same point 0 to describe the same parabola. Prove that the locus of the 
intersection of the tangents at P, P is a parabola. Prove also (1) that at any 
time t after the projection of Q, the tangent at Q is parallel to PR, (2) that each 'of 
these lines is parallel to the straight line joining 0 to the position of O at the 
time 2t. 


169. To project a particle from a given point P with a given 
velocity V so that it shall pass through another given point Q. 

The velocity at P being known the common directrix PiST of 
all parabolic paths from P to Q is constructed 
by drawing a horizontal at an altitude Vy2g 
above P. With centres P, Q and radii PP", 

QIC we describe two circles intersecting in 
S and S'. Then S, S' are the foci of the 
parabolic trajectories which could be de- 
scribed from P to Q. There are therefore 
two parabolic paths. 

The two foci are at equal distances from the chord J/Q, one 
lying on each side. The two directions of projection may be 
found by bisecting the angles EPS and EPS'. If y, are the 
angles these directions of projectim make with the chord PQ, and 
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^ the angle I^Q makes with the horizon, it easily follows that 

7i + 7a = ~ yS. 


We notice that the three sides of the triangle PSQ are known, 
Yiz. PS = y^j2g, if 2/ be the altitude of Q above P, QS = PS- y, 
and PQ is the known distance of Q from P. 

It is clear that when PQ is greater than the sum of the radii 
PS, QK, the two trajectories are imaginary. The greatest possible 
distance of Q from P in any given direction PQ is found by making 
the foci S, S' coincide and lie on PQ. In this case PS+ QK = PQ, 
Drawing a horizontal line H'K' above HK so that HH’ ^ PH 
it immediately follows that QK'^QP. The locus of Q is therefore 
a parabola whose focus is P and directrix H'K'. This new para- 
bola therefore touches HK at its vertex H. It is represented in 
the figure by the dotted line. Unless the point Q lie within the 
space enclosed hy this parabola, it is impossible to project a particle 
from P with the given velocity V, so that it shall pass through Q. 

If the particle is to be projected fromP with the least velocity 
which will enable it to reach Q, the direction of projection must 
bisect the angle PPQ. and V^ = g(r + y), where r is the distance 


leo. JEx. 1. A particle is projected from a point P with velocity V, so as to 
pass through a point Q whose coordinates referred to P as origin are !?, y, the axis 
of-y being vertical. Prove that the dii’ections of projection are given by the 
quadratic ^ ^ 

gx ^ g.x^ ’ 

and that the two times of tx’ansit are the positive roots of 
9H*-4{V^-gy)t^+4:r^=0. 

Prove that the product of the times of transit is independent of the initial 
velocity V and is equal to the square of the time occupied by a particle falling from 
rest vertically through, a distance eq^ual to PQ, 


Prove also that the polar equation of the bounding parabola is VVgr = l + oose 
where the origin is at P and 9 is the angle r makes with the vertical. 

See Arts. 154 and 155. 


Ala;. 2. Prove that every parabolic trajectory meets the bounding parabola in 
a point whose abscissa is .v = 2hoota, and whose depth below the directrix of the 
trajectory is fteot^a, where h is the height of that directrix above the point of 
projection. ^ 


If they meet, the curves must touch for otherwise it would be possible to find a 
trajectory which would pass through a point beyond the boundary. 
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Ex. 3, The point P being fixed and Q having any position, the tangents at P, Q 
to one parabolic path from P to Q meet in T, those to the other in T', the velocity 
at P being given. Prove that the loons of the middle point of TT is the directrix 
of either parabola. 

Prove also that for either parabolic path, the velocities at P, <3 are as PT to TO, 
and for the two paths the times of transit from P to Q are as PT to PT'. 

Ex. 4. A fort of vertical height It stands on a plane hill-side which makes an 
angle a with the horizon. Prove that a gun which can fire with muzzle velocity V 
from the top of the fort commands a district whose shape is an ellipse of 
eccentricity siii a, and whose area is ir sec aV’^(V^ seo^ a + 2kff)/ 

mu u 1 -j T, „ . [Coll. Ex. 1896.] 

The paraboloid whose focus is the top of the fort and whose directrix plane is 

at an altitude is the boundary of all places which the shot can reach 
Art. 159. The paraboloid cuts the plane hill-side in an ellipse whose projection on 
a horizontal plane is a circle. The rest follows easily. 

Ex. 5. At a horizontal distance a from a gun there is a wall of height h which 
IS greater than a-ga?lv‘^-, prove that if the shot be fired off with a velocity in a 
vertical plane at right angles to that of the wall, there will be a distance on the 

other side of the wall commanded by the gun equal to - (v^ - ay - 2hvy^, 

provided this expression is real. {«■ + /i ) ^ 

Ex. 6. A particle is projected with velocity V along a straight friotionless tube 
of length I, inclined at an angle a to the horizontal, and after leaving the tube it 
describes a parabolic trajectory : prove that its range on the horizontal plane through 


the point of projection is f cos a -t- — cos a sin a 




V'^^V^^~‘2glma. [Coll. Ex. 1893.] 

Ex. 7, Two smooth planes are at right angles with their edge of intersection 
horizontal and are equally inclined to the horizon. Prove that a perfectly elastic 
particle projected horizontally in a direction perpendicular to the common edge 
from a point vertically above it will return to its original position after two 
rebounds. j^ggg ^ 

Ex. 8. Two parabolas have their axes vertical and vertices downwards and the 
focus ot each curve is on the other. A particle, whose coefficient of restitution is 
unity, is projected so as to rebound from the curves at each focus in succession ; 
prove that it will after the second rebound pass through its point of projection and 
follow its original path again. [Coll. Ex. 1897.] 

^ Ex. 9. Two particles are projected from the same point at the same instant 
with velocities v, v', and in directions a, a'. Prove, that the time which elapses 
between their transits through the other point which is common to both their paths 
. 2 vv' sin fa - a') 


g V cos a + v' cos a' ' 


[Math. T. 1841.] 


Ex. 10. A man travelling round a circle of radius a at speed v throws a ball 
from his hand at height h above the ground with a relative velocity V so that it 
alights at the centre of the circle. Prove that the least possible value of V is given 
by V"-=v^+g {^(a? + h^) - h}. [Coll. Ex. 1896.] 

If the man were stationary, the least value of is given in Art. 159. To find 
the relative velocity we add to this ( - 1 ;)“. 
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wall, elasticity c, it hits the ground, elasticity c'. Find 
he condition that after the second rehound the particle 
may pass through A. ^ 

Problems of this kind are solved by considering the 
motion in two directions separately and equating some 
element (usually the time) common to both motions. 

onsider first the horizontal motion; the blow at C is 
vertical and does not affect the horizontal motion, but . 
the blow at £ must be taken account of. Let ON=h, 

'and the broken arc BCA Then 

Pcosa\^'^ej‘ 

« r.i “*/ 

CA. If k=AN we have ^ ^ transit along A SC and 

~k=V sinat^-^gts^ 

former 

loxr.i , -leavmg A at which the particle might have nassed t>,o 

the V f inadmissible. We take the positive root If V' be 

the vertical velocity of arrival at C taken positively, ^ 

F'2= 72sin»a + %fc, h=e'V\~lgt^\ 

3. A particle is projected from a given point 0 on an inclined plane in a 

direction making an angle y with the 
plane, the inclination of the plane being 
/3. Investigate the condition that the 
particle passes through 0 at the nth 
impact. 

We consider the motions parallel and 
perpendicular to the plane separately. 

The motion parallel to the plane is not 
affected by the impacts. If T represent 
the whole time of transit from 0 to 0 
again, we have F cosyn sin ^T. 

The motion perpendicular to the 

panicle Blarte »!& a yelocitv F.ri« i-. ’’It”' 1“ “*“•"* >>y each impact. The 
vcJocty Famy, lute the plane at A, with (he same normal 
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art. 161.] 

velocity after a time vrhere F sin 7=4^ cos The particle rebounds with a 
p^endicular velocity cFsiny and the time of transit from A. to A„ is found as 
before. The whole time of transit is therefore 

Ti + 5*2 + &c.= {2F siny/^ cos/ 3} (l + e4-... + e”-i). 

Equating the two complete times, we have the condition 
coty .cot|8 = (l-e«)/{l-e), 

which we notice is independent of the velocity of projection. 

Eet Ri , Rg, ko, be the points at which the tangents to the path are parallel to 
the inclined plane. The time of transit from 0 to B, is obviously equal to iT, 
whj. that troni J). to B, i» 4 (T. + T^, and .0 on. H.O. be the point at whioh the 
tangent is perpendicular to the plane, the time from 0 to is clearly equal to JT. 

Bsi. 4. A ball whose elasticity is c is projected with a velocity V and rebounds 
from an inclined plane which passes through the point of projection. If R, R R 

be any three consecutive ranges on the inclined plane, prove that ’ 2. 3 

Bs - (e + Bi + e»Ri = 0. [Math. T. 1842.] 

Ba. 6. At two points A, R of a parabolic path the directions of. motion are at 
right angles. If D be the distance AR, e the inclination to the horizon, V the 
velocity at A or R, prove that V^=gD (1 =fcsin e). 

Ex. 6. A particle is projected from a point on a rough horizontal plane with a 
velocity equal to that which would be acquired in faUing freely through a height h 
and in a direction making an angle a with the plane. The particle is inelastic and 
the coefficients of both the frictions are taken equal to unity, prove that the range 
from the pomt of projection to where the particle comes to rest is equal to 

h (1 + sin 2a). [Ooll. Ex. 1897.] 

The particle describes a parabola with a range 2A8in2a. On arriving at the 
plane, there is an impulsive friction which reduces the horizontal velocity from 
vcos a to 11 =1) cos a -u sin o. After describing a space s', when v'^=2g8', the 
particle is reduced to rest by the finite friction. The whole range is 2h sin 2o -f s'. 

7. A perfectly elastic particle slides down a length I of a smooth fixed 
inchned plane, and strikes a smooth rigid horizontal plane passing through the foot 
° i^olnied plane. Prove that the maximum range of the ensuing parabolic 
patn, as the inclination of the inclined plane is varied, is [Coll. Ex. 1896.] 

Ex. 8. A smooth inclined plane of mass If, inclined to the horizon at an 
angle a, is free to move parallel to a vertical plane through the line of greatest 
slope. A particle, mass m, is projected from a point in the lowest edge, up the 
face of the plane with a velocity F making an angle /8 with the line of greatest 

slope. Prove that the range of the particle on the plane is - 

irsina ■ M+m 

[Coll. Ex. 1897.] 

Ex. 9. Two inchned planes intersect in a horizontal line, their inclinations 
to the honzon being a and /3; if a particle be projected at right angles to the 
former from a' point in it so as to strike the other at right angles, the velocity of 
projection is 

sin /8 [2ga[ { sin a - sin /3 cos (a + /3)} ]^, 

a being the distance of the point of projection from the intersection of the planes. 


92 HESrSTANCE VARIES AS THE VELOCITY. [CHAP. III. 

*srtSl PlA«« i« 

iini + 1 . • 1 . * vhen It leaves the circle at some point Q to describe a para- 
bola the circle is tie circle of corvature at q of the parabola ' 

therrept“!t°n'*“t‘‘‘°°‘‘,"^°' “‘°'"“‘‘°”'®^°'‘’‘® ahd parabola and 
me parabola divides the chord QB in the ratio 3 : 1. 

lheretl‘^o“‘™1 1“ “,7° P™'™™ « aero at q. v% and 

from coni™. parabola. The rest follows 

who™*'ptae fa v^i^l "‘“faontaUjfrom the lowest point A of a circle 

pambola intersects the chde^t “ 

that thp nrn Tjn ‘ * 1 , j.* • Xf J5 IS the highest point of the circle prove 

mai tne arc .BD IS three times the arc Rr m ^ ^ 

ne arc MC. [Despeyrous, Cours de M^c.] 

»> »» to “tor in the direction of its length a 

Tt tt ‘“'"a ,T“ ^ “«'» «° to tk. korison and to pass 

enWng^ldX I 7 “o'” ^cta ot its path Mor. 

entering and after leaving the tube differ bj ^2 times the length of the tnbe. 

[Math. Tripos, 1887.] 

veloS;fatt ^ throws a stone with given 

interva^lrhethr^r«V““^r*'‘’“ ^ perpendicular to the edge. After an 

angle ^ith the're o 'Zh^rrorttllT’ ^ an 

Find T 80 tViof flap. * aisonarge of the first stone and m the same plane. 

value of r for different TluTs^of Tf V 2 T^ the maximum 

f’s vertical component. ^ ® and occurs when sin 6i=v/w, «? being 

[Math. Tripos, 1886.] 

“ ast “earth"” ‘“l “f " 

^{^gc). . ■ “ * velocity of projection cannot be less than 

[Math. Tripos, 1893.] 


Resistance varies as the velocity. 

rJ^noe 

esistance oj the medium varies as the velocity 

V be pryeeted from auy point 0 with a velocity 

eauatiouc f + *°<=bned at an angle a to the horizon. The 
equations of motion are 


dt^ "" dt ’ 
• . dxj dt + KX = V cos a, 
Both these equations are of 
and integrating, we find 


^=-0- 
df ^ 



dyldt + Ky = -gt+V^ma. ' 

the linear form, multiplying by 



KX=^V cos a (1 — \ 

Ky — —gt + ( P sin a + L) (1 - e-««)| (1)> 
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where tcL-g, so that L is the limiting velocity. Art. HI. The 
horizontal and vertical velocities at any time t are 

dx! dt = V cos dyjdt = - A + ( Fsin a 4- A) e-'‘« . . .(2). 

163 . From these equations we deduce the general character- 
istics of the motion. We 
notice that when t is in- 
finite KX = V cos a. There is 
therefore a vertical asymp- 
tote at a horizontal distance 
OH = V cos a//c from the ori- 
gin. Let the tangent at 0 
intersect the asymptote in 
Tq, then OTq = V/k and 
V=K, OTq. Since any point 
P may be taken as the origin, it follows that the velocity at any 
point P is proportional to the length FT of the tangent at P cut off 
. hy the vertical asymptote. 

Tracing the curve backwards we make i = - cxd ; we then find 
that both X and y are infinitely great. Since the exponential is 
infinitely greater than t, both y/x and dyjdx have ultimately the 
same ratio. Representing this ratio by tan we have 

tan/S = tan a -fX/Fcos a (3). 

Phe curve has therefore an infinite branch, the tangent or asymp- 
tote to which makes an angle ^ with the horizon, determined 
from the initial conditions by this equation. This asymptote is 
at an infinite distance from the origin. 

. 164 . Eliminating the exponentials from the values of x and 
y, Art. 162, we find 

y — xtaa^ — Lt (4), 

a linear equation which must hold throughout the motion. 

Drawing a straight line OB parallel to the oblique asymptote, 
this equation shows that the vertical distance of P fro^n OB is 
PB = Lt, where L is the limiting velocity. 

The perpendicular distance of P from OB being Lt cos /3, the 
resolved velocity at P perpendicular to the Migue asymptote is 
constant. The resultant acceleration at P is therefore parallel to BO. 
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166 . (General principle. Since the resistance varies as the 
velocity, the resolved resistance in any direction is proportional 
to the resolved velocity in the same direction. The general 
principle proved in Art. 154 for motion in a vacuum will therefore 
apply to the motion with this law of resistance. The circumstances 
of the motion parallel to any fixed straight line are independent of 
those in any other direction. 

166 . Let the particle be projected from a distant point E on the oblique 
branch with such a velocity that it describes the trajectory. Consider the oblique 
resolution of the motion in the direction of (1) the tangent or asymptote at E 
and (2) the vertical. In the former motion the particle is acted on only by the 
resistance, and the acceleration at any time is therefore - m, where u is the oblique 
component of velocity parallel to the asymptote. In the latter motion the particle 
starting from rest is acted on by gravity as well as by the resistance and has thus 
acquired its limiting velocity L. This component is constant in direction and 
magnitude so that the acceleration is zero. 

Combining these two motions, we see that in any position P of the particle, 

the velocity v along the tangent PT is the resultant of the vertical limiting 

velocity L and a velocity u parallel to the oblique asymptote. If U and u be cor- 
responding velocities at any two points 0 and P of the trajectory, u= C/e”"*, where 
t is the time of transit from 0 to P; Art. 102. We also notice that the resultant 
acceleration at P is equal to - ku. 

Taking a parallel OB to the oblique asymptote and the vertical as axes of 
reference we have 

7,.= Lt (1), 

where OP, 7]=jB1\ If we refer the motion to the tangent at 0 and the vertical 
as axes, we have §'=OA, ti'—AP. We find by considering the motions in these 
directions separately 

F (1 - c"*'), K7i' = (jt-L(l~e~'‘^) (2). 

167 . Ex. 1. Particles are projected from a given point 0 at the same instant 
with equal velocities in dif event directions ; prove that the locus at any time is a 
sphere. 

Refer the motion of any particle to the tangent OA and the vertical as axes of 

Tj. Both 71 are evidently’ functions of t which are independent of a. The 
locus is therefore a sphere whose radius is f and whose centre is at a depth t) 
below O. Art. 166. 

Ex. 2. Particles are projected from a given point 0 at the same instant with 
different .velocities in the same direction OA, prove that at any subsequent time 
their locus is a straight line parallel to OA. Art. 165. 

Ex. 3. If the axis of x is inclined at an angle i to the horizon and the direc- 
tion of projection make an angle y with x, prove that 
KX= -g sin it + (V cosy-i-L sini) 

Ky= -gco&it + {V6iny+Lcoai) (l-e"*^)) ’ 
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If 31 be the point at which the tangent is parallel to w, prove that the time of 
reaching ikf and the coordinates of ilf are 

, Fsinv ■. . 

e ‘ = 1 + = - <7 cos itj + F sin 7, 

0.7 (F sin 7 + E cos t) -yj(F cos 7 + i sint) = LFi cos (i'+ 7 ) ; 
the latter equation being also true for all points on the trajectory. 

Ex. 4. A projectile moves under gravity in a uniform medium whose resistance 
varies as the velocity. Prove that the hodograph of the trajectory is a straight 
line and that the velocity of the point on the hodograph is proportional to the 
horizontal velocity of the projectile. [Coll. Ex.] 


Resistance varies as the power of the velocity. 

168. To find the motion of a heavy particle, luhen the resistance 
varies as the power of the velocity. 


Let 'yfr be the angle the tangent at any point P of the path 
makes with the horizontal, p the radius of curvature measured 
positively downwards so that .p = — ds/dyfr. Let v be the velocity, 
u the horizontal component. Following John Bernoulli, 1721, we 
resolve the motion normally and horizontally, we thus have 


f « f 

= ff cos Y, ^ ~ ~ T ■ 


Since v cos 'y(r = u and p = — vdtfd-^, these become 


dt u dll _ «w"' 

di/r g cos- yjr’ dt (coS'\ff~^ 


(A). 


We obtain one integral by eliminating dt, 


dll 

(hjr 


u 
cos 


\ ■a+i 


1 1 _ f'^ 

Uo^ g J a 


dyfr 


g J 0, (cos ’ 


where a is the angle the initial direction of motion makes with 
the horizon, and Uo the initial horizontal velocity. 


To effect this integration we put p = tan yfr, we then have, 
except n = 0, 

1. _ i = _ ^ [(1 4- in-n dp (B), 

the sign of the radical when n is even being such that the subject 
of integration is positive between the limits yfr = a and = 
i.e. p =po ^nd = — 00 . 
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We can conveniently take either u or p as the independent 
variable, and thus we obtain the two sets of relations, 


Ijudp- 

u^dp 


du 


1 f du 


y Itc^pdp== 


pdti 


•(C). 


/C J (1 -I- j3^) - f 

The first follows from equation (A), the second and third from 
the obvious relations dx—udt, dy-u'pdt The limits in all the 
integrals being p —p^ to p ov u — Uq to u. 

In. this manner all the circumstances of the motion can be 
expressed in terms of one independent variable which may be 
either p or u. 

It is evident that the integral (B) has considerable importance 
in this theory. Putting 

dp, 

we see that when = 2 oimi = 3, 

^2 = i{i5(l+i?“)^ + log(_y + (l+i5'*)^)}, 

We may also find a general formula of reduction, viz. 

{n + 2) Wn+, = (?H- 1 ) Wn +p(l+ jp2)i(»+i) ........ .(D). 

When the resistance is a constant force, say Kg, n = 0, and the 
integral (B) takes the form 

/mV- _ /I + sin 
V a) u' — sin Y/ ’ 

where a is the velocity when the particle is moving horizontally. 


169. The equations (C) have be'en applied to the calculation 
of the trajectories of shot in various ways*. When the angle of 
elevation is not more than 10° to 15°, as in the case of direct fire, 


^ Basliforth, Phil. Trans. 1868, Treatise on the motion of projectiles, 1873; 
supplement, 1881. Proceedings of E.A. Institution, 1871 and 1885. W. D. Niven, 
On the calcnlation of the trajectories of shot, Proceedings of the Royal Society, 
1877. Ingall, Extei ior Jiallistics, 1885. An account of Siacci’s method is given 
by Greenhill in the Proc. of the R. A. Institution, vol. xvii. See also Artillery , its 
progress and present position by E. W. Lloyd and A. G. Hadcock, 1893. Greenhill, 
On the motion of a projectile in a resisting medium, Proceedings of the R. A. 
Institution, vols. xi., xii., xiv., 1880 to 1886. 
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ART. 171.] THE LAW OF RESISTANCE. 

we may regard the trajectory as so flat that we can reject the 
square of p. Taking as the independent variable the integration 
can then be effected without difficulty. When the path is more 
inclined we can divide the whole path into subsidiary arcs for 
each of which p may be regarded as approximately constant 
though of a different value in each arc. If the arcs were small 
enough the initial value of p in each arc might be taken as the 
proper value for that arc. For longer arcs it becomes necessary 
to give p a mean value taken over the whole subsidiary arc. 

170 . In artillery practice the values of the integrals (C) are commonly inferred 
from tables especially constructed for that purpose, different tables being used to 
find t, X and y. Opinions differ as to the best methods of constructing and using 
these tables. Bashforth represents the law of resistance by kv'-' where /c is a 
function of the velocity whose values are deduced from experiment. These values 
for a shot of given cross section and weight and for air of given density are 
tabulated for every few' feet of velocity. In effecting the integrations (C) the 
quantity k is regarded as constant and in a long arc a value suitable to a mean 
velocity over the arc has to be found. This difficulty having been overcome, the 
integrals (0) are tabulated for different values of k and between certain ranges of 
angle. 

In the Italian method a quantity allied to the velocity is taken as the indepen- 
dent variable. To enable the integrations to be effected the quantity p is taken as 
constant throughout the' subsidiary arc. The integrals (0) are then determined 
either by the use of tables or by giving the index n the value suitable to the range 
of velocity in the trajectory. 

An account of the methods of constructing and using these various tables 
would take us too far from our present subject. We must refer the reader to 
special treatises on Artillery. 

171 . Law of resistance. Many attempts have been made 
to discover the law of resistance to the motion of projectiles. 
Passing over the earlier experiments of Robins and Hiittpn we 
may mention as the most important the long-continued series 
made by F. Bashforth with the help of his chronograph. By this 
instrument the times taken by the same projectile in passing 
over a succession of equal spaces can he measured with great 
accuracy. Other experiments have also been made on the con- 
tinent, for example by Mayevski in 1881. It appears from all 
these experiments that the resistance cannot be expressed by 
any one power of the velocity. The general result is that for 
low and high velocities the resistance varies as the square of the 
velocity, and for intervening velocities as the cube and even a 
higher power of the velocity. 
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To be more particular, let be the velocity measured in feet 
per second, the diameter of the ogival headed shot in inches, 
-w the weight in pounds. Then taking the resistance to be 

J2 / at \« 

B — 1 > Bashforth’s experiments show that 
^ w* \ 1000 / 


V < 850 

n = 2 

B= 61-3 

v> 850 <1040 

n = 3 

0= 74-4 

?;> 1040 <1100 

n = 6 

B= 79-2 

u> 1100 <1300 

71=3 

j3 = 108-8 

t;> 1300 <2780 

n = 2 

/3 = 141-5. 


Mayevski's experiments led to similar results except that the 
highest power of n was n = 5.^ The values of B were also different 
because the shots were more pointed than in those of Bashforth. 

We may notice that though the resistance for low and high 
velocities follows the same general law, yet the value of the^ 
coefficient B is much greater for the high than the low velocities,. 
When the velocity of the shot approximates to that of the velocity 
of sound in air, we might expect a considerable change in the 
law of resistance and this is shown in the results given above. 

1791. To discuss the motion when the resistance varies as the square of the 
velocity. ' 

In this case we can obtain two first integrals of the equations of motion. 
Resolving normally and horizontally as before, we find 

, du „ , ds . 

- = gOOS\p, -KV^QOS\p= -KU (1). 

Dividing the latter equation by w and integrating 

logw=A-x«, (2), 

where % is the horizontal velocity at the point 0 of projection and s is measured 
from 0. 

Besides this we have the integral (B) already obtained in the general case by 
eliminating dt from the equations of motion. Writing p = - dsld\l/ and v cos f = m, 
in (1), we find as before 

dt __ u du_ Ku^ 

d\p~ gco&^yp’ dt~ COB i// ’ 



where p=tan^ as before, and the radical is to he taken positively. Integrating 

,^=-^{P\/(l+P®)+log(p + V(l + p2))}+B .,..(6). 
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AET. 174.] THE SQUARE OF THE VELOCITY. 

Eliminating m between (2) and (5) we find 

~-.e^^+Ps/{l+P^)+log{p + ^f(l+P^)} = C ( 6 ). 

KUq 

This is the intrinsic equation of the path. 

173 . To discuss the form of the curve it will be convenient to place the origin 
at the highest point so that initially p = 0. We then have 

^ {l-e^'‘^)=:p^(l + P^)+log{p + J{l + p^)] (7). 

KUq 

When s increases to positive infinity we see from (2) and T[7) that u tends to 
zero and p to minus infinity. Since by (3) or (C) 

gdt=~udp and gdx = gud.t= -u^dp, 

it follows that both dtjdp and dxjdp are ultimately zero. We shall prov6 that 
while t becomes ultimately infinite, x tends to a finite limit. We therefore infer 
that tjie curve has a vertical asymptote at a finite distance on the positive side of the 
highest point. 

To prove this we refer to (6) and retaining only the highest powers of p, we see 
that Ijtfi is of the order p^. Putting ti = hjp when p is very great, we find 

gt = - judp = - blog p, gx=~ Ju^dp = &2/p. 

Taking these between the limits p = Pi to infinity where pj, is any large finite 
quantity, the first gives the time the particle takes to travel from the position 
defined by p=pi to that defined by p= - oo , and the second gives the corresponding 
horizontal space. We see that the first is infinite and the second finite. 

174 . Consider next the other extremity of the trajectory. When the arc is 
negatively very great, we see by (2) that it is positive and infinite. It also follows 
by (7) that p tends to a limit m given by the equation 

- + msJ{l+m^) + log{m-i-s/{l + m^)) = 0 ( 8 ). 

Since the left-hand side passes from a negative quantity to positive infinity as m 
varies from zero to infinity, it is clear that this equation has at least one positive 
root. If the equation could have two real roots, the differential coefacient of the 
left-hand side would vanish for some intervening value of m. But since the 
differential coefficient is 2 ^^(1 + this is impossible. It follows that the curve on. 
the negative side of the highest point has an asymptote inclined at a finite angle to 
the horizon. We shall now prove that this asxjmptote is at a finite distance from the 
highest point. 

To prove this we examine the limiting value of the intercept of the tangent on 
the axis of y, viz. y — xp, whenp = 7n.. Eemembering that gdx— —u^dp, dy—pdx, 

we have ■ g(y-^p)=- jpu-dp -fp j u^dp, 

the limits being p = 0 to p. As we only wish to determine whether the limit is 
finite' or not we shall integrate from p = m-^i to p=m, where is some finite 
quantity as small as we please. The remaining parts of the integrals will be 
included in two finite constants M and N. Writing p = ni-?, we have 
g (y - xp) = l(m- u^d^ - (m - - ilf -1- pN, 

the limits being to 0. To find what function u is of ^ when ? is small, we 
refer to equation (5). Eemembering that E = l/wo^ since u=Uq when p=0, we 
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vnite that equation in the fom 

Expanding and remembering that df(dp=2^/{l+^^) we find after subtracting (8) 

1 2k 
a y 

where V^, A' and B' are finite constants. Substituting we find by an easy integration 
(jy “ a;p) = - log I + Ac. , 

where the Ac. includes only positive powers of f Taking this between the limits 
to 0, the result is finite. 


17A. Ex. 1. Prove that, when the resistance varies as the square of the 
velocity, the time of describing the infinite arc on the negative side of the highest 
point is finite. 

Referring to equations (C) and writing p=m-|, we see that the time 

of describing the infinite arc from p=m to p=Pi is where M is a 

finite quantity independent of f or p. This result is finite ; see also Art. 116. 

Ex. 2. When the resistance varies as the square of the velocity, prove that 
the polar equation of the hodograph is ^=cos® ^ ^ ^ ^ sinh-^ tan 0^ + , 

where the origin is at the highest point, V is the horir-ontal velocity, U the 
terminal velocity and the initial line is horizontal and 0 is measured positively 
downwards. [Ooll. Ex. 1893.] 

This is a transformation of equation (5) of “Art. 172, writing r, - 0, for v, yp. 

Ex. 3. When the resistance varies as the squar^ of the velocity, prove that 
the radius of curvature p at the point where the normal makes an angle (f> with the 
vertical is given by 


• 21 Kp = e sin3 ^ + 2 sin® tp log cot J ^ + sin 2<p. [Coll. Ex.] 

176 . Ex. 1. When the resistance varies as the nth power of the velocity, 
prove that the curve has a vertical asymptote at a finite distance on the positive 
side of the highest point. 

We have v=nV(l+P“) where u is given by equation (B). Now, by the action of 
gravity, p continually decreases from one end of the trajectory to the other. After 
the projectile has passed the summit p becomes negatively great and (B) then gives 
u=Ljp, where L is the limiting velocity. We thus have vz=L when p = oo . Sub- 
stituting u—BIp in (C) and integrating from p~Pi to oo, where p^ is any large 
finite quantity, we find that t and p are infinite and x finite. 


Ex. 2. Prove that, when the resistance varies as the nth power of the velocity, 
n being >2, the arc of, the trajectory on the negative side of the highest point 
begins at a point at a finite distance from the origin. Prove also that the tangent 
at this point makes an angle tan“i m with the horizon given by 


/: 


PO KnUiT 


where Uq and p^ are any contemporaneous values of u and p. See Art. 116. As 
Art. 174, this equation has one positive root. 


ART. 177 .] 


VARIOUS RESULTS. 
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In the extreme initial position of the particle the Yelooity is infinite. Since 
v=uj(l +p2) we must there have either u ox p infinite. If oo , (B) gives u=Llp 
and this makes v finite. The equation giving m is therefore obtained hy putting 
zt=oo in (B). To determine the position of the particle when this occurs we express 
u in terms of p and use the equations (C). Let the initial position defined by 
p=Po be such that where is a finite quantity as small as we please. 

Substituting p=m-f in (B) and using the equation given above to find m, we 
have where b is a constant. Substituting in (C) and integrating from 

to ^ we find that f, x, and y are finite when ^=0. 

Ex. 3. When the law of resistance is the «th power of the velocity, and u, u’ 
are the horizontal velocities at any two points of the trajectory at which the 

112 

tangents make equal angles with the horizon, then 1- -t- = — where a is the 

It ” 

velocity at the highest point. 


Ex. 4. When the resistance is k' + kv^\ investigate the linear equation 


du “ k'ii 

9 (l+p2)i 




where u is the horizontal velocity and p is the tangent of the inclination to the 
horizon. Thence show that the determination of «, x, y may be reduced to inte- 
gration. [Allegret, Bulletin de la SociSU Math. 1872.] 


Ex. 5. When the resistance is constant and equal to Kg', the highest point 
being the origin and the velocity being a, prove that the horizontal velocity u at 
any point of the path is zt = a(tan^)'‘ where 2d=i^-FiT. Thence deduce from the 
integrals (C), Art. 168, the values of t, x, y in terms of tan 6. 


If K< or =1, the subsequent path has a vertical asymptote which is at the 
finite distance x^^KO^fg - 1) if /f>^, but is at an infinite distance if If 

/ol the particle arrives at a point C at which the tangent is vertical in the finite 
time Kajg (k“ - 1), the coordinates of G being 2Ka^jg (4k 2 - 1) and - a^jig {k- - 1). 

On the negative side of the origin, the curve begins with a vertical asymptote 
which is infinitely distant and the time of describing the arc is infinite. 


177 . When the resistance varies as the cube of the velocity, the equation (B) 
of Art. 1G8 takes the form 

' 1 K 

m) (p2 -I- mp + -1-3), 

the origin being taken at the point at which the velocity is infinite and m being the 
corresponding value of p. 

To discuss the motion we substitute this value of u in the integrals (C). For 
the reduction of these integrals to elliptic forms we refer the reader to a paper by 
Greenhill in the Proceedings of the Royal Artillery Institution, vol. xiv. 1886. 

Ex. Show that for the cubic law of resistance the velocity is a minimum at 
the point given by the negative root of the quadratic p^~vi{m^ + 3)p=l. Show 
also that when the direction of motion is perpendicular to the oblique asymptote, 

L 1 

the horizontal velocity u is given by ~ = m + ~ where L is the limiting velocity. 

n m 
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178 . Some formulffi have also been given by the late Prof. Adams to determine 
the coordinates of a particle projected at any inclination to the horizon on the 
supposition that the resistance varies as the nth power of the velocity and that the 
path is not very curved. These were first published in the Proceedings of the 
Royal Society and proofs were given in Nature, vol. xli., 1890. These appear to 
be long, but they admit of great abbreviation. 

178 . The equation of a trajectory being given in the form cos ^=/(/) cos ^), 
it is required to find the law of resistance. 

We notice that the equation can be written in this form, except when p cos f is 
constant, for in that case p cos \{/ cannot be taken as the independent variable. 
This excepted curve is the catenary of equal strength. 

Resolving horizontally and tangentially, we have 

~(t;cos^)=: -Rcos^, ~=-R-gBin^ (1). 

• /7 

Eliminating dt J? cos ^ ^ (d cos (R + sin yp ) ; 

*’• i cos yp) (1). 

Remembering that the normal resolution gives «^/p= g cos yp, we have cos p=f {v^jg). 
Substituting this value of cos^, the expression for the resistance R has been 
found. We may also write the expression in the form 

, 2 ), 

where f =if (v^lg) and the sign of the radical follows that of sin yp. 

180 . Ex, 1. Find the law of resistance when the trajectory is a cycloid with 
the cusps pointing downwards. 

In this curve p=2acos\t', f=vlJ2ag. We then find that the resistance 
jR= - Since the radical follows the sign of sin yp, R accelerates the 

particle on the ascending and retards it on the descending branch. Since 
V-C0dypj2ag the particle comes to rest at the cusp. The resistance R is then 
acting upwards and is equal to 2g, the particle then moves vertically. See Art. 176, 
Ex. 6. 

Ex. 2. Find the law of resistance when the trajectory is the catenary of equal 
strength with the concavity downwards. 

The normal and tangential resolutions show that v is constant and R = -gainyp. 
R is a resistance therefore only on the descending branch. 

Ex. 3. Find the law of resistance in the parabola pooB^yp=2a, 

Ex. 4. Find the law of resistance in the circle p~a. The resistance is 
f 9 0-~ u*la^g^)i and v^=ag cos yp. 


CHAPTER IV. 

CONSTRAINED MOTION IN TWO DIMENSIONS. 

Constrained Motion. 

181 . A particle, constrained to describe a gimi smooth fixed 
curve, is under the action of given forces. It is required to find the 
velocity and the reaction between the curve and the particle. 

Let the curve be referred to fixed Cartesian coordinates and 
let its equation be y-f{x). Let {x, y) 
be the position of the particle P at the 
time t, m its mass, X, Y the resolved 
forces. Let the- tangent at P make an 
angle i/r with the axis of x, and let p be 
the radius of curvature. Let R be the 
pressure of the curve on the particle 
taken positively in the direction in which 
p is measured ; this direction is generally 
inwards. 

When the path of the particle is known the relations between 
p, the arc s and the other lines of the curve are also known. It 
is therefore generally more convenient to choose the tangent 
and normal as the directions in which to resolve the acceleration. 
Resolving iu these directions, we have 

dv 

mv ■^^ = X cos a/t + Fsin (1), 

~p ~ ^ ( 2 )- 

From these two equations we may deduce all the circumstances of 
the motion. 
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Considering the tangential resolution we see that since 
cos = cic/ds, Bm'^^ — dyjds, 

mvdv = Xduc + Ydy (3). 


There are two cases to be considered according as the right-hand 
side of this equation is or is not a perfect differential of some 
function of a: and y- 

In the former case the forces are called cmservative. Let 

Xdx+ Ydy = dU (4). 

We therefore have hy integration 

^mv^ = U+G ( 5 ). 

Let y^) be the coordinates of the initial position A of the 
particle, and let U become Ua when we write for x, y, their initial 
values. We therefore have 

U - Uq ( 6 ). 

This equation is one case of a general principle usually called 
the Principle of Vis Viva. 

The dynamical peculiarity of this case is that the equation of 
the tangential resolution can be integrated without using the 
equation of the constraining curve. It follows that if the ^article 
is projected from a given point A with a given velocity and if it is 
conducted to another point F hy constraining it to move along an 
arbitrary curve, then, whatever the path may he, the velocity of the 
particle on arrival at P is always the same. 

182. When the forces are such that Xdx -\- Ydy is not a 
perfect differential of any function of x and y the velocity cannot 
b*e found without using the equation of the constraining curve. 
Putting y = f{x), we find 

—j[X + Yf' («)} dx + G. 

Since X and Y can be expressed as functions of x by the help 
of the equation of the curve, the integration can be effected. Let 
the integral be F{x). We then have 

— ^v^ = F(x)-F (xo). 

In this case the change of vis viva does not conserve the same 
value for all paths. 
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THE TWO EQUATIONS. 
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183. Let us next take into consideration the equation of the 
normal resolution, viz. 

~ = — X sin ^Ir+T cos ylr + B. 

The term mv^/p is called the GentrifugaX force of the particle*. 
This is another name for the normal component of the effective 
force, Arts. 36, 68. 

The force R is called the dynamical pressure of the curve 
on the particle, and — jR is the dynamical pressure of the particle 
on the curve. The two terms - X sin + F cos i/r make up 
the resolved part of the acting forces along the normal to the 
curve and are together called the statical pressure of the forces 
on the particle. Taken with the opposite signs they are the 
statical pressure on the curve. 

184. We are now in a position to apply the two fundamental 
theorems to determine the motion of a particle on any given fixed 
curve. 

First, we use the equation of vis viva, viz. 

change of kinetic energy - work of the forces. 

In this way we find the velocity. 

Secondly, the dynamical pressure on the particle in any 
position is given by the equation 

_ /normal \ /dynamical\ 

p Vforce inwards/ V pressure /’ 

186. Work Function. The usual methods of finding the 
work of a system of forces are explained in books on Statics. As' 
however the solution of our dynamical problems depends so much 
on our knowledge of these rules, it has been thought not im- 
proper to recall to mind those few which we shall here use. A 
more complete list applicable to a system of rigid bodies is to 
be found in the author’s Rigid Dynamics. 

* It is perhaps unnecessary to observe that the centrifugal force is not an 
actual force acting on the particle in addition to the impressed forces. It is 
merely a name for the quantity viv^[p, and measures the amount of force which 
must act towards the concave side of the path to produce the curvature 1/p ; the 
mass of the particle being m and. the velocity v. By the first law of motion the 
particle tends to move in a straight line and the force necessary to curve the path 
is sometimes said to be spent in overcoming the centrifugal force. 
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If X, Y are the components of a force F the work done when 
the particle receives a slight displacement ds from the position 
X, y to X -{■ dx, 2 / + dy may be written in either of the equivalent 
forms 

Xdx + Ydy ~ Xcos ^ds (1), 

where ^ is the angle the direction of F makes with the tangent to 
the path, see Art. 7 0. That the work of the two forces X, F is 
equal to that of their resultant is proved in Statics, It is also 
seen to be true by resolving the forces along the tangent; we 
then have 

which is equivalent to the equation (1). Either side of (1) is also 
called in Statics the virtual moment of the force F. 

The integral U when used in the indefinite form 
U = JF cos <f>ds + G 

is called sometimes the force function and sometimes- the work 
function. The definite integral U —Uo is the work done by the 
forced as the particle moves from the position {xq, y^ to the 
position («, y). Here Uq represents the same function of 2/o 
that U is of X, y. 

186. Work of a central force. Let the central force F 
be regarded as repulsive in the standard case. Let it tend from 
the centre 8 and be equal to / (r) where r is the distance of the 
particle from 8. Then since drjds is the cosine of the angle 
the distance r makes with the displacement ds of the particle, 
the part of the work function due to F is ^Fdr. The integration 
is to be taken from the initial position A to the final position B of 
the particle. 

When the force under consideration is gravity the centre 8 is 
regarded as being infinitely distant. We then replace dr by ± dy, 
the upper or lower sign being taken according as y is measured 
downwards or upwards. Supposing the weight of the particle 
to be mg and that y is measured downwards, the work of the 
weight is 

. fmgdy = mg{y-yo). 

This rule is usually read thus, the work done by gravity is the 
weight multiplied by the vertical space descended. It should be 
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noticed that the work is independent of the horizontal displace- 
ment. See Art. 70. 

187. Work of an elastic string. The case in which the 
particle is attached to a fixed point 8 by an elastic string differs 
from that of a central force tending to the same point in a certain 
discontinuity. If I be the unstretched length, r the actual length 
and E Young’s modulus, the tension T is given by Hooke’s law 

T = when the string is tight, i.e. when r>l, but the tension 

is zero when the string is slack, i.e. r<l. 

Let the work be required when the string is stretched from a 
length to l^, and let T^, be the tensions at these lengths. If 
both ly_ and are greater than I, the work is 

= -i(r, + r, 

The work done by the tension. is therefore equal to minus the 
arithmetic mean of the tensions multiplied hy the extension. The 
work done by the force which stretches the string in opposition to 
the tension is the same taken with the positive sign. 

This rule is of considerable use when the length of the string 
undergoes many changes during the motion, being sometimes 
greater than the unstretched length and sometimes less. It is 
important to notice that the rule, as given above, holds in all 
these cases provided the string is tight in the initial and final 
states. If the string is slack in either terminal state, we may 
still use the same rule provided we suppose the string to have 
its natural or unstretched length in that terminal state. 

188. The equation of vis viva holds also when the particle is 
free from constraint and is acted on by any conservative system of 
forces. For, whatever curve the particle may describe, we may 
suppose it to be constrained, like a bead on an imaginary wire, 
to describe that path. The pressure is then zero throughout the 
motion, but, what more immediately concerns us here, is that 
the equation (6) of vis viva continues to hold under these 
circumstances. 
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189. The whole area or. space taken into consideration when 
the forces are expressed in terms of the coordinates is called 
the field of force. Such a field is usually defined by expressing 
the force function (when there is one) as a function of the co- 
ordinates. 

It follows from the principle of vis viva that when a single 
particle moves in a field defined by a force function the kinetic 
energy of the particle in any and every position differs from the 
value of the force function at that point by a constant. The 
constant is independent of the direction of motion, so that two 
particles of equal mass projected from the same point with equal 
velocities hut in difierent directions will always have equal velocities 
whenever they pass over a given point of the field. 

190. Examples. FjX. 1. A particle is projected from a given point on a 
smooth curve and is acted on by no forces. Prove (1) that the velocity is constant 
and (2) that the pressure varies as the curvature. 

Ex. 2. A heavy particle P describes a curve and in any position a normal PQ 
is drawn outiuards, so that PQ is equal to half the radius of curvature at P. 
Prove that the velocity v and the pressure E on the particle measured inwards are 
given by 

v^=:2gs, Rp=2vigz', 

where s, %' are the depths of P and Q below a certain horizontal straight line, 
which may be called level of no velocity. Prove also that the particle leaves 
the curve when Q crosses the level of no velocity. 

Supposing that the axis of ?/ in the standard figure of Art. 181 is drawn 
upwards, the two fundamental equations for a heavy particle are 

- mg (y - y o) . . 
inv~jp~ - mg cos ^ + P. 

If we draw a horizontal straight line at an altitude yj, such that gyi=gya + ^Vif, 
we see that 

s=yi-y. 2'=yi-y+ipcosi/'. 

The results to be proved follow immediately. If the particle is constrained to 
remain on the curve merely by the pressure R it will leave the curve when R 
changes sign. But this is what happens when Q crosses the level of no velocity. 

“ Ex. 3. A particle is swung round a fixed point at the end of a string in a 
vertical plane. Prove that the sum of the tensions of the string when the particle 
is at opposite ends of a diameter is the same for all diameters. 

[Coll. Exam. 1896.] 

Ex. 4. A heavy particle, constrained to describe an ellipse whose plane is 
vertical and major axis inclined at an angle a to the horizon, is projected from the 
upper extremity A of the major axis with a velocity v^. Find the velocity 
with which it passes the upper extremity B of the minor axis and the pressure 
at that point. 
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Since the altitude of B above A is the difference between the projections of CA 
and CB on the vertical, the equation of 
vis viva gives 

iffi (Vj® - Vq^) = -mg (b cob a- a sin a). 

This gives two equal values of Vj with 
opposite signs. One or the other is to he 
taken according as the particle is pro- 
jected from A upwards or downwards. 

If the values of are imaginary the 
particle will not reach B. 

The pressure at B is found by re- 
solving the forces along BC inwards. We have 

mvi 

Pi 

where pi=a^lb. 

Let us suppose that in addition to its weight the particle is acted on by a centre 
of force at the focus S such that the attraction at a distance r is The equa 
tion of vis viva would then have on the rigLt-hand side the additional term 
- jur^dr, the limits being the initial and the final values of r, i.e. r=a (l + e) and 
r=a, Art, 186. The velocity is then given by ' 

I'm. (ill® - v^) = - my (6 cos a - a sin a) - g { 1 - (1 + e)«+i} 

and the pressure is determined by 




mycosa+JSi, 


mvi® 

Pi 


■mg COB a + iJi,a^.~+B,. 

a ^ 


Let us next attach the particle to the centre C by an elastic string whose 
natural length is 1. The effect of this is to add another term to each equation 
If Z<6 and <a the string is stretched throughout and the term to be added to the 
equation of vis viva is - J (T, + T,) (& _ a) where T, and T, are the tensions at A 
and B, see Art. 187. In our case T,=E(a-l)ll and T^=E{b-l)ll. If however 
l>b and <a the string becomes slack at some position of the particle between 
A and R ; the term to be added is now - i (T, + T,) (Z - a) where T, =0 and T, has 
the same value as before. Lastly if l>b and >a the string is slack throughout 
and no term is to be added. 

The equation of pressure will also have an additional term on the right-hand 
side. This term is Tj, where has the same value as in the equation of vis viva 

In this way the velocity of the particle and the pressure at any point mav be 
found with ease no matter how complicated the forces may be. 

Ex 5 A small ring without weight can slide freely on a smooth wire bent 
■ into the form of an ellipse. An elastic string whose natural length is I also passes 
through the ring and has one end attached to the focus S and the other to the 
centre C. The ring being projected from the extremity A of the major axis, prove 
that the velocity v„ and the pressure R, at the extremity B of the minor axis are 
given by 

»«(V“V) = (2’i + To) {a-^ae-b), 

'^'^1 ^ b ^ 

~~~ — + Ti - + 1?! , 

Pi 


where (2a + ae-Z)/Z, T^=E(a-\-h 
beginning and end of the transit. 


■ Z)/Z provided the string is stretched at the 

/ 
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Ex. 6. A heavy bead is initially at the extremity of the horizontal diameter of 
a uniforih heavy smooth circular wire whose plane is vertical. The system falls 
from rest through a spade equal to the radius. The circular wire is then sUddenlj* 
fixed in space. Find the subsequent motiOii of the beadj and determine if it ever 
conies finally to rest. Find also the pressure on the wire for any possible position 
of the particle. 


Ex. 7. A particle, constrained to describe a circular wire, is acted on by a 
central force tending to a point oil the circumference and varying inversely aS the 
fifth power of the distance, prove that the pressure is constant. 


Exi 8. A particle is constrained to describe an equiangular spiral and is acted 
on by a central force tending to the pole whose acceleration is |Ur". The particle 
being projected With a velocity Vq at a distance from the pole, prove that the 
velocity and pressure are given by 


M 

in 


1-2 -v”-=z- - a"+^), 

2u , sinei a + 3 . 

,2+ I — /i?'”sina. 

“ « + l J r + 


If ?i=-3 and V(^=i.Jfxj a,'' the i>ressure E — Oi The spiral is therefore a free 
path iohen the force taries as the inverse cube of the distance, and since any point 
may be regarded as the point of projection, the velocity at every point is given hy 


v^J/j-jr. 


Ex, 0. A particle is constrained to move in an ellipse along which it is pro- 
jected, and the straight line joining the foci attracts according to the Newtonian 
law. Prove that the resultant attraction varies inversely as the normal aUd that 
the velocity is constant. 


Ex. 10. A particle of unit mass moves in a smooth circular tube of radius a, 
under the action of a centre of force which repels as the inverse square of the 
.distance. If the centre of force be midway between the centre of the circle and 
the circumference, and the particle be projected from the end of the diameter 
through the centre of force remote from that point, with a velocity whose square is 
(«y3 - l)/3f(, the particle will oscillate through an arc 27ra/3 on either side of the 

point of projection. [Coll. Ex. 1897.] 

/ 

Ex. 11. A particle is constrained to describe a lemniscate and is under the 
action of two central forces tending to the foci and varying inversely as the cube 
of the distance. Supposing the forces to be equal at equal distances from the foci, 
prove that the pressure at any point P varies as the distance of P from the centre 
of the curve. 


Ex. 12. A particle slides down a smooth curve in a vertical plane. If the 
pressure on the curve is always X times the weight of the particle, prove that the 
differential equation to the curve is y + c=a [dxlds -\)^^. [Math. Tripos, 1863.] 

191. Rough Curve. When the particle slides on a rough 
curve the friction acts opposite to the direction of motion and its 
magnitude is yu, times the normal pressure taken positively. The 
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equations of motion are by Art. 181 

dv ^ . 

mv j- = X + Y sin + fiR, 


mv^ 


P 


= — X sin 


'^+ Y cos '\Jr±M. 


It is important to determine the signs of the terms containing 
B before proceeding with the solution. The initial value of the 
velocity being known the second equation determines the initial 
direction of B. Taking R to act positively in the direction thus 
found, it will continue to be positive during the subsequent 
motion until it vanishes. The initial direction of the velocity 
being known, the friction gR must be made to act in the first 
equation opposite to that direction. If the particle start from 
rest the friction pR must be made to act opposite to the direction 
of the tangential force. The sign of p will then continue un- 
changed until either the pressure B or the velocity v vanishes and 
becomes reversed in direction. 

To solve the equations of motion we in general eliminate R. 
Remembering that when s and ■\Jf increase together p = dsjd'\^, we 
obtain an equation of the form 


dv^ 

d-yjr 


± 2pv^ = P. 


By using the geometrical properties of the curve we express P in 
terms of The equation being linear, we then have 

The value of v being found, the value of R follows from either of 
the equations of motion. 


loa. BxampleB. Ex. 1. A particle is projected with a velocity V along a 
rough horizontal circle in a naedium whose resistance varies as the square of the 
velocity. Prove that 

where v is the velocity after a time t, s the arc described, and j3 is a constant. 

Ex. 2. A small bead of unit mass is constrained to move along a rough wire, 
bent into the form of an equiangular spiral of angle a, in a medium whose 
resistance is cos a/c and is under the action of no other forces. If the coefficient 
of friction is cot a, prove that the time of travelling from a distance c to a distance 
I from the pole is e* (b - c)/r cos a where ci=b- e, and V is the velocity at the first 
of these points and is directed from the pole. 
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Ex, 3. A heavy particle moves on a rough cycloid placed with its convexity 
upwards and vertex uppermost. The particle is started with an indefinitely small 
velocity at the point at which the tangent makes with the horizon an. angle e equal 
to the angle of limiting friction. Prove that the velocity at a point at which the 
tangent makes an angle with the horizon is 2 Jag sin - e) and that the particle 
will leave the curve at the point at which the velocity is J2ag (cos 4 e - sin | e). 

[Coll. Ex. 1889.] 

. Ex. 4. A particle is projected horizontally with velocity V along the inside of a 
rough vertical circle from the lowest point, prove that if it complete the circuit it 
will return to the lowest point with a velocity v given by 

v^=V^e-^i^"-2agi2iJi?~l) (l-e-^n/(V + l)- [Coll. Ex. 1887.] 

193. Condition that a constrained motion is also firee. 

It has already been pointed out that the re.quired condition is 
that the pressure R must be zero throughout the motion, see 
Art. 190, Ex. 8. In this way we easily obtain several useful cases 
of free motion. 

If T and N he the tangential and normal components of the accelerating force 
estimated positively in the directions in which the arc s and the radius of curvature 
p are measured, we may prove that the condition ii=:0 leads to- the result 

2T=~ (/jN). This is obtained by eliminating v'^ between the normal and tangential 

resolutions in Art. 181 and differentiating the result. This form of the criterion 
though necessarily true is not. sufficient to make R = 0. As no notice is taken in 
it of the initial velocity, it is generally less convenient than the simple rule 
that R = 0, 


194. Examples. Ex. 1. A particle is constrained to describe a smooth 

circle under the action of two centres of force 
tending to fixed points S, S' on the same 
X diameter, the accelerating forces being p.jr^ 

/ / \ and where r, »•' are the distances of the 

/ \ particle from the centres of force. If S and 

-Z 1 S' are inverse points, prove that the pressure 

S S ^ j can be made zero by giving J/p, and the 

velocity of projection suitable values. 

Let a be the radius ; h, b' the distances of S, S' from the centre C. Since the 
points are inverse hh'=a^. If P be the particle the triangles SPC, S'PC are 
similar and r'lr=ajh. The fundamental resolutions give 


' = ~ cos SPG + cos S'PO+- . 

r •' m 


From these we easily obtain 
E__l / 
m~' a 1 ^“ ‘ 2 /- 


R _1 / „ p ^' \ — 

M-fl V’““~27;/' " 2a 
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In order that 22=0 we have two conditions 



Since r'lr-alb, the first condition shows that the tangential accelerations due 
to the two forces are equal at all points of the circle. Since any point may be 
regarded as the point of projection the second condition gives the velocity at all 
points of the orbit. Since is zero at an infinite distance, this formula shows 
that the velocity at any point of the orbit is the same as if the particle were con- 
ducted from rest at an infinite distance to that point ; Art. 181. 

If the two centres of force are indefinitely near to each other the resultant 
attraction at any point P at a finite distance from them is the same as that of a 
single centre of force of double the intensity of either. Hence we arrive at Newton’s 
theorem that a circle can be described freely under a single centre of force whose 
acceleration varies as the inverse fifth power, the centre of force being on the cir- 
cumfei'ence. 

When the particle comes indefinitely close to the two centres of force, they 
cannot be Considered as one centre. The particle passes between the two centres 
with an infinite velocity. The two centres of force attract the particle in opposite 
directions with forces gl{a-bf and n'l{b'-a)’^, both being infinite. The resultant 
force tending to the centre of the circle is therefore gja^a-lY which is also 
infinite. This last force gives the initial curvature to the subsequent path. 

E». 2. A particle describes a catenary under the action of a force parallel to 
the ordinate. Show that if the pressure is zero, both the force and the velocity 
vary as the ordinate. 

Ex. 3. Show that a particle can describe a parabola under a repulsive force in 
the focus varying as the distance and another force parallel to the axis always 
three times the magnitude of the former. Prove also that if two equal particles 
describe the same parabola under the action of these forces, their directions of 
motion will always intersect on a fixed confocal parabola. [OoU. Ex.] 

Ex. 4. If a curve be described under the action of a force P tending to the 
pole and a normal force N, prove that 

I) + s wpo'O 

196. Does the particle leave the curve ? If the particle 
is a small ring which slides on the curve it is obvious that it 
cannot separate from the curve. In this case the pressure R may- 
have any sign. 

If the particle slide on one side of the curve the pressure on 
the particle must tend towards that side on which the particle 
moves. The pressure R must therefore have the sign which 
suits this direction and must keep that sign throughout the 
motion. When therefore the analytical expression for R given 
by the normal resolution (Art. . 184)) changes sign the particle 
separates from the curve. 


CARNEGIE INSTITUTE 
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Since the forces in nature cannot be infinite the points at which 
B can change sign are found by putting R = 0 in the normal 
resolution. Let mf be the resultant force, and let its direction 
make an angle <j} with the normal. Then 

— = mf cos <b + It. 

P 

The possible points of separation are therefore given by 

=fp cos 

Now 2p cos ^ is the chord of curvature in the direction of the 
force mf. Representing one-fourth of this chord by c, the 
equation becomes = 2/c. Hence the particle can leave the curve 
only at a point such that the velocity is that due to onefourth the 
chord of curvature in the direction of the resultant force. Art. 25. 

186 . Examples. Ex. 1. A heavy particle is suspended from a fixed point G 
by a string of length a. A horizontal velocity is suddenly communicated to the 
particle so that it begins to describe a vertical circle. It is required to determine 
■whether the particle will oscillate or the string become slack. 

The equation of vis viva shows that the velocity « at an altitude y above the 
lowest point of the circle is given by 

( 1 ). 

The tension It is given by 

y~a R 

— = g 1 — ; 

a a m 

+ ( 2 )- 

If the particle oscillate the velocity is zero at the extremities of the arc of 
oscillation. It follows from (1) that the altitude of this point above the lowest 
point is If the string becomes slack the tension vanishes at the point 

of separation. It follows from (2) that this occurs at an altitude {v^-\-ag)fig above 
the lowest point. These points cannot be real points unless their altitudes are less 
than the diameter. 

We also notice that the altitude of the first of these points is greater or less 
than that of the second according as is greater or less than 2oflr. 

If v^>bag neither point is real. The particle must describe the whole circle 
and the string does not become slack. 

If v^<.2ag the velocity vanishes at an altitude less than that at which the 
tension vanishes. The particle therefore oscillates and the string does not become 
slack. 

If v^c-^ag but >2a£f the string becomes slack before the velocity vanishes. 
The particle therefore leaves the circle and describes a parabola freely in space. 

If the particle, instead of being suspended by a string, were constrained to 
move like a bead on a vertical smooth circle of radius a the particle could not 
separate from the circle. It therefore oscillates or describes the whole circle 
according as v,f<. or >40^/. 
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1 ,, Ztti' T °" “ “1“ of oaiu. a and i. acted on onlj 

I?”"™."!”" * *f “““?’ ““ '“8“' of wWch is a, fked to a point 

!n “* the circle at a distance 2<i from its centre; find the condition tiat 

w I'T^- *“ “ ““ »“o ao P'ooo-'oo Of *io 

on^ltiee ot fte diameter tteongh the fired point will he twice and fonr times the 
weight of the bead if that weight he such as to streteh the string to donUe its 
natnml length. [Math. Tripos. 1860.] 

/,%%' / ’““'l particle is allowed to slide down a smooth vertical circle of 
ladins 27o from rest at the highest point. Show that on leaving the circle it moves 
in a parabola whose latus rectum is 16a. [Coll. Ex 1895 ] 

4. A particle moves on the outside of a smooth elliptic cylinder whose 
axis IS horizontal. The major axis of the principal elliptic section is vertical and 
the eccentricity of the section is e. If the particle start from rest on the highest 
generator, and move in a yertical plane, it will leave the cylinder at a point whose 
■eccentric angle is where e® cos* = 3 cos ^ - 2. [Coll. Ex. 1892.] 

Bx, a. A particle is projected horizontally from the lowest point of a smooth 
■elliptic arc, whose major axis 2a is vertical and moves under gravity along the 
concave side. Prove that it wiU quit the curve at some point if the velocity of 
projection V is such that p lies between 2ga and ga (5 -e% where c is the eccen- 
tricity ; and if the velocity have the latter value, prove that the particle will 
■continue to move found the ellipse in the periodic time 

l-e®cos®0 

Hs J i p ia^ «-+2po4 [ 1 W 

■f/iP* 6, A particle, projected inside a smooth circular tube, moves under an 
.‘attractive force varying inversely as the square of the distance from a point within 
the rim of the tube and in its plane. Prove that the pressure cannot vanidi at any 
point if the particle is performing complete revolutions. [Coll. Ex. 1897!] 

197. Moving curves of constraint. To find the equations 
■of xnotiion of a particle constrained to slide on a curve moving in 
its own plane. 

Let 0 be any point of the plane of the curve which it will be 
•oonyenient to take as origin. Let / be the acceleration of this 
point, theii the motion relative to 0 will be unchanged if we 
■apply to every point of the curve and to the particle an accelera- 
tion equal and opposite to that of 0. If we also apply 'to every 
point an initial velocity equal and opposite to that of 0, we 
may regard 0 p-s a bxed point. The point 0 is then said to have 
been reduced to rest. 

We shall now take 0 as the origin of the polar coordinates r, 0, 
where 6 is measured from a straight line 0^ fixed relatively to 
the curve. Let m be the angular velocity of 0^ referred to a 
straight line Ox fixed in space. Let (f> be the angle the radius 

,8—2 



CONSTEAINED MOTION. 


[chap, IV. 


vector r makes with the tangent. The equations of motion are 

d?r (de F . R . 

^ q. to — f Sin <f> 

df \dt m m ^ 


m 


Id , (dO \ Q 

r dt^ \dt'^ J ~ m 


-/2 + -cos<^> 


rdt \dt' ) m 

where P, Q are the components of the impressed forces, and /i,/^ 
those of /. 

These equations may be written in the forums 

dV (dOV P , « fR n \ • j 
df \dtj m \m J ^ 

Id/ „dd\ Q „ doo /R \ , 


2o>v ) sin 


rdt\ dt 


= ~-/2' 


da) /P 
dif ^ m 


20 )?) ) cos 


since rddjdt = u sin 4>, dr[dt = v cos (f>. 

These are the equations of motion we would have obtained if 
we had supposed the curve to be fixed in space and the particle to 
be acted on (in addition to the impressed forces) by three fictitious 
forces. The introduction of these forces is said to reduce the curve 
to rest 

These forces are, (1) the force F^-- mf by which the origin 
is reduced to rest ; (2) the force = mo)V acting on the particle 

along the radius vector from the origin; (3) Fs = -mr^ acting 

perpendicularly to the radius vector in the direction tending 
to increase 6. We also observe that the expression R—2ma)V 
takes the place of the pressure of the curve on the particle. 

Here v represents the velocity relatively to the curve. The 
velocity in space is the resultant of v and the velocity of the 
point of the curve occupied by the particle. 

By resolving the impressed and the fictitious forces along the 
tangent we obtain an equation free from the reaction, and from 
this the velocity v of the particle relatively to the curve may 
be found. This equation is 

dv ,T, n j-.dr du . \ rdd 

« (P+»»V - »./j a + -* • 

By resolving the forces along the normal inwards we have 

= N + R-- 2ma}V, 

P 

where N is the normal component of the impressed and fictitious 
forces. This equation gives R. 
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ly the curve turn with a uniform angular velocity about an 
origin fixed in space, these equations become 

(v^ - vf) =fmMr+f(Xd^+ Ydy) 

— +JJ+G, 

Tnv^ 

- = _ sin «^ + ( F cos i/r - X sin i|r) + - 2ma)v. 

r 


19B. XSxaniploSa Ex. 1. A besid cftn slid6 freely on a smooth circular wire. 
Initially the bead is at rest at a point A. The circle then begins to turn’ with 
uniform angular velocity about a point 0 in the rim, where OA is a diameter. Prove 
:that when the bead is at a distance r from 0, the pressure on the curve 

= (Sr^ - 4or) /2a, 

■where a is the radius of the circle and m the mass of the bead. 


To reduce the circle to rest we apply the fictitious accelerating force 
Hence 4 ^ wV + C. Since the bead is initially at rest in space, it has a velocity 

j;elatively to the curve v= -u .2a when r=2a. Hence 0=0 and v=-wr through- 
out the motion. To find the pressure, we have 


a 


, r jR - 

- urr . -I 2(i}V. 

2a m 


Substituting for v its value, this gives the result. 


Ex. 2. A bead is at rest on an equiangular spiral of angle a at a distance a 
from the pole. The spiral begins to turn round its pole with an angular velocity w. 
Prove that the bead comes to a position of relative rest when r=a cos a, and that 
the pressure is then 4mw®a8m2a. Prove also that when the bead is again at its 
original distance from the pole, the pressure is sin a (3 + sin® a). 


199. Time of describing an arc. A heavy particle is in 
.stable equilibrium at the lowest point A of a smooth fixed curve. 
Find the time of a small oscillation. 

Let <p be the angle the normal at any point P near A makes 
with the vertical, s the arc AP, p the radius of curvature at A. 
Then ^ is ultimately equal to sjp. The equation of motion is 

g = _4,sm^ = -jr(5 + Bs=+...). 

when sin <f> is expanded in powers of 5 . If the arc of oscillation is 
sufficiently small we may reject all the terms after the first powers 
of s. The time of a complete oscillation is therefore 27r fpjg. The 
time of oscillation is therefore the same as if the constraining curve 
were replaced by the circle of curvature at A. 

When it is necessary to take account of the small quantities 
•of the order s^, it is more convenient to replace the equation of 
motion by its first integral, as in Art. 200. 
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Ex. 1, A particle P makes small oscillations about a position of stable equi- 
librium at the point A of a smooth curve under the attraction of a centre of force 
situated at a point 0 on the normal OAG to the curve, the magnitude of the force 

being / (r) where r = CP. Prove that the time of oscillation is 2r ^ where 

\(a+p)F) 

P=/(a), a=:AC taken positively when 0 is on the convex side of the curve and 
p=OA is the radius of curvature,. Notice that the time is independent of the law 
of force but depends on its magnitude Fat. A. 

Ex. 2. A smooth wire revolves with constant angular velocity « about a fixed 
point in its plane and a bead is in relative equilibrium on the wire at an apse at 
distance a from the fixed point; prove that, if slightly disturbed, the period of a 

small oscillation is — where p is the radius of curvature of the wire at 

w 'V a-p 

the apse and is less than a. [Coll. Ex. 1887.] 

Reduce the curve to rest, and use Art. 199. 


200. Time of describing a finite arc. By using the 
equation of vis viva the determination of the time can be reduced 
to integration. The equation of vis viva is 
1 /dsV 


2 \dtj 




where y) is a known function of the coordinates {jx, y). 

The constant 0 is known when the velocity .is given at some 
point B whose coordinates are (A, h). We use the knp'^n equations 
of the curve to express any two of the variables x, y, s in terms of 
the third. Choosing s as this variable we have U = ■^(5). lienee 




+ { 


the integration being taken from one extremity of the arc de- 
scribed to the other. 


aoi. Ex. 1. A heavy particle is projected from a point A of a vertical circle, 
centre 0, with such a velocity that it would come to rest at the highest point B. 

Prove that the time of transit from A to P is . /“log where BOA=a, 

V fir cot J a 

B0P=d and a is the radius. We notice that the time of arriving at the highest 
point is infinite. 


Ex. 2. Prove that the curve such that the time of descent of a heavy particle 
from rest at a given point A down any arc AP is equal to the time down the chord 
is a lemniscate. 

Taking A for origin and using polar coordinates, ff being measured from the 
downward vertical, the condition gives 2 Differentiating 

both sides and solving the differential equation we find that r®=A sin 20. The 
condition that the lower limit on the left-hand side is zero is found on trial to be 
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satisfied by this value of r. The required curve is therefore a lemniscate with the 
axis inclined at an angle of 45° to the vertical. 

J. A. Serret remarks that if the ratio of the times were h : 1, the diflerential 
equation would be 

+2&2tan^r|^ + (/i:^tan2fl-l)r®=0. 

This quadratic gives drjrdd=f (0), and the solution is reduced to integration. 

The history of this problem is given in the Bulletin de la Societe MatJiSmatiques, 
vol. XX. 1892. It was first solved by Euler in his Mecanique 1736 and afterwards 
by Fuss in the MSmoires die. de Saint Petersbourg, 1824. Rispal gives a geometrical 
proof in Liouville, xii. 1847. 

Ex. 3. A particle is acted on by a centre of force varying as the distance. If 
the time of describing from rest an arc from a given point A is equal to the time 
of describing the chord, prove that the curve is a lemniscate. Ossian Bonnet, 
Liouville, vol. ix. 

Ex. 4. If the time of descent of a heavy particle from rest at a given point A. 
down any arc AP bears to the time of descent down the chord a ratio equal to 
the ratio that the length of the arc bears to k times the length of the chord, 

prove 8^ “* = Gy, where y is the vertical ordinate of P and C is a constant. 

202. Subject of integration infinite. A difficulty some- 
times arises in finding the time of describing a finite arc AB if 
the velocity is zero at either limit. Let a particle he projected 
from a point A in such a manner that the velocity of arrival at B 
is zero. It is required to find the time of describing the arc AB. 

Let the points A, B he determined by s = a, s = h. Since the 
velocity at B is zero, we have (7= — The time of describing 

the arc AB or BA is therefore given by 

f ds 

f2.t=± --t, 

J (s) - 'yjr (6)}^ 

the limits ot Integration being a, h. 

The subject of integration is infinite at the, limit s-b, but 
the integral itself may finite. If we write 5 = 6 + <r, we can 
express the work f7 in a series ; let 

U, = fis)-f{b) = M<r'>^ + ... , 

where n is the lowest power of o- in the expansion. The part 

f da- 

of the integral from s = b-a to 6 (a- being small) is ± j • 

This vanishes with o- if n < 2 but is infinite if w = 2 or > 2. 

If, as usually happens, Taylor’s expansion holds true, we have 
^ 1 . The time to or from a position <f rest is then finite. 
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If "the point JS is a position of equilibrium as well as of rest, 
lia.ve d Ujds = 0 when <r = 0. It follows from Taylor’s theorem 
. ^ time to a position of rest at equilibrium is therefore 

“^fi/ndte. If Taylor’s theorem does not hold, n may lie between 
1 and 2 and the time is then finite. 

•Another rule, given oy Despeyrous in his Oours de Mecanique, is useful when 
is the acting force. If £ is a position of equilibrium the tangent at B is 
onaontal. Let p be the radius of curvature at B, ff the angle the normal at any 
pt>mt jp near B makes with the vertical. The equation of vis viva is then 

/ dev 

=2i?P(l-cosd). 

The time t of describing a small angle a is therefore given by 
\ P J i 0 (1 - cos e)^ J 0 P 

The time of transit from A to B is therefoi’e infinite unless the radius of cwvature p 
a.t JB is zero. 


3S*ainples. Ex, 1. A heavy particle is constrained to describe the^ 
curve ^ the axis of y being vertical. Show that the radius of curvature 

^ evojry cusp is zero. Show also that a particle projected from the lowest cusp 
v^th. a. velocity (2^a)^ will arrive at the next cusp in a time which is three times 
that of falling freely from rest at the origin to the lowest cusp. 

[Despeyrous’ problem.] 

2. A small ring can slide freely on a smooth wire bent into the form of a 
cycloid. The axes of x and y being the tangent and normal at the vertex £, the 
force function is given by U=My^ where m is positive and < 1. Prove that if the 
particle is projected from a point P whose ordinate is h with a velocity (2Mh'^)^ the 

time of £trrival at B is t where {l-m)t=2a^h . 

JSsv . 3 . If the only force acting on the particle is gravity U=gy. liy= Ms”' + , . . 
prove tlxat p=Ns^-”+ ... where N~^=:Mn (n- 1), provided ?i>l. Hence n<2 when 
p = 0 and 'ra.=2 or is >2 when p is finite or infinite at the position of equilibrium. 

Use the theorem p ^ = — = il - f ^ 

ds- ds I \ds J ) ’ 


Motion in a cycloid. 

204;. A heavy particle is constrained to move in a smooth 
JiocedL Gycloid whose plane is vertical and vertex downwards. It is 
Teq%h'ir'ed, to find the motion. 

I^el} A., A' be the cusps, 0 the vertex, OQD a circle equal 
to the generating circle placed with its diameter on the axis OD, 



FUNDAMENTAL PROPEETIES. 


121 


ART. 204.] 


G its centre. Let PQN be a perpendicular on the axis drawn 
from any point P on the cycloid. The following geometrical 



properties of the cycloid are given in treatises on the differential 
calculus. 

(1) The tangent at P is parallel to the chord OQ and the 
arc OP is twice the chord OQ. 

(2) The radius of curvature at P is parallel to the chord QD 
and is equal to twice that chord. 

(3) The distance PQ is equal to the circular arc OQ. 


Let the angle QDO = <f>, and let a be the radius of the gene- 
rating circle. The tangential and normal resolutions at P give 
(Art. 181) 


(Ps 

df 

^2 

P 


(/sin> = -<jr^ 
- g cos 6 + — 

v! ^ m 


.( 1 ). 


The first equation shows at once that the motion is oscillatory, 
Art. 118. The time of a complete oscillation is sj-g and is 


independent of the arc described. Let % be measured from the 
instant at which the particle P passes the vertex, let c be the 
semi-arc OP of oscillation. The first equation gives 



It follows that if two particles oscillate in the same or in equal 
cycloids both starting from the vertex, the two arcs described 
in equal times are in a constant ratio, viz. that of the complete 
arcs. If therefore the circumstances of the motion of a particle 
oscillating from cusp to cusp are known, those of a particle 
oscillating in any smaller arc can be immediately deduced. 
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206. If h is the depth below the cusp of the extremity B of 
the arc of oscillation, we have by the principle of vis viva 

v^=-2g(2a-b-0F). 

It follows at once from the geometrical properties of the curve 
that 

R = 27ng cos <b — — . 

P 

The first term is twice the resolved weight of the particle along 
the normal at P ; the second is the centrifugal force of a particle 
moving uniformly with the velocity due to the depth below the 
cusp of the extremity B of the arc of oscillation. 

200. Examples. Sx. 1. A particle oscillates in a complete cycloid from 
cusp to cusp. Prove the following properties. 

(1) The velocity v at any point P is equal to the resolved part of the velocity 
V at the vertex along the tangent at P, i.e. w = Fcos <p. 

(2) The time of describing an are OP is proportional to the angle ODQ, i.e. 

(3) ^ The particle moves as if it were rigidly attached to the generating circle, 
that circle being supposed to roll with a uniform angular velocity on the .base AA'. 
This follows from the last result because d(pjdt is constant. 

^ (4) The centrifugal force at any point P is equal to the resolved part of the 
weight along the normal at P, and the pihssure is twice either of these. 

Ex. 2. A heavy particle starts from rest at a point A of a cycloid, prove that 
the time T of transit from any point P to any point Q is given by. 

cos (i T ^ ^ 

where 2), q, lave the depths of P, Q and the vertex below the level of A, and a is 
the radius of the generating circle. 

Ex. 3. A particle slides down a smooth cycloid starting from rest at the cusp. 
Prove tha,t the whole acceleration at any instant is in magnitude equal to g and 
that its direction is towards the centre of the generating circle. [Coll. Ex.] 

The required acceleration is equivalent to the resultant of g and Rfm; the 
result follows at once from the triangle of accelerations. 

Ex. 4. A smooth cycloid is placed with its axis AB inclined to the vertical, 
and its convexity upwards ; a particle begins to slide down the arc from A, and 
leaves the curve at P the perpendicular from P on AB cuts at Q the circle on AB 
as diameter, and QB is a diameter of this circle ; prove that PB is horizontal. 

[Math. T. 1888.] 

207. When a pendulum is removed from one place to another 
the number, .n, of oscillations in any given time (such as a day) 
is altered by the change in the f^rce of gravity and the alteration 
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of the length I of the pendulum due to a change of temperature. 
Since the number of oscillations in a given time varies inversely 
as the time of a single oscillation, we have = Ogjl where G is 
some constant. Taking the logarithmic differential, we find 

_8g 

n~ g I ' 

This formula is a very convenient first approximation to the value 
of Bn. 


308 . Ex. 1. Prove that a seconds pendulum brought to the summit of a 
mountain x miles high loses about 22aj seconds per day if the attraction of the 
mountain can be neglected. If the mountain is of the form of table-land, the loss 
is only five-eighths of the above amount. The length of the pendulum is supposed 
to be unaltered. ^ 

By Dr Young’s rule the attraction at the top of table-land is £'(^" 4 ") nearly 

where a is the radius of the earth. 

Ex. 2. A railway train is running smoothly along a curve at the rate of 60 
miles per hour, and a pendulum which would ordinarily oscillate seconds is observed 
to oscillate 121 times in two minutes. Show that the radius of the curve is 
approximately a quarter of a mile. [Ooll^Ex. 1895.] 

Ex. 3. If the moon be in the zenith, prove that a seconds pendulum would be 
losing at the rate of ^^yth of a second per day. 

The moon attracts the earth as well as the pendulum and its disturbing effect is 
measured by the difference of its attractions at the centre of the earth and at the 

pendulum. This is ^ where M=-^E is the mass, and r=60a is the 

distance of the moon. 


209 . Ex. 1. A heavy particle oscillates on a smooth fixed curve, and the 
periods of oscillation in all arcs are the same. Prove that the curve is a cycloid. 

Let the axis of y be measured vertically upwards from the lowest point of the 
curve and let y — h be the initial value of y . Let the equation of the curve be 
gz=/(i/), where s is the arc measured from the lowest point. Since v^=2g (h-y) 


the time t of reaching the lowest point is given by 

>dy 


Put y = hz, then 




V(l-a) 


Since the time t is to be the same for all values of h, we have dtIdli—Q, Hence 


T 


dz 


{h^r{hz)} = 0. 


'osJ{l-z) dh 

This equation requires that the second factor under the integral sign should be 
zero. If this were not true we could, by taking h small enough, make' that factor 
keep the same sign, while hz varies from hz = 0 to liz—h. Every term of the integral 
would then have the same sign and the sum could not be zero. Hence (hz) is 
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independent of h, and therefore /' (Jiz) = M (hz)‘~^ where M is a constant independent 
of h and z. We thus find by an easy integration that the arc f{y) = 2My^. This is 
the equation of a cycloid having the line joining the cusps horizontal. 

Ex. 2. A body of mass M can slide on a perfectly smooth horizontal plane 
and has attached to it a thin tube in the vertical plane containing the centre of 
gravity. The form of the tube is such that the periods of the oscillations of, a 
particle of mass m placed in it are the same for all arcs. Prove that the form of 
the tube may be derived fronq a cycloid by elongating the ordinates perpendicular 
to the axis in the ratio iJ{M-hm)UM. This problem is due to Olairaut; Mem. de 
VAcad., Paris, 1742, 


210. Resisting medium. If the particle oscillate on a 
smooth cycloid in a medium resisting as the velocity, the tangential 
equation of motion becomes 


d^s 


nh — 2/c 


ds 

dt 


where n^ = g{4ia. This problem has been discussed in Arts. 121 
and 126. The interval between two successive passages through 
tlie lowest point is always the same and the successive arcs of 
descent ^nd ascent are in geometrical progression. 

If the resistance vary as the square of the velocity, the motion 
is discussed in Art. 129. 


211. Tautochronous curves. When a particle oscillates 
on a given smooth curve either in a vacuum or in a medium 
whose resistance varies as the velocity, we know that the oscilla- 
tion is tautochronous about the position of equilibrium if the 
tangential force F=m^s where s is the length of the arc measured 
from the position of equilibrium and m is a constant, Art. 118. 
If therefore any rectifiable curve is given a proper force to produce 
a tautochronous motion can at once be assigned. 

A catenary is a tautochronous curve for a force acting along 
the ordinate equal to m^y because the resolved part along the 
tangent is obviously m^s. 

The equiangular spiral is tautochronous for a central force 
fir tending to the pole, because the resolved part along the 
tangent being m^s where = y, cos^ a, the time of arrival at the 
pole is the same for all arcs. 

In the same way the epicycloid and hypocycloid are tauto- 
chronous curves for a central force tending from or to the centre 
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of the fixed circle and varying as the distance, because since 

= As^ + J5, 

the resolved part along the tangent, viz. firdrfds, varies as s. 
In all these cases the time of arrival at the position of equilibrium 
is the least positive root of ta,n nt=- n/K (Art. 121), where 2kv is 
the resistance and + = The whole time from one position 

of momentary rest to the next is tt/w. 

The properties of tautochronous curves are more fully discussed in the author’s 
Bigid Dynamics. ‘ A. historical summary is also there given. 

212. Rough cycloid. A paHicle slides from rest on a 
rouffh cycloid placed with its axis vertical in a lYiediurn whose 
resistance varies as the velocity. Prove that the motion is tauto- 
chrono'us. 

The descending motion is given by 

~ — /MR—g sin (j> — 2KV, R — g cos ^ (1), 

dt P 

where v is really negative. Eliminating R 

^ ^ sin (</> - e) = 0, 

dt p cos e 

where tan e-ti. This may be written 

4 M) + 2« (e^v) + sin ((/> - e) = 0, 

dt cos e 


provided 


du 

dt 


— p- , that is u = — p<f>. Put e'^ ds = dw ; 
P 

^ ^ sin {< 1 , - €) = 0. 

dt^ dt cos 6 


Now w = 4a cos <f)d<j 3 = 4,a cos e sin - e). 
The equation therefore reduces to 


. 9 ^ 4 - —ifL. 

rf? 4acos'*e 


= 0 . 


This is the linear equation, Art. 121. We infer that at what- 
ever point of the cycloid the particle is placed at rest, it arrives 
at the point E determined by w~0, that is <^ = e, in the s^e 
time. Such a motion is called tautochronous. The point E is 
clearly an extreme position of equilibrium in which the limiting 
friction just balances gravity. 
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The time of arrival at E is given by the least positive root of 
the equation tan nt=?- nffc where q- /c* = ^/4a cos« e. The whole 
time from one position of momentary rest to the next is wjn. 

So long as the particle is moving in the same direction the 
constant fi retains the same sign, The motion is therefore 
given by 

sin (^ — e) == sin {nt + B), 

When the particle arrives at the next position of rest, it will begin 
to return or will remain there at rest according as the value of 
nt that point is greater or less than the angle of friction. 

Motion in a circle. 

213. A heavy particle is constrained to move in a fixed circle 
whose filome is verticotl, It is reqnired to find the time of describing 
an arc. 

Let C? be the centre, A and B the lowest and highest points of 
the circle, a its radius, Let P be the 
position of the particle at any time i5, 
^ the angle OBP, 

Let the particle be projected from 
the lowest point with a velocity V. 
The equation of vis viva gives 

(2a#y--F»=:-2^a(l-coa2^). 

Let us put 2gh, so that the 
velocity of projection is that due to 
n height h ; we also put h~2a,K\ It k> 1, the velocity at 
the lowest point is more than sufiicient to carry the particle 
to the highest point of the circle, the particle therefore goes 
continually round the circle in the same direction. If /c< 1 the 
velocity at the lowest point is insufficient to carry the particle 
round the circle, the particle therefore oscillates. If a: = 1 the 
particle arrives at the highest point with a velocity zero, but only 

nfter an infinite time has elapsed, Art, 201. 

Substituting for in the equation of vis viva, we have 
a /d(l>Y 


B 
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If t be the time of describing the arc AP which subtends an 
angle 2^ at the centre, we have 

- sin^i^) 

where one radical is positive and the other has the same sign as 

d^ldt 

If /c = 1, the integral is a known form. We have 



when <f> “ •J-TT, t is infinite so that the particle takes an infinite 
time to reach the highest point. 

If /c > 1, we write the integral in the form 



This elliptic integral* gives the time of describing the arc which 
subtends an angle </> at the highest point of the circle. The time 
of arriving at the highest point is found by writing |7r for the 
Upper limit. 

214. When k < 1, we put k = sin a. We see from .(2) that 
sin (f> cannot exceed k and that the velocity is zero when sin (f> = Ki 
the particle therefore oscillates on each side of the lowest point 
through an arc AD or API which subtends an angle a at the 
highest point. Let sin <f> — k sin so that yjr varies from zero 
to ■^TT, We then find after an easy substitution in (3) 

/I . _ r r ( 6 ). 

V a' Jo G08(f> Jo \/(l - 

This elliptic integral determines the time of describing an angle (f> 
where (f> and yfr are related by the equation sin <^ = ac sin ^fr. 

We can construct the angle a/t geometrically. Describe a circle 
with centre G to touch DD, and let JBP intersect this circle in Q ; 
then the angle £QG = '\}r. For another construction we draw a 
chord A'P' equal to the chord AP, then the angle GPP ='^. 

* The reader is referred to Prof. Greenhill’s Treatise on the applications of 
elliptic functions. He begins with the problem of the simple circular pendulum as 
being the best introduction to the theory of these functions. 
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lu . obtaining (6) we supposed the sign of cos yjr to be the same 
as that of the radical in (3) and therefore the same as that of 
d(l>/dt. Since cos ^ is positive, it then follows from (6) that 
dyjf/dt is positive. The point Q therefore travels round the circle, 
being the lower or upper intersection of BP with the circle accord- 
ing as P is moving from J. to jD or from JD to A. 


215. Series for the time of oscillation. We may approxi- 
mate very closely to the time of a complete vibration by using a 
series. If T be this time, the formula (6) gives \T when the 
upper limit is \ir. We have by the binomial theorem 


(1 — sin® 

= sin f )® -f .. . -h -• j ‘I ‘e ‘ ' 

By a theorem in the integral calculus 




1 . 3 . 5 ... (2n— 1) TT 

0 2.i.e...2n 'Z- 


It immediately follows that 


where « == sin a and a is the angle subtended at the highest point 
of the circle by the half-arc of oscillation. It is also useful to 
notice that /c is the ratio of the chord of the half-arc to the diameter 
of the circle. 


The first term of this series represents the time of an infinitely 
small oscillation. The other terms are regarded as small correc- 
tions to this time, and are sometimes called the “reduction to 
infinitely small arcs.” The second term is usually a sufficient 
correction. Thus suppose the arc of oscillation on each side of the 
vertical to subtend an angle of 36° at the point of suspension, 
then a — 18° and k — The second term is only about -^th and 
the third -j^th of the first. 


216 . Rfilation between continuous and oscillatory motions. Comparing 
the formulae (5) and (6) we see that the integrals are the same except that the 
moduli K and 1/k are reciprocals. This leads to a theorem by which we connect a 
motion all round the circle with an oscillatory motion. 

Let two particles jp, P' be projected from the lowest points A, A', of two circles 
of radii a, a', and let these be acted on by unequal gravitational forces g and g'. 
Let the velocities of projection V, V' he such that the moduli are reciprocals. 
Then k being less than unity, we have V^=iagK^, V^^ia'g'jK^. It then follows from 
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what precedes tjbat the particle P' travels round the circle and P oscillates in a semi- 
arc equal to AB, where the angle BBA = a and K=8in o. 


B 



Let P, P' be the positions of the particles when the angles ABP=(p, A'B'P'^f , 
where sin </)=k sin xj/. If t, t' be the times of describing the arcs AJP, A'P' we have 





/It- 

V a joA/(l-/c2sin2?)' 


It foUows therefore that 

spond to each other in the two motions, and it is easy to see that they are 
geometrically connected hy the relation 

chord AP _Ka __ chard AB 
chord A'P' ~ a' ~ diam. A'B' ’ 

It is obviously convenient that the particles should occupy corresponding points 
at the same instant of time. We therefore choose the constants a', g', so that 
t=t'. We then have ff7a'=K2^/a. The equations of motion take the forms 




where the coefficients on the left hand are equal. 

If we make the radii equal we can suppose both particles to descnbe the same 
circle. We then have 

a' = a, g'^K^g, V'=\v, A'P'=-.AP. 


317. Ex. 1. If the circle described by P' has AM for its diameter, prove that 
P, P' move so as to be always on the same horizontal line, the gravitational forces 
being g and respectively. 

Ex. 2. If the circles are equal and the arc PP' is bisected by a point Q, prove 
that Q moves on the circle as if it were a third heavy particle acted on by a gravi- 
tational force g''=gK. The velocity of $ at A (and at all points) is equal, to the 
mean of the velocities of P and P'. Prove also that Q goes half round while P 
goes all round. Sang, Edinburgh Trans. 1866, vol. 24. 

These results follow at once from Art. 216. 

aia. BelatlonB between two oscillatory motions. The investigation of 
these relations is properly a part of the theory of eUiptic integrals, but the following 
theorem will serve as an example. 


130 


MOTION IN A CIRCLE. 


[chap. IV. 


If T, T' be the periods of oscillation corresponding to two semi-arcs which 
subtend angles a, a' at the highest point of the circle and so related that 
sin a = (tan J a')^, then will T=T' (cos ^ a')®. 

The half arc of oscillation being defined by sin a=K, the time t of describing 
the angle 9 !> is given by 

V ® J 0 J Q eostp' 

where sin^=/c sini/'. Let 26=^ + ^, so that 0 is the angle the arc A'Q in the 

figure of Art, 213 subtends at N'. Eliminating s we find tand/= . We 

■ ^ /f4-cos2tf 

shall now change the independent variable from t// to 0. The simplest (though not 
the shortest) method of effecting this is to find di// by differentiation and sin*^ \p by 
trigonometry both in terms of 9. The substitution is then obvious and we have* 
d\j/ _ 2 fe d9 

J 0 \/(l“ sin® 1-l-K y 0 \/(l -X^sin®^) ’ 

where \=2,y«/(l-|-K). Remembering that /c=sina and sin 9 !.=Ksin W^ now 
write \=Bina' and 8in0'=Xsin0. 

Let two particles P, P' oscillate in the circle APB through arcs AD, AD' which 
subtend angles a, a' at the highest point then the last equation shows that the 
times t, t', of describing corresponding angles tp, <p', are connected by the relation 

t=:2t'l{l + K). 

To compare the changes of the values of these corresponding angles we refer to 
the figure of Art. 213. As P moves from A to JD and back to A, Q travels round 
the semicircle A'QB', 20 increases from 0 to t, and <p' increases from 0 to a'. 
Thus the oscillation from A to H and hack to A corresponds to the oscillation' A 
to D' only, i.e. a complete oscillation of P corresponds to half a complete oscillation 
of P'. If T, T' be the times of a complete oscillation of P, F, we have therefore 

T=T'1{1+k). 

The two angles a, a' are connected by the relation 


Since /ccl and 
sin a = (tan Jo')®. 


sin a'=X= 


h!i. 

1 + k' 


A tjK = 


1 ± cos o' 
sin o' 


a'c^ir we take the lower, sign in the 
It follows also that t = 2«'(cos Ja')^. 


value of ^K. 


Hence 


ILx. If Oj, Oj, ... be a series of angles connected by the relation 
sina„+i = (tanja„)2, 

and if be the time of a complete revolution in an arc subtending do^ at the point 
of suspension, prove that 


Ti — (sec Joj . sec Jog ... to <x>)K27r J {a jg). [sang.] 


a 19. Co-aaial Circles, Two heavy particles, constrained to describe the 
same vertical circle, are projected from any two points with velocities due to their 
depths below the same horizontal line. It is required to prove that the straight 
line joining the particles always touches a co-axial circle. 


Cayley’s Elliptic Functions, Art. 243. 
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Let Oj/ be the radical axis of two co-axial circles whose centres are 0, C. 
Let a tangent at any point T of one circle intersect the other in two points P, Q. 




Let PM, QN be perpendiculars on the radical axis. By a known property of 
co-axial circles the tangents FT, QT drawn from points on the outer circle satisfy 
the relations * 

PT^=2. CC . PM, (2r2= 2 . CG ! . QN, 

In the time dt let the tangent move into the position P'TQ'. Then since the 
elementary arcs QQ', PP', make equal angles with the chord P'Q', the triangles 
QTQ', FTP' are similar : hence 

arc QQ'/aro PP'= QT/Pr. 

It follows from these two geometrical theorems that 

(vel. of Qflivel of P)^=QNIFM. 

If then the point P move with a velocity equal to {2g . PM)^, the point Q must 
move with a velocity equal to {2g . QN)^. It follows that the points P, Q are the 
positions of two particles moving with velocities due to their depths below Oy. 

If the radical axis is external to the circle described by the particles, the 
particles go round the circle. If the radical axis intersects the circle in the two 
points D and E, the particles oscillate in the same are DAE. 

In the figures the particles have been supposed to move the same way roimd the 
circle. If their directions are opposite the chord PQ envelopes a circle or a part of 
a co-axial circle situated above Oy. 


* The properties of co-axial circles are fully discussed by geometrical methods 
in Lachlan’s Modem Pure Geometry. The following is an analytical proof of the 
property PT^=2.CC’. PM. 

Let c, c' be the distances of the centres G, C from Oy, 6 the length of a tangent 
drawn from 0 to any co-axial circle. The equations of the circles are therefore 


- 2c'®-|-?/®-|-5^ = 0 (l)i 

— 2c x+y^ + S^=^0 ( 2 ). 


If X, y be any point P external to the first circle, PT a tangent 
PT^=:x^-2c'x+y^ + 5^. 

If P lie on the second circle this becomes 2 (c - o') x by subtracting the second 
equation. This is the result to be proved. 
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The point of contact T divines the chord PQ in the ratio of the velocities at 
P, Q. That point is therefore the centre of gravity of two masses placed at P, Q 
inversely proportional to the velocities at those points. The ordinary formulse for 
the centre of gravity enable us to write down the distance of T from any straight 
line. It follows, for example, that the depth of T Mow the radical axis is the 
geometrical mean of the depths of P and Q, 

Some positions of P, Q, and therefore of T, being known from the initial 
conditions, the circle enveloped by the chord touches PQ in T and has its centre 
in OA. The distance between the centres C, C may also be found from the 
equation PP2=2. OC .PM. If x, x' are the initial depths of P, Q, I the initial 
chord, it follows that a/(2 . <7(7') = IJiis/x + ^x'). 

Let the two particles P, Q take the positions P', Q' after the lapse of any finite 
time t. It follows that a third particle B moving on the circle with a velocity due 
to its depth below Oy will describe each of the finite arcs PP', QQ' in the same 
time t. By adding or subtracting the time of describing the are P'Q, we see that 
the times of describing PQ, P'Q', i.e. the arcs cut off by any two tangents to a co-axial 
circle, are equal. 

When the radical axis is external to the system of circles there are two points 
L, L' one on each side of Oy which are the positions of the two co-axial circles 
whose radii are zero. Since L is an evanescent circle the distance OL is equal to 
the tangent drawn from 0 to any co-axial circle. Also, for the same reason, any 
straight line drawn through L divides the circle APB into two parts which are 
described in equal times. 

220. Zixamples. Ex. 1. A circle is drawn to touch at their middle points 
the chord and arc of oscillation of a particle which is moving on a vertical circle 
under the action of gravity. Prove that a point on the first circle in the same 
horizontal line with the particle moves with a velocity equal to 2 fflgr) sin^ J a cos J 9 
where r is the radius of the , circle on which the particle moves and a, & are the 
angles which the radius drawn to the particle makes with the vertical at the instant 
when it is stationary and at the instant considered. [Math. Tripos.] 

Ex. 2. A particle describes a vertical circle of radius a with a velocity due to 
its depth below the highest point B. Prove that the radius of the circle enveloped 
by the chord joining any two positions of the particle at a constant time interval T 
is a/cosh® {T^Jgja). Prove also that the depth of the point of contact of the chord 
an'd its envelope below B is 2a/cosh cosh I 2 where and are the 

times from the lowest point of the extremities of the chord. [Coll. Ex. 1897.] 

Ex. 3. Prove that if a particle move round a circle so that its velocity is pro- 
portional to the product of its distances from two fixed points in the plane, one 
inside and one outside, any circle drawn through them divides the orbit into two 
parts which are described in equal times. State the corresponding result when the 
points- are both inside, or both outside. [Math. Tripos, 1888.] 

Describe two consecutive circles through the fixed points A, B to cut the given 
circle in the points P, P and Q, Q' ', we shall prove that the times of describing 
the elementary arcs PP', QQ' are equal. 

The distance between any two parallel tangents to these co-axial circles is 
easily seen to be proportional to the product AP . BP where P is the noint of 
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contact of either. If then PJR, QS are any two normals to the circle APQB inter- 
secting the consecutive circle in B and S, the time of moving from P to P is equal 
to the time from Q to S. 

Because the given circle and the circle APB Q axe symmetrical about the straight 
line joining their centres, the tangents PP', QQ' make equal angles with the 
normals PE, QS; the lengths PP', QQ' are therefore proportional to PE, QS. 
The arcs PP', QQ', therefore, are also described in equal times. 

Let ABGB be any one co-axial circle cutting the given circle in C, D. Then 
describing all the co-axial circles, each elementary arc PP' in the larger arc CD 
has a corresponding elementary arc QQ’ in the smaller arc CD, and these are 
described in equal times. The times therefore of describing the smaller and larger 
arcs CD are equal. 

Wherever A, B may be, let two of the co-axial circles cut the given circle in 
C, D and O', D'. It follows from what precedes that the times of describing the 
arcs CC, DD' are equal. 

Ex. 4. A particle oscillates in a circular arc EAD, see fig. of Art. 219. A 
tangent is drawn from A to the co-axial circle to cut the arc of oscillation in X. 
A horizontal tangent to the same co-axial cuts the same arc in Y. It follows from 
the theorem of Art. 219, that the time of moving from A to X is twice that 
from A to Y. Prove that this is equivalent to the theorem 

- f*' 

jo N/(l-'^“sin2f) j , ^(1 - sin® 1^) ’ 

sin ^' = 2 sin ^ cos (1 - K® sin** (1 - /c® sin* f )“\ 

[Cayley’s ElUvtic Functions, Art. 249.] 


where 
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MOTION IN ONE PLANE. 

Moving Axes. 

221. The components of velocity and acceleration along the 
axes of coordinates, the tangent and normal to the path and in 
some other directions have been already considered in Chapter I. 
The solution of the more difficult problems in dynamics requires 
however that we should have at our command a greater powen 
of resolution than is given by these. We shall now investigate 
the general components for any moving axes in one plane. 

222. To avoid the continual repetition of the same argument, 
we shall use the term vector to represent the subject under con^ 
sideration, whether it be a velocity or an acceleration. 

Let us understand by a vector any quantity which has direction 
as well as magnitude, and which obeys the parallelogram law. 
Thus the radius vector of a point P is a vector and its resolved 
parts along the axes are the coordinates x and y. Again the 
velocity of P is a vector, and its resolved parts along the axes 
are dxjdt and dyjdt. The acceleration of P is also a vector and 
the resolved parts are d^xjdt^^ and d‘^yldt\ Lastly if P be any 
vector whose direction makes an angle a/t with the axis of its 
components along the axes, supposed to be rectangular, are P cos 
and R sin olr. 

223. Fundamental theorem. A vector R having been 
resolved in the directions of tivo rectangular axes 0^, Oy which 
turn round a fixed origin in a given manner, it is required to find 
the rates at which these components are increasing with the time. 

Let P be the position of the moving point at any time t 
Draw a straight line PQ to represent the instantaneous direction 
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and magnitude of the vector B. Let u, v be the resolved parts of 
the vector in the directions of the axes 0^, Orj. 




After a time dt, the point P will occupy a position P', the 
vector B will become R + dB and may be represented by the 
straight line FQ'. The axes 0^, Orj will turn round 0 through a 
small angle d<f> and will take the positions 0|', 0^'. The resolved 
parts of R + dR along these new axes will be w + du, and v + dv. 

At the time t the component of the vector in the direction Of 
is u. At the time t+dt the component in the same direction 
(i.e. in the direction Of not Of') is 

(u + du) cos dcf> -(v + dv) sin d(f>. 

The rate of increase of u in the direction Of is found by sub- 
tracting the component at the time t from that at the time t + dt 
and dividing by dt. 

If we represent the rate of increase in the direction Of by Ui, 
we have 

r(w + du) cos d(l} - {v + dv) sin dcf)] - u 

j . 

When we reject the squares of small quantities according to the 
rules of the differential calculus, we write unity for cos d(p and 
d^ for sind^. We therefore have 

du d<b ' 


In the. same way if the rate of increase in the direction Or] 
be Vi, we have 

{u + du) sin d(j) + {v + dv) cos d(j> — v 
d6 dv 
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224 . This theorem is of great importance and particular attention should be 
given to the meaning of the letters. The rate of increase of m in the direction of 

the moving axis 0^ is ^ . Its rate of increase in the direction of an axis fixed in 

space which is coincident with the position of Of at the time -t and which is left 

behind when Of moves into some other position Of' is It is the latter 

at at 

rate of increase not the former which is required in dynamics. 

To make this point clear let us suppose that u represents the component 
velocity of a point P. Then 


along Of'\ / component along Of 
\ at time t + dt j ^ time t 

du-vdd>^ ^ A f along Of \ 

\ time t + dt J ^ timet J' 


When it is necessary to distinguish between these two we may call the first the 
relative rate and the second the space rate of increase of the vector. 


225. There is another method of estahlishing the fundamental 
theorem which is very generally used and which puts the argument 
into a more algebraic form. 


Let the moving axis 0^ make an angle (j) with an arbitrary 
direction Oss fixed in space. Then if U be the component of the 
vector along Osc, 

U — u cos <f> — vaiii<f); 


dU _ /du 
dt 



cos cf> — 



sin (f). 


This gives the rate of increase in the direction of the fixed 
axis Ox. Let Ox coincide with Of and be left behind when Of 
moves into the position Of', then cl> = 0 though dcf>/dt is not zero. 
By definition dUldt = Ui, and therefore 


du d<b 


Again let Ox coincide with Orj and let it be left behind when Orj 
moves to Of. Since cf> is the angle Of makes with Ox measured 
from Ox round 0 positively in the direction the instantaneous 
value of ^ is — ^tt though as before it is increasing at the rate 
d^fdt. By definition dUjdt is now Vi, and hence 
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226 . Ex. 1 . To deduce the components of velocity and acceleration along and 
perpendicular to the radium vector. Art. 35. 

We take tlie arbitrary axis of f to ooineide with the radius vector, then (j>—d. 
Regarding ^=r, 17=0 as the components of the vector r, the space components of 
the velocity are 

d^ do dr df) dd dB 


Taking the velocity as a second vector, the components are u—drjdt, v—rdBjdt, 
and the space components of the acceleration are 


du 
' dt 
dv 


di^^^'dt 


~dt 2 '‘\dt) ’ 

( 4 :)- 


dt 

dd_l d 
~ r dt 


Ex. 2. To deduce the components of acceleration along the tangent and normal, 
Art. 36. 

Taking the axis of ^ parallel to the tangent, we have 0 =i//. Let the velocity 
he the vector, then u represents the velocity and r = 0. The components of accelera- 
tion are therefore 


du d\p 


dt 


dt 


du 
' dt ' 


dv d-d/ d\p 

■■dt^^Tt^^Tf 


227. To find the components of velocity and acceleration with 
regard to moving axes. 

Let the position of the moving point P be given by its co- 
ordinates (f, 7)) with regard to two rectangular axes 0|, Ot} which 
turn round a fixed origin 0 with an angular velocity d^/dt. Let 
(u, v) be the components of the velocity of P parallel to the 
instantaneous positions of 0^, Orj. Let (X, F) be the components 
of the acceleration of P. The relations between rj), (u, v), (X,Y) 
follow at once from the general theorem. We have 


1 

11 

d6 

’’dt 

J 

11 

dt 

dn 

^^dt~ 

d^ 

^~dt 

> 

y dv 

Jt 

d(f) 

for -u, V in 

the 

latter expressions 1 

•, we have 





^ (&> 

-f( 

dj)'' 
. di y 

Id ! 
1 V dt\ 

dt] 

-y. dr] 


.dt y 

) +!&( 

dt)^ 


.(A); 

..(B). 


.(C). 


If the origin 0 is also in motion, these equations require some 
modification. Let p, g be the components of the space velocity 
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of the origin in the directions of the axes. Let u, v continue to 
represent the components of the space velocity of the point P. 

To find u, V we add to the expressions (A) for the relative 
component velocities the component velocities of 0, Art. 10. We 
thus have 


■P + 




dt^^ dt 


(A'). 


dt '' dt 

These equations give the motion of P referred to a system of 
moving axes having any fixed origin hut always remaining parallel 
to the original moving axes. With these values of u, v, the 
accelerations X, Y will continue to be expressed by the 
formulse (B). 


228. We may deduce the expressions (C) for the accelerations 
X,Y in terms of the coordinates rj from the theory of relative 
motion, explained in Art. 10. 

The motion of P in space is made up of the velocity relative 
to M together with that of M in space ; see fig. of Art. 223. Now 
OM is the radius vector of 'M, and the component velocities in 
the directions OM, MP are f ' and while the accelerations in 
the same directions are 

and 

where accents represent differentiations with regard to the time. 
Again regarding M as fixed, MP is the radius vector of P, hence 
the component velocities of P along MP and parallel to ilfO (not 
Oif) are y' and while the accelerations in the same directions 

are f'— and - ^ (p'). Adding together these components, 

we obviously obtain the values of u, v, X, Y already given in 
Art. 227. 

229. Belative and actual path. When the motion of a point is referred to 
moving axes 0^, Ov it is necessary to distinguish between the path in space and the 
path relative to the -moving axes. Suppose a sheet of paper to be attached to the 
moving axes and to turn round the fixed point 0 with them. The point P traces 
out on this sheet the relative path Avhich is not the same as that traced out on a 
sheet fixed in space. 

The coordinates of P in the relative motion are (|, ij) and the displacements 
parallel to these axes are and dij. The direction of the tangent of the relative 
path and the radius of curvature of that path are therefore found by the ordinary 
rules of the differential calculus. The coordinates of P in the path in space are 
also (^, 7j), but the displacements have just been proved to be - r}d(t> and d 7 )-h^d<p. 
These must be used instead of dx and dy in the formulae of the differential calculus. 
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Let us represent by accents the differential coefficients with regard to any 
independent variable t. The formulce of the differential calculus giving the space 
motion of P referred to fixed axes may be adapted to moving axes by writing u, v 
for x', y' respectively, where m=|' - v = + and %, r^/or x", y" where 

Ui=:u' Vi=v' + U(f>'. 

Thus, if i/, X be the angles the tangents to the relative and actual paths make 
with 0^, and p, B be the radii of curvature of these paths, we have 


tan xj/: 


‘r’ 


p 


v''-vT, 


if +^<P’ 

— =MV' - vu' + + <j)'. 

H 


When we apply kinematical theorems to purely geometrical properties in which 
the idea of time is absent, we regard t as an auxiliary arbitrary quantity introduced 
to represent the independent variable. If we wish the arc s to be the independent, 
variable", we write t=s. 

The effect of these changes may be exhibited in a figure. Let P, P' be the 


positions in space of the moving point at 
the times t, t+dt, and 0?, 0^'the positions 
of the axis of reference at the same times. 
If PM, P'N be perpendiculars on Of, Of', 
we have 

0M=^, 0N=f + df, JlfP=i?, 

NP'=‘ti + d7] {A).y 

Let P'M', PH be perpendiculars on Of 
and P'M' respectively. The coordinates of 
P, P' referred to axes Of, Ori fixed in space 
0M=f, OM'=f + df-i7d0, Jli 



>r a time dt are 

= ilPP' = 1J + di; + f (ife). 


These values of MM', P'H follow at once from Art. 223, but they may be 
obtained by projecting the broken line ON, NP' on Of, Orj. If x bs the angle the 
tangent PP' makes with Of and da the arc PP', we have tanx=P'H/Pir and 
(^d(r)^=(P'Hf+{PH)\ and these by substitution from (B) lead to the same results 


as before. 


230. Many of the formulte used in the differential calculus may be inferred 
by. resolving the accelerations in different directions. Eor example, the formulse 
for the radius of curvature in polar coordinates may be written down by simply 
resolving the polar accelerations of Art. 35 along the tangent and equating the 
result to V'^IB. The expressions for R in Cartesian moving and fixed axes may be 
obtained in the same way. 


231. Examples. Ex. 1. The position of a 
gular axes Q^, Qrj which move so that Q describes 
a given curve AQ while Qf is always a tangent to 
the curve. Prove that the component velocities 
and accelerations of P are 

U = S' + f' - V=7}' + ^(p', 


X=u' ~v<f>'. 


Y=v' + %(!>', 


where is the angular velocity of f, and <p' = s' jp. 
Deduce an expression for the radius of curvature 


point P is referred to rectan- 
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Ex. 2. A particle P is attached to the extremity of a string of length I which 
is being wound on to a fixed curve after the manner of an involute. Prove that 
the component accelerations of P along and perpendicular to the straight portion f 
of the string are respectively 

where <f>' is the angular velocity of f. Also ^'= - ^'jp. 

Ex. 3. Assuming the earth to be uniformly describing a circle of radius a 
about the sun with velocity U, and the sun to be moving in a straight line in the 
plane of the earth’s orbit with a uniform velocity V, prove., that the radius of 

curvature at any point of the earth’s orbit in apace is ^ ^ ^ ^ ^ > where 

' C/2 ((7+ F sin d) 

6 is the angle the line joining the earth and sun makes with the direction of the 
sun’s motion. [Coll. Ex. 1892.] 

Ex. 4. A fine string wound round a circle has a particle P attached to its 
extremity and the circle is constrained to turn round its centre in its own plane 
with a uniform angular velocity w. The particle is initially in contact with the 
circle and has a velocity V normal to the circle. If ^ be the length of string 
unwound at the time t, prove that + 2a Ft. 

Ex. 5. A particle P is attached by a rod PA without mass to the extremity of 
another rod AS, n times as long, which revolves about the other extremity B, the 
whole motion taking place in a horizontal plane. If 9 be the inclination of the 
rods, w the angular velocity of AS at the time t, prove that 

^ ^ cos d + w® sin = 0. [Math. Tripos, I860.] 


(b 

233. Oblique axes. The general method of finding the resolved velocities 
and accelerations of a point referred to moving axes may be extended to oblique 
axes. These extensions however are not of any great importance because oblique 
axes are seldom used in mechanics. 

Let 0^, O')] be any two axes which make angles 6, ^ with an axis Ox fixed in 
space. These angles we shall suppose to be perfectly arbitrary so that the angle 
IOtj between the axes is not necessarily constant. See figure of Art. .223, 

Let PQ represent any vector ; w, v its components obtained by oblique resolu- 
tion according to the parallelogram law. Let represent as before the rates 

of increase of the components of the vector in directions fixed in space but coin- 
cident with the positions of 0^, Or] at the time t. 

Let us resolve the vector in a direction perpendicular to 0^. The resolved 
parts of and are clearly zero and Vj sin (0 - (9) . Since ^0^' =dd, ')]Ov'=d4>, the 
resolution gives 

V sm(<p~ 9)= smd9 + {v + dv) sin {(f> - 9 + d<p) '] ~ \y sin {<f> - 

dt 

d9 dv . , , ^dd) 

+ Tt - ^\Tt • 

By resolving in a direction perpendicular to Or] we obtain in the same way 
«iSin( 9 fr-d)= -.o^ + ^^sin {d>-9)-u cos ( 91 ,- 19 ) — . 
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If 7 ? are the oblique coordinates of P, the space velocities u, v ot P are 
similarly 

« sin (^-5)=!^ + ^ sin - tf) + 77 cos ^ , 

itsin (^- 0)= -77 ^ ^ sin {<p-d)-^coa {^-6)-^. 

The advantage of resolving perpendicularly to Of and O 77 is that only one of 
the components %, Vi, enters into the resolution. We thus obtain each indepen- 
dently of the other. If we resolve in the directions Of, O 77 we obtain the values 
of Mj + cos (0 - 0) and % - 1 - cos (ip - 6) and, from these, and can be obtained 
by solving the equations. 

These values of Uj, were first given' by H. W. Watson in the Math. Tripos of 
1861. 


233. Hyper-accelerations. It is seldom that we use higher differential 
coefiScients with regard to the time than the second, Art. 21, When these are 
required the general theorem on vectors (Art. 223) gives the components for differ- 
ential coefficients of any order. 

Let X, y be the coordinates of a moving point referred to fixed axes, then 
Xn=d"xldP\ Yn=d'^yldt^ are the components of the space hyper-acceleration of 
the order, Art. 21. Let Of, Oy be any set of moving axes, the relations 
between the space components of two successive orders of acceleration are 


X„ 


Y 

dt ~ ’ 


d4> 

It' 


dp 


The reader may consult a Note Swr les Principes de la Micanique by Abel 
Transon, Liouville's Journal, vol. x. 1845, for another mode of treatment. 


Ex. 1. A point moves along a curve with velocity «, prove that the components 
along the tangent and normal of the acceleration of the third order are respectively 

d!ht d 

ds\p)' 

Ex. 2. A point P moves along a curve with uniform velocity. Prove that 
tanS=icot6' where 5, S' are the' angles the diameter of the parabola of closest 
contact and the direction of the hyper-acceleration make with the normal at P. 
Show also that the semi-latus rectum of this parabola is p cob» 5. 


jy Alembert’ s Principle. 

234. When a single particle moves under the action of given 
forces the equations of motion may in general he found by re- 
solving the forces in some convenient directions. In the case 
of a system of particles the mutual reactions must also be taken 
into the account ; these are in general unknown and will have 
to be eliminated from the equations. It is important to be able 
to write down some of the results of this elimination without 
•fir st forming the equations of motion of every particle. Various 
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methods have been given to effect this either completely or 
partially. 

When in a statical problem, we wish to avoid introducing into 
our equations the mutual reactions of two bodies, we treat the 
two as one system. We resolve and take moments for the two 
bodies as if theij were one. We may adopt the same method in 
dynamics. 

235. In applying this principle to dynamics, it will be found 
convenient to use the term effective force. This may be defined 
as follows. When a particle is moving as part of a system, it is 
acted on by the external forces and the reactions of the other 
particles.- If we consider this particle to be separated from the 
system and all these forces removed there , is some one force 
which, with the same initial conditions, would make it move in 
the same way as before. This force is called the effective force on 
the particle. 

It follows that the effective force is statically equivalent to 
the impressed forces which act on the particle and the reactions 
of the rest of the system, but is differently expressed. Let m 
be the mass of the particle, {x, y) the Cartesian. coordinates ; the 
components of the force which must act to produce any given 
motion have been proved to be md^xldi?' and md^yjdP, these then 
are the components of the effective force. In the same way if v 
be the velocity and 1/p the curvature of the path, the tangential 
and normal components of the effective force are mdv/dt and 
See Art. 68. 

236. Considering any one particle of the system, we know 
that the resolved parts of the effective forces in any directions 
are equal to the corresponding resolved parts of the impressed 
forces and the reactions. It immediately follows that the effective 
forces on each particle, if reversed, are in equilibrium with the 
impressed forces and the reactions. But, by Newton’s third law, 
the mutual reactions of any two particles are in equilibrium. 
Making then any selection of the particles of a system, the reversed 
effective forces of those particles are in equilibrium with the external 
forces which act on them, excluding their mutual reactions, but 
including the pressures {if any) of the remainder of the system. 
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Some of the equations ot motipn may therefore be found (1) by 
equating the sum of the resolved parts of the effective forces in 
any convenient directions to the sum of the resolved parts of 
the external forces, (2) by equating the sum of the moments of 
the effective forces about any point to the sum of the moments of 
the external forces. 

The resolved parts and moments of the external forces may 
be written down by the rules of statics. The components of the 
effective forces in various directions have been found in the 
' preceding articles. The moment about any point 0 then follows 
by multiplying that component by the length of the perpendicular 
from 0, Art. 6. 

If (iTi, 2 / 1 ), (x 2 , yi) &c. are the Cartesian coordinates of a system 
of mutually attracting particles whose masses are mi, nh &c., and 
if these are acted on by the external accelerating forces (Xi, Fj), 
(X 2 , Fa) &c., the equations of resolution and moments are 

where the X implies summation for all the particles, 

237 . So long as we confine our attention to resolutions and moments it is 
unnecessary to include the mutual actions of the particles under consideration. 
If however we use the principle of virtual velocities to express the conditions of 
equilibrium we must remember that the particles may not be rigidly connected 
together. Now the work of two equal and opposite forces F, ~F, acting on two 
particles distant r from each other is proved in statics to be Fdr.. It is obvious 
that this does not vanish unless the distance r is invariable. This point is impor- 
tant in using the principle of vis viva. 

The most convenient way of applying the principle of Virtual Velocities to 
Dynamical problems is to use Lagrange’s equations. 

238. When the selected system of particles is a rigid body, 
the mutual distances of the particles composing it are invariable. 

It is proved in statics that the position of such a body in 
* space of two dimensions can be defined by three quantities usually 
called coordinates. For example, these might be the Cartesian 
coordinates of some point and the angle which some straight 
line fixed in the body makes with some straight line fixed in 
space. Three independent equations of motion, free from mutual 
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reactions, are therefore necessary and sufficient to determine .the 
position of the system at any time t These three are supplied 
by the two resolutions and the equation of moments above 
described. 

It is proved in statics that a system of forces can be reduced 
to a single force U acting at some convenient point 0 and a 
couple G. The components of the force B are equal to the sum§ 
of the components of all the forces of the system, and the couple G 
is equal to the sum of their moments about 0. This is usually 
called Poinsot’s method of compounding forces. We shall now 
apply this method to find the resultants of a system of effective 
forces. 


. 239. ■ A system of particles, rigidly connected, moves in space' 

of two dimensions. The coordinates of the centre of gravity are 
(», y), the angle which a straight line fixed in the body makes 
with a straight line fixed in space is and the whole mass is M. 
It is required to prove that the effective forces of the whole system 

are equivalent to two effective forces acting at the 


d^(b 

centre of gravity, and an effective cowple where Ml? 

dt 


%s a 


constant lohich depends on the form and structure of the body or 
system. 

Let m be the mass of any particle of the body, x = 
y — y-^V be its coordinates. Then since 'Zmyflm are 

the coordinates of the centre of gravity referred to the centre of 
gravity as origin, it is clear that 2m^=0, Imy — O. 


The sum of the resolved parts of the effective forces parallel to 
the axis of oa is 


df dt^ 


d^ 


d^ 




The resolved part parallel to the axis of y may be found in the 
same way. These two effective forces are the same as the effective 
forces of a particle whose mass is M placed at the centre of gravity 
and moving with that point in space. 


240. To find the effective couple we take moments about 
the centre of gravity. Remembering that y are the coordinates 
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of the particle m when referred to the centre of gravity, the 
couple is 




'Zm 




d^r) 


■^^'1 

^ dP j 




d?x 

dt^ 


Zm7j. 


Since Zm^=0, 2mi7 = 0, the right-hand side reduces to the first 
term. Let p, 0 be the polar coordinates of the particle m, referred 
to the centre of gravity as origin, then ^drj — v)d^ = pd0. The 
couple is therefore 

We shall now introduce the condition that th^ 'particles are 
rigidly connected together. When this is the case the' dOfdt of 
every particle is equal to d<f>ldt, and the length of every p is 
constant during the motion. For, let a be the angle the Radius 
vector p of any particle m makes with the straight line fixed in 
the body, then 0 = <f> + oL Though a may be different for every 
particle, yet its value does not change during the motion, hence 

dafdt * 0, and d0/dt = d<f>ldt. The effective couple is (Zrnp^) ^ • 


241. The constant Zmp^ is called the moment of inertia of 
the system about an axis drawn through the centre of gravity 
perpendicularly to the plane containing the particles*- 

To find the moment of inertia of any system about any aans, 
we multiply the 'mass of every particle by the square of its distance 
from the ascis and add the results together. 

When the particles are so close together that they form a 
continuous body, the sum is an integral. Thus for a circular 
area of radius a and density D, the area of any element is p dddp ; 
hence the moment of inertia about an axis drawn through the 
centre perpendicular to its plane is 

Zmp^=JJDpdddp .p^=^B . [6], 

where the square brackets imply that the quantity is to be taken 
between the limits of integration. These limits being P = 0 to a, 
and P = 0 to 27 r, the moment of inertia about the centre is ^Ma^. 

In the same way the moment of inertia of a rectangle whose 
sides are 2a and 26 about an axis drawn through the centre of 
gravity perpendicular to its plane is J M (a + 6 ). 
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The moment of inertia of a sphere of radius a about a diameter 
is 

The moment of inertia of a triangular area about any axis is 
the same as that of three particles ‘each one-third of its mass 
placed at the middle points of the sides. 

343 . The moment of inertia is of special importance in rotational motions, 
for in a certain sense, it measures the dynamical significance of the form and 
structure of the moving body. Thus* all free bodies having equal moments of 
inertia rotate wilh equal angular accelerations when acted on by equal couples. 
The translational motion depends on the mass and the position of the centre of 
gravity, Arts. 92, 239. 

343 , Bufficieiiesr of Uxe equatibna. The equations of motion of a particle 
moving freely are 

’ dt^~ ' 

where J, Y are the accelerating components of the forces, Arts. 68, 73. We shall 
now prove that when the initial values of x, y, dxjdt, dyjdt are also given, these 
equations are sufficient to find x, y as functions of t. 

To prove this we replace the proposition by a more general theorem, the- limit- 
ing case of which is the proposition to be established. Let t be any very small 
time which we shall afterwards replace by dt. Let « = ^ (t), ?/ = yi' (t) ; the equations 
may be written in the functional forms 

^(t + 2T)~2<p(t+r)+^{t)==XT^^ 

i^(t + 2T)-2^(t-f-r)-f-v£'(t)=TT2} 

where X, Y are known functions of (p(t) and (t). 

Representing the initial time by t=0, we suppose that the four initial values 

<p{0), 0(t)-^&(O), \i'(T)-^(0) (2) 

are given. Patting t =0 in (1) we deduce the values of (/> (2t), xf/ (2r) ; again putting 
i=T we obtain ?!> (3 t), ^{3t), and so on. Thus by a continual repetition of the 
process the values of ^ (nr), xp (nr) and therefore of <}>{t), xp («) can be found. 

That the solution of the two equations of motion of the second order lea,ds to 
results which contain four arbitrary constants (to be determined by the initial 
conditions) is also proved in treatises on differential equations; see Forsyth’s 
Differential Equations, Art. 173. 

344. Oa general and piurtienlar Integrals. The Cartesian equations of 
motion of a free particle are 

a;"=Z, y" = Y ( 1 ), 

where accents denote differential coefficients with regard to the time. These are 
usually solved by, combining them together so as to obtain a perfect differential. 
We then have by integration 

F{x, y, x', y', t) = C (2), 

where C is a constant. Wh.en an integral is obtained in this manner there is 
nothing to limit the initial conditions. However the particle may be projected the 
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eauation (2), after determining the proper value of G, must be true throughout the 
whole motion. Such an integral is called a general integral. An integral which 
is true only for special initial conditions is called a 'particular integral. 


246. If any equation such as (2) be arbitrarily written down containing one 
arbitrary constant we may enquire xohat the dynamical problem is of ■which that 
equation ts a general integral. 

To answer this we differentiate (2) and substitute from (1). We then have 


^ ^ 
dx^ ^ dy 


y' 





(3). 


Since the state of motion at any time t may be taken as the arbitrary initial 
motion the quantities x, y, x', y' are really arbitrary. The forces X, F must there- 
fore be such as to make (3) an identity. 

To determine X, F we differentiate (3) partially with regard to any of the four 
letters x, y, x', y', treating the others as constants. Supposing that X, F are 
intended to be functions of x, y only, they are constants when we differentiate 
partially with regard to x', y'. In this way we may obtain, by successive differen- 
tiations, several equations each containing X, F in the first degree, 

If these equations lead to inconsistent values of X, F we infer that the given 
equation cannot be a general integral. 

It may also happen that all the equations to find X, F are identical, and in 
this case the forces X, F are to a certain extent arbitrary. Bertrand has shown 
that this can happen only when the integral (2) has the form 


(®j/'-a!'2/)*+/(|) = C ..........(4). 

This therefore, when X, F are functions of ®, y only, is the only general 
integral which can be common to several dynamical problems. Liomvilleh 
Journal, 1852. 

Ex. 1. If x'^ + y'^-2f(x, y) — C be taken as the general integral, prove that 
X=dfldx, Y=dfldy. This is the equation of vis viva. 

Ex. 2. Prove that xy'=i=x'y = C with the upper sign cannot be a general 
integral; but, with the lower sign, is a general integral when the resultant force 
tends to the origin. 


The Principle of Yis Yiva. 

24q. To investigate the principle of vis viva for a system of 
particles. 

Besides the external forces which acjt on the several pajj^icles 
we must here take into account their niutual actions an4 re- 
actions. 

- Let m be the mass of any one particle ; oo, y its coordinates ; 
let X, Y be the components of all the forces which act on that 
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particle. The equations of motion of that particle are 

^y. — Y 


d'^x ^ 
w — = Jl, 


dt^ 


m 


dt^ 


.( 1 ). 


Multiplying these by dx/dt and dy/dt respectively and adding the 
results, we have 



Summing this for all the particles of the system, we have 

>» 


The right-hand side of this equation, after multiplication by dt, is 
the work done by the forces as the system makes a small dis- 
placement, Art. 185. 

Amongst the forces X, Y are included the unknown Reactions 
on the several particles, but it is clear that we may omit from the 
right-hand side all the reactions which >would disappear in the 
principle of work in statics. 

When the remaining forces are such that the work integral 

!t{Xdx + Ydy)^JJ+G (4), 

where Z7 is a known function of the coordinates of the particles, 
these forces are said to form a conservative system. Art. 181. 

Representing by v the velocity of the particle m, the integral 
of (3) becomes 

^%mv^ = U -^G (5). 

Let Uq be the same function of the initial coordinates that U is 
of the coordinates at the time t, and let Vq be the initial value 
of V. The equation of vis viva may also be written in the form 

IXmv^- — = U—Uo (6). 


247. The principle of vis viva is important for several 
reasons. 

(1) The principle is of general application. The forces in 
nature are such that there is a work function, and the unknown 
reactions, in general, disappear from the equation. 

(2) When there is only one way in which the system can 
move, that motion is determined by the principle. 
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(3) The principle gives a relation between the circumstances 
of the' motion in any stated position of the system and those at 
the initial stage. When the intermediate motion is not required 
this is particularly important. 

248. The fosrce Amotion. The equation of vis viva can he usefully em- 
ployed only when the integrations necessary to obtain the force function U can be 
effected. It is also important to notice beforehand what forces and reactions may 
be omitted in forming that equation. 

The acting forces may be classified thus, 

(1) the external forces which act on the particles, 

(2) the mutual actions of such of the particles as are rigidly connected 
together, 

(3) the mutual attractions of independent particles, 

(4) the pressures due to any fixed curve or surface on which some of the 
particles are constrained to move. 

The external forces are in general central forces tending to or from fixed points. 

It follows from Art. 186 that, when each force is some function of the distance 
from the fixed point, the contribution of each to the work function can be 
integrated. 

Let R be the mutual action between two particles whose instantaneous distance 
apart is r, and let R be measured positively when the action tends to increase r. 

It is proved in statics that the work of both the action and reaction is Rdr. 

It follows from this that the, reaction between any two particles which keep an 
invariable distance from each other throughout the motion disappears 'from the 
equation of vis viva, for in such a case dr=0. 

If any two independent particles repel each other with a force JR which is a 
known functi^on of their distance r, the contribution of this force to the work 
function can be integrated. 

If tiBo particles ar6 connected together hy a tight string, even if bent by posing 
over smooth pulleys, fixed or moveable, the work of the tension is - Tdl, where 
is the whole length of the string. If the length, of the string is inVanab e the 
work is zero. The action of an inextensible string may therefore be omitted m 
the equation of vis viva. If the string is extensible and the tension obeys 
Hooke’s law, the corresponding work can be found by integrating -Tdl, see 
Art. 187. 

248. If one ui the particles is constrained to move on a smooth fixed curve 
whose equation is f{x, y)=0, let R be the nbrmal pressure. The work of R is 
R cos (p ds ; this is zero because <f>, being the angle between the direction of R and 
the arc of the path, is If however the curve is itself constrained to move, the 
angle is not necessarily a right angle and the work may not be zero. Since the 
equation of the moving curve will contain t, this is usually expressed by sajnng 
that the geometrical relations must not contain the time explicitly, if the reactions 
are to disappear. 

If the curve or surface is rough, the friction acts along the tangent to the path, 
and the work is zero only when the particle in contact is not in motion. 
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250. Energ^r* Selecting some geometrically po»sible ar- 
rangement of the particles as a standard position, the work done 
by the forces as the particles move or are moved from any other 
given arrangement to the standard position is called the potential 
energy in the given position. 

Let the standard position be called B ; let the system move 
from some given initial position A and at the time t let its position 
be P. It has already been proved (Arts. 69, 246) that 

Kin. En. at P — Kin. En. at A = work A to P. 

But Pot. En. at P = work P to S, 

Pot. En. at A = work A to S. 

Kin. En. at P + Pot. En. at P = Kin. En. at A + Pot. En. at A. 
It follows therefore that the sum of the> kinetic and potential 
energies is constant throughout the motion. This sum is called the 
energy of the system, and it has just been proved that the energy 
of the system is constant and equal to its initial value. 

This theorem is true whatever standard position may be 
chosen, but it will be found convenient to so choose this position 
that the system may finally arrive there. When this choice is 
made the potential energy represents the whole work which can 
be obtained from the forces as the system moves to its final 
position. 

261. As a simple example, let a heavy particle fall from rest 
at the ceiling of a room to the floor; the kinetic energy after 
falling a distance ^ is ^v^ = mgz. Let us take the floor (i.e. 
z — h) as the standard position, because the particle cannot 
descend any lower; the potential energy at the depth z is 
mg (h - z). The whole energy is therefore mgh, which is constant 
throughout the motion. At the ceiling the energy is wholly 
potential because the particle starts from rest ; on arriving at the 
floor the energy is wholly kinetic, all the available potential 
energy having been changed into kinetic energy. 

252. Degrees of freedom. If a system contain n particles 
free to move in space of two dimensions, its position can only 
be defined by the use of the 2n coordinates of the particles. 
There are evidently just 2n different ways in which the particles 
can be moved, all other displacements being compounded of these. 
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The system is then said to have 2n degrees of freedom. If some 
of the particles are constrained to move on k given curves, or 
more generally if there are k given relations between the 2n 
coordinates, only 'iri'-ic coordinates are necessary to fix the 
position of the system and there are then 2w-/c degrees of 
freedom. The degrees of freedom of a system may he defined to he 
the mmher of coordinates required to fix its position. 

263. Vis viva of a rigid body. When some or all of the 

particles of a system are rigidly connected together a simple and 
useful expression for the vis viva can be found. Let (x, y) be 
the coordinates of the centre of gravity, ^ the angle which a 
straight line fixed in th^ body makes -with a straight line fixed in 
space, and M the mass. The vis viva is then 

Avhere M]<^ is the constant called the moment of inertia of the 
body about the centre of gravity, see Art, 241. 

To prove this, let x^x y = y •{' y \>q the coordinates of any 
particle m, then 



Since = 0 as in Art. 240 the middle term is zero. Hence 

= » {(sj +(§)} + {(i) + (s) } • 

This equation expresses the proposition that the whole vis viva 
of a moving system, whether rigid or not, is equal to that of a particle 
of mass M moving with the ’centre of gravity together with the 
vis viva of the motion relative to the centre of gravity. 

To introduce the condition that the system is rigid we change 
to polar coordinates by writing 

{d^y + {dyf = {dsY == {dpy + {pddy. 

Remembering that dOjdt is now the same for all the particles and 
equal to d4>jdt (Art. 240) and that dpjdt is zero, we find 
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364. Examples. Ex, 1. An endless light string of length 2Z, on which are 
threaded beads of masses ilf and m, passes over two small smooth pegs A and B 
in the same horiizontal line and at a distance apart a, one bead lying in each of the 
festoons into which the string is divided by the pegs. The lighter bead m is raised 
to the mid-point of AB and then let go. ‘Show that the beads will just meet if 

■We notice that only two positions of the system are contemplated in the 
problem, viz. (1) the initial position in which the bead m lies in AB, and (2) the 
position in which the beads are in contact. In both these cases the kinetic energy 
is zero. The principle of vis viva asserts that the change of kinetic energy is equal 
to the wm'k. It immediately follows that the work done when the system passes 
from the first to the second position is zero. Let x be the depth below AB at 
which the beads meet. Then omitting the tension, Art. 248, we have 

mgx + M{x~ ^{P-al}} = 0. 

"We also have by geometry ix^ + a^= P. Eliminating x we obtain the result. 

The circumstances of the motion when the beads m, M are at any depths y, y 
below AB may also be deduced from the principle. 'We have 

^{7nv^+Mv'^)=nigy+j\Ig{v~s/{l^-al)} (1). 

Since 'the sum of lengths joining m and M to A is I, we have the geometrical 
equation 

>J(iaHy^}+^{ia^W) = l ( 2 ). 

Differentiating the second equation, we have 

7JV fjV' 

V(a2 + 42/2) 

Joining this to (1) we have the values of v, v' when y and y have any values not 
inconsistent with (2). 

Ex, 2. A particle of mass in has attached to it two equal weights by means of 
strings passing over pulleys in the same horizontal line and is initially at rest half 
way between them. Prove that if the distance between the pulleys be 2a, the 

velocity of m will be zero when it has fallen through a space -■ . 

. 4hi - - 

[Coll. Exam.] 

Ex, 3. Two pails of weights W, lo, are suspended at the ends of a rope which 
is coiled round the perfectly rough rim of a uniform circular disc of radius a 
supported in a vertical plane on a smooth horizontal axis, and the pails can descend 
into a well so that when one comes up the other goes down. If the pails be 
allowed to move freely under gravity, and, when the heavier has descended a 
distance h from rest, a drop of water be thrown off from the highest point of the 
rim of the disc, prove that this drop will strike the ground at a horizontal distance 
X from the axis of the disc given by 

(i W + W+ w) = 4:hb( W - io) , 

where W' is the weight of the disc, and h is the vertical distance above the ground 
of the highest point of the rim of the disc. [Math. Tripos, 1897.] 

The equation of vis viva gives 

M'k?(i)^ -t- (ilf-i-m) v-=2{M-m) gb. 
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The theory of parabolic motion gives x-vt, and Putting w vja and 

we obtain the required value of x. 

Ex. 4. Two small holes A, B are made in a smooth horizontal table the 
' distance apart being 2a. A particle of mass M rests on the table midway between 
A and R; and a particle of mass m hangs beneath the table, suspended from M by 
two equal weightless and inextensible strings, passing through the two holes 
The length of each string is a (l + sec a). A blow J is applied to M in a direction 
perpendicular to AR; show that if J^^mmagUna, M wiU oscillate to and fro 
through a distance 2a tan a. But if is less than this quantity and equal to 
2Mmag (tan a - tan /3), the distance through which 31 oscillates will be 

2a {p (p + 2)}^ where p = seo a- sec |3. [Coll. Ex. 1895.] 

The effect of the blow J is to communicate an initial velocity V^J13I to the 
mass 31, leaving m initially at rest. 

Ex. 5. Two particles 3£, m are connected by a string passing over a smooth 
pulley, the lesser mass m hangs vertically, and 31 rests on a plane inclined at an 
angle a to the vertical. M starts without initial velocity from the point of the 
inclined plane vertically under the pulley. Prove that M will oscillate through a 

aistance where h is the height of the pulley above the initial 

M 2 cos* a rn n 17 i aov 1 

position of 31, m is greater than M cos a but less than M. [Coll. Ex. laa i • J 

Ex. 6. Two equal particles connected by a string are placed in a circular 

tube. In the circumference is a centre of force varying as the inverse is ance. 

One particle is initially at rest at its greatest distance from the centre of force, 

prove that if v, v' be the velocities with which they pass through a point 90 from 

... [Coll. Exam.] 

the centre of force, e — l 

Ex. 7. A thin spherical shell of mass M is driven out symmetrically by an 
internal explosion. Prove that if when the shell has a radius a the outward 
velocity of each particle be V, the fragments can never be collected by their 

mutual attraction unless F*<M/ a. ^ *• 

The attraction of a thin spherical shell on an element of itself is the same as 
if half the mass of the shell were collected at the centre. 

Ex. 8. Three equal and similar particles repelling each other with forces 
varying as the distance are connected by equal inextensible strings and are at rest ; • 
if one string be cut, the subsequent angular velocjty of either of the other strings 

will vary as . . d being the angle between them. [Christ’s Coll.] 

2 4 “ cos d 

Ex. 9. An elastic string of mass m and modulus E rests unstretohed in the 
form of a circle of radius a. It is now acted on by a repulsive force situated in 
its centre whose magnitude in fi (distance)"*. Prove that the radius of the circle 
when it next comes to rest is a root of the quadratic 7'* - ar=mg.jBw. [Coll. Exam.] 

Ex. 10. A circular hoop of radius h, without mass, has a heavy particle 
rigidly attached to it at a point distant c from its centre, and its inner^ surface is 
constrained to roll on the outer surface of a fixed circle of radius a (b being greater 
than a), under the action of a repelling force from the centre of the fixed circle 
equal to /r times the distance. Prove that the period of small oscillations of the 

... , « b + c /b-a\^ 


« & + C fb-ay 
hoop will be 27r -- - j . 
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Prove that when c = 6, all oscillations large or small have the same period;' 
and prove further that in the general case the hoop may .be started so that it will 
continue to roll with uniform angular velocity equal to {/u6/(6 - a)}^. 

[Math. Tripos, 1886.] 

The following is a simple (but not necessarily the shortest) method of writing 
down the equation of vis viva in problems of this kind. Having selected some 
independent variable to fix the position of the system, say, the inclination 8 of the 
straight line joining the centres C, 0 of the two circles to the vertical, we find the 
coordinates x, y of the particle in terms of 8 by projecting 0(7, CP on the vertical 
and horizontal. The vis viva, being the sum of m {dxidtf and m {dyjdtf, follows 
immediately. Equating the half of this sum to the force function Jm/i. (702+0 
we have an §quation giving ddjdt in terms of d. 

It is then easily seen that, if the constant G be properly chosen, the value of 
ddidt reduces to the constant given in the question. To find the small oscillations, 
we differentiate the equation of vis viva and reject the squares of B. 

When c=a, the path of the particle is an epicycloid and the oscillations large 
or small are, by Art. 211, tautochronous. 

266. Rotating' field of force. When a particle moves in 
a field of force "which rotates roun(i the origin 0 with a uniform 
angular velocity n, an integral of the equations of motion can he 
found which reduces to that of vis viva when n = 0. 


Let 0^, Ot} be two rectangular axes which rotate with the 
field of force, and let X, F be the component accelerating forces. 
We then have by Art. 227 


dt^ 

d^r) 


■2n 


dTj 

dt 


= X 




.( 1 ). 


Multiplying these by d^jdt and di^ldt and adding, we find 


d^ d^^ dr} d^7) 
dt dt^ dt dt^ 


dt dt 


2 


+ 


dt 




{e + 'n^) 


dt dt 

f(Xd^+rdv). 


.( 2 ). 


We introduce the condition that the field of force rotates by 
making X, F such functions of ij only that X — d U/d^ and 
Y=d'Ofd't]. Then is a function of 77 only and not of t The 
equation then becomes 


\ == Z7+ (7 '. (3), 

where v is the velocity of the particle relatively to the moving 
axes and r is the radius vector. 
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We may notice that if U be expressed in terms of the co- 
ordinates oc, y referred to fixed axes, the expression will contain t 
also, except when the force is central and tends to 0. 

The equation, when written in the form (2), is a slight ex- 
tension of that given by Jacobi in the Gomptes Rendus, Tome ill. 
p. 59, 1836. 

If F be the space velocity of the particle, A the anguiar 
momentum about 0 referred to a unit of mass, then 

F ® — — (4). 


The equation of Jacobi then becomes 

— = 17-4- G ‘(S)* 

To prove the relation (4), let p be the perpendicular from 0 on 
the tangent to the relative path. Since F is the resultant of v 
and (the latter being perpendicular to r), we have 
F® = 2v . np, A=^vp-\- 

the second equation being obtained by taking moments about 0. 
The equation (4) follows at once. 

An example of a rotating field of force is met ^vith in 
astronomy. If the components of a binary star describe circles 
about their common centre of gravity, the force is always the 
same at the same point of the rotating plane. Jacobi s integral 
will therefore apply to the motion of a satellite moving in that 
plane, provided it is of such insignificant mass that the motions of 
the primaries are undisturbed by its attraction. 


356. When the particle moves in space of two dimensions and the field of 
force rotates about a perpendicular axis with a variable angular velocity tp' we may 
obtain an extension of the equations. 

We Imow that \dV^ldt is equal to the sum of the virtual moments of the 
forces divided by dt, (Art. 246), hence 

^dV^ldt=Xu+Yv 

= X^' + Yv'-\-<P'{^Y-vX). 


But dAldt=^Y- 7 iX by taking moments about the origin, hence 

1 dV^ dA _ dU 

2 dt ^ ’ dt ~ dt 


( 6 ), 


where 17 is a function of the moving coordinates When is constant, this 

can be integrated and we obtain the equation (5). 

When a system of particles moving in a given rotating field of force is under 
consideration, we have for each an equation similar to (6). Multiplying these by 
the masses of the particles and adding the products, we have an extended equation 
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of vis viva. If 2T be the vis viva, A the angular momentum of the system, U the 
force function, this equation is 

T-<f>'A = TI-hG . : (7), 

where (j)' is the angular velocity of the field supposed to be constant. In this form 
we may omit from U all the actions and reactions which disappear in the principle 
of virtual work. 

S67. Coriolis’ theorem on relative vis viva. A system of particles is 
referred to moving axes Of, Oij. Supposing the system at any instant to become 
fixed to the moving axes, let us calculate what would then be the effective forces on 
the system. If we apply these as additional impressed forces on the system, but 
reversed in direction, we may use the equation of vis viva to determine the relative 
motion as if the axes were fixed in space. 

Let OTj, m2, &G, be the masses of Ihe particles; (Zj, r^), (Z 2 , Fg)) 
components of the impressed forces. Let also jp, q be the resolved velocities of the 
origin, then, including these as explained in Art. 227, the equations of motion of 
any representative particle m are 




( 1 ). 


where (a=:d<pldt. 

The left-hand sides of these equations measure the components of the effective 
forces on the particle m, Art. 227. The corresponding components on an imaginary 
particle of the same mass m attached to the moving axes and momentarily coin- 
ciding with the real particle are found by treating f, as constants. These are 




( 2 ). 


dt ' dt 

These we represent by Zg, Yq for the sake of brevity. 

Transposing these terms to the other sides of the equations of motion, we have 




-f w 


)= 


(3). 


r-r„ 


These equations may also be used to supply another proof of the theorem in 
Art. 197. 

Multiplying these respectively by d^jdt, drjldt and adding, we have, as in Art. 255, 


df d?^ ^ d-q d^-nl Ffl) 


Ut dt^ dt dt^] ~ 


dt ' dt 

Summing this representative equation for all the particles and integrating 

=Sj{(^-Xo)df + (r- Y,)dv} 


( 4 ). 


If the axes rotate round a fixed origin with a uniform angular velocity, w is 
constant and p, q are zero. The equation of Coriolis then takes the simpler form 
^ 'Snv^= U + 4 w22rraj-2 + G (5) , 
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where r is the distance of the pai-ticle vi from the origin and v is its velocity rela- 
tively to the axes. For a single particle this is the same as Jacobi’s integral. 

If the angular velocity w is not uniform and p, q not zero, the system of 
additional forces (Xo, To) is not conservative and the integration in (4) cannot be 
effected except in special cases. The equation is however still important, for the 
first step in the integration of the equations (1) must be to eliminate the unknown 
reactions, if any such exist. Now the equation (4) is free from all the reactions 
which would disappear in the principle of vertical work, and that equation therefore 
supplies us at once with one result at least of the elimination. 

For the purposes of this proposition the forces measured by , 1 q are called 
the forces of moving space. When the origin of coordinates is fixed, these take the 
simple form 


Xo=-a>2^-7? 


du 


Yo=: - 


do) 


dt' ’ dt 

This theorera is due to Coriolis ; see the Journal Poly technique, 1831. 


( 6 ). 


258 . taiaant's theorem. Ex. A particle moves under the action of a force 
whose -Cartesian components are where v is the velocity. 

Prove that the equation of vis viva is v^-^= (2 - n) 17+ C. 

See the Piilletin de la Societe Mathonatique, 1893, vol. xxi. 


Moments and Resolutions. 

269. The equation of Moments. If P, Q are the com- 
ponents of the force on a single particle resolved along and 
transverse to the radius vector, it is clear that Qr is equal to 
the moment of the forces about the origin. Representing this 
moment by M, the transverse polar equation of motion becomes 



260. When a system of mutually attracting particles moves 
under the action of external forces we have by adding together 
the transverse polar equations of each particle 



'If R be the attraction of mi on m^, the reaction of on nii is 
— R, and the sum of the moments of these two must disappear 
from the right-hand side. If then the external forces are such 
that their resultant passes through the origin, we have SiW=0, 
and therefore by integration 

dt 


( 3 ). 
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where JT is a constant. This equation expresses the proposition 
that when a system of mutually attracting particles moves under 
the action of external forces such that the sum of the moments 
about a fixed point is zero, the sum of the angular momenta of all 
the particles about that point is constant. For example, if any 
number of mutually attracting planets move under the influence 
of a fixed sun, the sum of their angular momenta is constant. 
See also Art. 93. 

^mcQ xdy-ydx^r^dO (Art. 7), the equation (3) of moments 
when written in Cartesian coordinates takes the form 

; 


261. Rigid system. When a system of particles is rigid it 
is useful to have an expression for the resultant angular, mo- 
mentum about the origin. Let (pa, y) be the coordinates of the 
centre of gravity, <f> the angle a straight line fixed in the body 
makes with a straight line fixed in space, and M the mass. The 
angular momentum of the whole mass is then 


E=M 




+ M¥ 


d4 

dt* 


where Mk^ is the moment of inertia about the centre of gravity. 
See Art. 241. 


To prove this, let {x, y) be the coordinates of the particle m, 
then a; = « + f, y = y + 'r}. Remembering that Xm^ = 0, hmy = 0 
as in Art. 239, we find by substitution that 


^ f dy dx\ \ f-dy -.dx\ 




drj d^ 

dt 


Since dx/dt, dyjdt are the components of the velocity of the 
centre of gravity, the first term is the moment of the velocity 
of a particle of mass M placed at the centre of gravity and 
moving with it. The equation therefore asserts that the angular 
momentum about any point is equal to that of the whole mass 
collected at the centre of gravity together with the angular mo- 
mentum round the centre of gravity of the relative motion. 

To introduce the condition that the system is rigid we change 
to polar coordinates by writing — The second 


term then becomes %mp^ 


d£ 
dt ' 


Remembering that ddjdt is the 
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same for every particle and equal to d<j>ldt (Art. 240), this term 
becomes Mk^ ^ • 


It follows that, when a rigid body is acted on by any forces 
whose moment about the origin is G, the equation of moments is 


d 

dt 




aaa. Ex. i. 


A particle moves in a field of force defined by the force function 


U=mf (r) + 


mFje) 

ja 


Show how to find the coordinates r, 6 in terms of the time. 

The force transverse to the radius vector is Q=dUlrde. The equation of 

moments therefore becomes ^ (r^ ^ ■ Multiplying by i^dd/dt, the inte- 

gration can be effected and we find 

(j^^y=2F{d) + A ( 1 ), 

where A is an arbitrary constant. This integral is equivalent to a result given by 
both Jacobi and Bertrand. 

The equation of vis viva is 

<“>• 

Eliminating dOjdt by the help of (1) we arrive at an equation giving dtjdr as a 
function of r. The determination of t in terms of r has thus been reduced to an 
integration. The relation between 6 and t may then be found from (1) by another 
integration. 

Ex. 2. A particle is placed at rest at the point a:=0, r=a in a field defined by 

U=m — . Show by writing down the equations of vis viva and moments that the 
r* ‘ 

path is a circle. 


263. The equation of resolution. If a system of particles 
moves under the action of external forces, we have by resolving 
parallel to the axis of x, (Art. 236)j 


— d^OB .rt -y 


where X is the typical accelerating force on the particle m. In 
this equation we may omit the mutual attractions of the particles, 
for the action and reaction being equal and opposite, - these dis- 
appear in the resolution. 

If any direction fixed in space exist such that the sum of the 
components of the impressed forces in that direction is zero, we 
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can take the axis of x parallel to that direction. We then have 

'ZmX — O, 2m ^ = 
at 

where is a constant. This result is the same as that alreadj 
arrived at, and more fully stated, in Art. 92. 

264. Summary of methods of integration. When the 
system of particles moves in a given field of force the equation 
of vis viva in general supplies one integral of the equations of 
motion. If the system has only one degree of freedom, this 
integral is sufficient to determine the motion. 

When another integral is required, there is no general method 
of proceeding. We usually search if there is any direction fixed 
in space in which the sum of the resolved parts, of the forces is 
zero, or any fixed point about which the sum of the moments k 
zero. In either of these cases an additional integral is supplied 
by the methods of Arts. 263 and 260. The first case usually 
occurs when the acting force is gravity, the second vsrhen the 
force is central. 

When these methods fail we have recourse to some artifice 
suited to the problem. Suppose that we have some reason for 
believing that a particle describes a certain path, we constrain 
the particle by a smooth curve. If the pressure can be made 
zero by the proper initial conditions, the constraint may be 
removed and the particle will describe the path freely. Art. 193. 


aes. XSxamples. Ex. 1. Two particles, of masses m, ilf, placed on a smooth 
table, are connected by a string of length a + i, which passes through a fine ring 
fixed at a point 0 on the table. The particles are projected with velocities V and 
V perpendicularly to the portions of the string attached to them, and the initial 
lengths are respectively a and &. Find the motion. 

Let (r, 6), {p, if>) be the polar coordinates of m and M at the time t. By the 
principles of angular momentum and vis viva, we have 


r^^=Ua, p‘^^ = Vb 

dt dt 


(1). 


We have also the geometrical equation 

r+p=a+b 

Eliminating p, 6, <p, we find 




ml72a2 


(a+6-r)2 


=mZ72+MF2, 


( 2 ). 

(3) . 

(4) . 



AET. 265.] 


EXAMPLES. 


161 


In this differential equation, the variables can be separated and thus t can be 
expressed in terms of r by an integral. The integration cannot be generally 
effected. 

If the system oscillate, the extreme positions are determined by putting dr/dt=0. 

We thus have „ 

- ^ -{mU^ + MF2) = 0 (5). 

r® ^(a + 6-r)® ' 

Since the left-hand side is positive when r=0 and r=a+b and vanishes when 
r = a there is a second positive root less than a-i-h. This second root may be 
proved to be greater or less than a according as mU^ja is greater or less than 
MV^Ib. These values of r determine the extreme positions of the system. We 
notice that if F be very small, the second root is very nearly equal to a-f- b. 

Y=z0 the particle M arrives at the origin, but the appearance when r~a + b 
of the singular form 0/0 in the equation (5) is a warning that the motion changes 
its character in this case. In fact if the third term on the left-hand side of (4) is 
removed, the velocity of arrival at 0 is finite instead of being infinitely great. 

To find the tension T of the string, we use the radial equation of motion for 
one of the particles. This gives 


dt^ 


^ \dt ) m ■ 


Differentiating (4) we find drjdt in terms of r and after some slight reductions 
„ Mm {U^ F^b'* 


-r)V 


\ r* (a + b 
The string therefore does not become slack. 

Ex. 2. Two particles whose masses are in the ratio 1 : 2 lie on a smooth 
horizontal table, and are connected by a string that passes through a small ring in 
the table: the string is stretched and the particles are equidistant from the rmg: 
the lighter particle is then projected at right angles to its portion of the string. 
Prove that the other particle will strike the ring with half the initial velocity of 
the first particle. [OoU. Ex. 1896.] 

Ex' 3 One A of two particles of equal mass, without weight, and connected 
bv an inelastic string moves in a straight groove. The other B is projected parcel 

to the groove, the string being stretched. Prove that the greatest tension is four 

rooiif juiXtj 

times the least. n i 

Eeduce A to rest, then B is acted on by T and T cos 9, the latter being paraUel 
to the groove, where 9 is the angle AB makes with the groove. The particle B now 
describes a circle, and the normal and tangential resolutions give the angular 
velocity and the tension. 

Ex 4. Two particles m, M, are connected by a string, of length a + b winch 
passes through a hole in a smooth table; M hangs vertically at a depth b below 
the hole, m is projected horizontally and perpendicularly to the string with velocity 
F from a point on the table distant a from the hole. Prove that if M just nse to 
the table, mF* (2ab -b b^) = 2Mgb {a -1- bf. Prove also that if M osciUates, 

mFS + 2Mga > 3 (MhnVY^^)^- 
What is the motion if mV^-Mga‘i 
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Ex. 5. Two snail spheres of masses m and 2m are fixed at the ends of a 
weightless rigid rod AB which is free to turn about its middle point 0; the heavier 
sphere rests on a horizontal table, the rod making an angle 30° with it. If a sphere 
of mass m falling vertically with velocity u strike the lighter sphere directly, prove 
that the impulse which the heavier sphere ultimately gives to the table is 
imu{l + e), where e is the coefficient of restitution between the two spheres, the 
tabl^ being perfectly inelastic. jggg j 

At the first impact we take moments for the two particles m, 2m about 0 to 
avoid the reaction at 0. We therefore have 3tnv'a=Ra cos a, m («' - w) = - jR where 
0=30°. At the moment of greatest compression the velocity of approach of the 
oeptres is zero, u'^v'coaa, and R=^mu. Since the complete value of R is 
found by multiplying this by 1 + e, the velocity of either end of the rod after impact 
is -^ucos a (1 + «). The balls m and 2m rotate with the rod round 0 through some 
angle, and 2m finally hits the table with a velocity v '. . Taking the same equation 
of moments as before JB'a COSO =3mi;'a, R'-^mu{l + e). ' 

Ex. 6. One end of a string of length I is attached to a small ring of mass m 
which can slide freely on a smooth horizontal- wire, and the other end supports a 
heavy particle of mass m'. If this particle be held displaced in the vertical plane 
containing the groove, the string being straight and then let go, prove that the 
path of m' is part of an ellipse whose semi-axes are I, Zm/(m-i-m'), the major axis 
being vertical. ^ ^ [Coll. Ex. 1896.] 

Only the horizontal resolution and the geometrical equation are required. 

Ex. 7. A rectangular block of wood of mass M is free to slide between two 
smqoth horizontal planes, and in it is inserted a smooth tube in the shape of a 
quadrant of a circle of radius a, one of the bounding radii lying along the lower 
plane, and the other being vertical. A particle of mass m is shot into the tube 
horizontally with velocity V, rebounds from the lower plane, and leaves the tube 
again with a relative velocity F', prove that ' 

Y'2 _ g2pr2 _ 2ga (1 _ e^) (M + m)jM, 

where e is the coefficient of restitution for the lower plane. [Coll. Ex. 1895 ] 

Ex. 8. If in the case of three equal particles the units are so chosen that the 

«i«gy mtegral i, + ^ + i -i, wh„e ... is the distance 

between the particles whose velocities are Uj and and if r is a positive constant, 
the greatest possible value of the angular momentum of the system about its 
centre of inertia is f ^(2r). f^ath. Tripos, 1893.] 

Ex. 9. Two equal particles are initially at rest in two smooth tubes at right 
angles to each other. Prove that whateVer be their positions and whatever their 
law of attraction, they will reach the intersection of the tubes together. 

[Coll. Ex.] 

Ex 10. Three mutually attracting particles, of masses m^, m„ axe placed at 
rest within three fixed smooth tubes Ox, Oy, Oz at right angles to each other The 
attraction between any two, say m„ is y.n,n,r- where is the distance. If 

particles always remains similar to its initial form, prove 
that the initial distances satisfy the equations 




mj-f-mg-mj 


vis + Wj - Wg + TOg - TOg ' 
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266. Double answers. Ex. A cube, of mass M, constrained to slide on 
a smooth horizontal table, has a fine tube AGB cut through it in the vertical plane 
through its centre of gravity, the extremities A, B being on the same horizontal 
line and the tangents at A, J5 horizontal. A particle, of mass m, is projected into 
the tube at A with velocity V, deduce analytically from the equations of linear 
momentum and vis viva that the velocity of emergence at B is also V. 


Let u, V be the 
referred to give 


velocities of the cube 
Mu + mv = mV, 


and particle at emergence. 


The principles 


These give two solutions, viz. (1) u=0, v = V, and (2) u=2mVI8, v = {m-M)VIS, 
where S=mAM. To interpret these we notice that there are two sets of initial 
conditions which give the same linear momentum and vis viva. These are 
determined by the values of u, v just written down. We have therefore really 
solved two problems and have thus obtained two results. 

To distinguish the solutions, we investigate the intermediate motion. Let P be 
any point in the tube and let p be the tangent of the angle the tangent makes with 
the horizon. If u, v now represent the horizontal velocities at P, the same two 
principles give • ' 

Mu + mv = mF, Mu^ + m (w® -\-pH'^) = mV^, 


where x'~v~u is the relative velocity. These give 

NowtJsF initially whenjo=0, hence the radical must have the positive sign and 
must keep that sign until it vanishes. On emergence therefore, when p is again 
zero, t) = F. The negative sign of the radical evidently gives the initial conditions 
of the other problem. 


267. Bodies without mass. Ex. 1. A heavy bead is free to slide along a 
rod whose ends move without friction on a horizontal circle ; prove that when 
the mass of the rod is negligible compared with that of the bead, the bead will, 
when started, continue to slide along the rod with an acceleration varying inversely 
as the cube of its distance from the middle point. [Math. Tripos, 1887.] 

The reaction between the rod and the particle is zero because the rod has no 
mass. To prove this, let R be tjie reaction, M the mass of the rod, then, taking 
moments about the centre 0 of the circle, we have MK^dujdt—Rp, where w is the 
angular velocity of the rod. Hence B = 0 when M= 0. 

The particle P, being not acted on by any horizontal force, describes a straight 
line in space with uniform velocity b. If x be the distance of P from the middle 
point 0 of the rod ; a, c, the perpendiculars from 0 on the path and on the rod, we 
have x^+c^=: OF^ = a® + hH^. 

This gives d^xldt^=b^ (a^ - c^)lx^. 

Ex. 2. A rigid wire without mass is formed into an arc of an equiangular spiral 
and carries a heavy particle fixed in the pole. If the convexity of the wire be 
placed in contact with a perfectly rough horizontal plane prove that the point 
of contact will move with a uniform acceleration equal to g cot a, where a is the 
angle of the spiral. [Math. Tripos, I860.] 
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268. Zlquation o£ the path. Let P, Q be the resolved accelerating forces 
acting on the particle respectively along and perpendicular to the radius vector. 
Let P he regarded as positive when acting towards the origin. The equations of 
motion are 


dV 

dt^ 


r 


\dt 


T= 


-p, 


1 £ 

r dt 


( 40 = 


Q 


.( 1 ). 


To find the path we eliminate t. The second equation, after multiplication by 
r^dejdt and integration, as in Art. 262, becomes 


/ dd \ ^ 

....• ( 2 ). 

Por the sake of brevity we represent the right-hand side by UK Putting also 
M=l/r, we find d5/df =£rti®. We then have 

— — ^ 

dt ~ dd dt~ d? ’ 

, dJh- d, f du\ 

" dt^~~' d9\^dd) ‘ 

Substituting in the first equation of motion 

Replacing JET® by its value given in (2), 

. (a.. 

This is Laplace's differential equation of the path of the particle. The forces 
P, Q bemg given in terms of the coordinates u, 0, of the moving particle, this 
equation, when solved, will determine u as a function of 0, and thus lead to the 
equation of the path. To find the motion along the path we use equation (2). 
Substituting in that equation the value of n in terms of 0 we find by integration the 
time t at which the particle occupies any given position. 

The polar differential equation of the path cannot be integrated except for 
special forms of the forces P, Q. li Q = 0, the equation takes the form 

d“«. P 

(^)- 

This can be integrated when P is a function of « alone, a case which is considered 
in the chapter on central forces. It can also be integrated when P=m 2P((?), the 
method of solution being that shown in Art. 122. 

When P=u^F( 0 ) the equation is linear. If one solution of the differential 
equation is known, say m =0 ( 0 ), the general integral may be determined by substi- 
tuting u=z<p (0). After integration we find 2 =A + Bflq> (^)]~- dd. 

26©. When P=u^F{9), Q=uff'{0), the differential equation of the path takes 
the linear fom 

(5), 

The various cases in which this equation can be integrated are enumerated 
in treatises on Differential Equations. 
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By multiplying the equation by the proper factor we can make the left-hand 
side a perfect differential. Conversely choosing any factor, we can find the relation 
between P and Q that this may be the proper iutegratiug factor. If we wish 
the relation between JP, Q to be independent of the initial conditions, the terms 
Gontainiug as a factor must be made a perfect differential independe'ntly of the 

remaining terms. The coeflBeient of h® is aod this is made a perfect 

differential by either of the factors sind or cos 6). The remaining terms must 
therefore also become a perfect differential by the same factor. The condition that 

i ^ ,+• iff ^ is a perfect differential is N- ~ + ^=0, and the integral is 
lmowntobelg+(M-S)u. 

Multiplying equation (5) by sin the product is a perfect differential 'if 

{2/ (0) -F(0)}sm0-~ {sin 0/' (^)} + 2 ^ {sin 0/(0)} =0, 

, . - , P d 0 0 

which .reduces at once to -5 = — ^ -f- 3 cot 0 (6).. 

d0u^ ' ' 


The integral, since/' (0 )=Q/m*, becomes 

, ^h^+2 J^d0'^ ^sin 0 — - cos 0«^ - ^sin0w=:C (7), 

where <7 is a constant. This is a Linear equation of the first order and can be 
integrated a second time when Q/«® is given as a function of 0. The determination 
of the path can therefore be reduced to integration when the relation (6) ie satisfied. 
In t^e same way, if we multiply (5) by oos0, we find that the product is 

a perfect differential if ^ = 4^%- ^ ^ (8)i 

d0w^ It® ' 


and the integral is + 2 ^oos0^+ sin 0w^ - ^oos0w=C' (9), 

which is linear and can be integrated a second time. 

Another case in which the integration of (3) can be effected may be deduced 
from Art. 262. The equation (3) is 


w® 


|7t® + 2 J|,d0j. + =2 jf(u) udu + 2u^j§,de+C (10). 


270 . Ex. 1. If P=tt®P(0) and (2=Ptan0, prove that M=J.sin0 ie a par- 
ticular solution of the linear equation (5). Thence obtain the general integral 
by putting tt=zsin0, where z is a function of 0 which is determined by solving 
a linear equation of the first order. 

Ex. 2. A particle moves under the forces 

P=jittt® (3 + 5 cos 20), Q=/tu®sin20; 

prove that an integral of its motion is 




, J, JWVlf . i 
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Obtain also a similar integral if 

n 4 n f 3tanft^) ^ . 

+ Q^fiu^smnd. 

[Coll. Exam. 1892.] 

Bx. 3. If the Cartesian accelerating forces AT, Y are unrestricted, prove that 
the differential equation of the path is 

(^+2/z^.)g+x|-r=o, 

where A is a constant depending o^ the initial conditions. 

Prove also that the determination of 2 / as a function of x can be reduced to 
integration when both X, Y are functions of * only. 

Ex. 4. If X and Y/y are functions of x only, the differential equation of the 

path is linear. Prove that it can be integrated when Y=y~, and that the first 

dx 

integral is ( A + 2 J Xdx) ^~Xy = C. 

Prove also that when ^ = ^ + — > differential equation can be integrated 
and that the first integral is 

(A + 2 jXdx) a; ~ - (A + 2 jXdx +xX) y=:C. 

Ex. 5. Prove that the Cartesian equations of motion can be completely 
integrated when the force function satisfies 

d^U_ dm 
dx^ dy ^ "" * dxdy ’ 

To prove this we notice that ^=i>iy+ax) + \ff {y + a'.x), 

where a, a' are the roots of a’^~Ka=zl. We then change the variables to ^=.y-\-ax 
and yz^y + a'x. The new coordinates f, are also rectangular. The equations 
of motion become d^^ldt^=cpl d?vldfiz=f {■>,), which may be solved as in 
Art. 122. 

Ex. 6. If the direction of the acting force is always a tangent to the direction 
of motion, as in the case of a resisting medium, prove that the path is a straight 
line. Consider the resolution along the normal. 

Ex. 7. If the direction of the force is always perpendicular to the path, prove 
that the velocity is constant. 


Sujperpodtion of Motions. 

271. A pErticl© is constrained to describe a fixed curve. When 
projected from a point A with a velocity' under the action of 
any forces the velocity and pressure at any point P are and B^. 
When projected with a velocity from the same point A under 
a second system of forces the velocity and pressure at P are v.^ 
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and jSg* When the particle is projected from A with a velocity 
ti such that = + and moves under the action of both 

systems of forces, the velocity and pressure at P are v and P. 
It is required to prove that 

V^S=Vi^ + V2^, P = Pi + P2* 

To prove this we write down the two equations for each of 
the three types of motion. Ilepresenting for the sake of brevity 
the normal components of accelerating force by JVi, JVz, Si + JVa> 
we have 

~Ui^ = 2 /(Xidiv + Yid^), v-^/p = + Pi/m, 

- ui = 2 /(Zadflj + Y^dy), v^Jp = Wa + Pa/m, 

=2/{(X, + Za)d«; + (F,+ Fa)dy}, v^jp + 

the limits of integration being always from the point Z to P. 

The results follow at once by subtracting from the third 
equation the sum of the other two. 

272. The follo\<7ing corollary will be found useful. 

A particle can describe a curve freely under the action of 
certain forces, the velocity at some point A being %. If the 
particle is now constrained to describe the same curve the velocity 
at A being changed to u^, then the pressure at any point P is 
Gjp, where p is the radius of curvature at P, and G is the 
constant m {ui — uf). 

To prove this we notice that when the velocity at A is Mi and 
the forces act on the particle, the pressure is Pi = 0. If the 
velocity at A were u' and no forces acted on the particle, the 
pressure at P would be mu'^fp. Superimposing these two states 
and putting u''^ = — u^, the theorem follows at once. 

373 . We may also deduce the following theorem due to Ossian Bonnet. If a 
particle can freely describe the same curve under two different systems of forces, 
the velocities at some point A being respectively and Mj, then the particle can 
describe the same path under both systems of forces provided the velocity at A is 
where u^=u^+u^. Since any point may be taken as the point of projection this 
relation between the velocities holds at all points of the curve. Liouville’s 
Journal, Tome ix. page 113. 

374 , The following example of Ossian Bonnet’s theorem 'is important. It 
will be shown in the chapter on central forces that a particle P will describe an 
ellipse freely about a centre of force in one focus whose law of attraction is 





‘I ft- 
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provided the velocity of projection at any point A is given by 





The same ellipse can also be described about a centre of force in the other focus. 
jETj whose law of attraction is provided the velocity Vj hap the corresponding 
value. It imme^ately follows that the particle can describe the ellipse freely about 
both centres of force acting simultaneously, provided (1) the velocity v at any point 
A is given by 




and (2) the direction of projection at A bisects externally the angle between the 
focal distances. 


According to this mode of proof both the centres of force should be attractive, 
for it is evident that an ellipse could not be freely described about a single centre 
of repulsive force situated in either focus. But the law of continuity shows that 
this limitation is unnecessary. Supposing and to have arbitrary positive 
values, it has been proved that the equations of motion of a particle moving freely 
under both centres of force become satisfied when this value of is substituted in 
them. The equations contain only the first powers of and /j,^ (see Art, 271) and 
can be satisfied only by the vanishing of the coefficients of these quantities. They 
will therefore still be satisfied if we change the signs of either 

In the same way we may introduce other changes into the theorem, provided 
always we can obtain a dynamical interpretation of the result. 


375, Ex. 1. Prove that a particle can describe an ellipse freely under the 
action of three centres of force ; one in each focus attracting ap the inverse square 
and the third in the centre attracting as the direct distance. Find also the velocity 
of projection. 

Ex, 2, Particles of masses % , , <fec. projected from the same point in the 

same direction with velocities Uj, &o. under the action of given forces Fj, F^, 
Ac. describe the same curve. Show that a particle of mass M projected in the 
same direction with a velocity V under the simultaneous action of all the forces 
■^ij 'vih also describe the same curve, provided 

Jlf = miU-^ -)- OTjMa® + . . . . 

Ossian Bonnet, Note iv. to Lagrange’s Mdcanique. 

Ex, 3. A bead is projected along a smooth elliptical wire under the action of 
two centres of force, one in each focus, and attracting inversely as the square of 
the distance. If TP, TQ be any two tangents to the ellipse, prove that the pressure 
when the bead is at P : pressure when the bead is at Q :: TQ^ : TP^. 


Initial Tensions and radii of Curvature. 

276 . Particles, of given masses, a, re connected together hy in- 
elastic rods or strings of given lengths and are projected in any 
given manner .consistent with these constraints. It is required to 
find the initial values of the tensions and the radii of curvatures of 
the paths. 
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ART. 277.] 

The peculiarity of the problems on initial motion is that the 
velocities and directions of motion of all the particles are known. 
It will thus not be necessary to integrate the differential equations 
of motion, for the results of these integrations are given. 

Supposing that there are n particles, we shall require besides 
the 2n equations of motion a geometrical equation corresponding 
to each reaction. 

To show how the geometrical equations may be formed, let 
us suppose that two particles mi, are connected by a rod or 
straight string of length 1. The component velocities of the 
two particles in the direction of the string being necessarily equal, 
their relative velocity is the difference of their component velocities 
perpendicular to the rod ; let these be Fj, V^. If ^ be the angle 
the rod makes with some fixed straight line, the geometrical 

equation is ^ ^ 

The simplest method of obtaining the relative equations of 
motion is perhaps to reduce mi to rest. To effect this we apply to 
both particles (1) an acceleration equal and opposite to that of mi, 
and (2) an initial velocity equal and opposite to that of mi. The 
path of mg being now a circle whose centre is at mi and whose 
radius is Z, the relative accelerations are those for a circular 
motion. (Art. 39.) 

Let Xi, Xa be the components along the rod of junction of all 
the. forces and tensions which act on mi, respectively. We 
then have (Art. 35) 

\(d4>V_ (Fa-Fi)^_Xa Xi . 

\dt) ~ I m, mi 

In this way we may form as many equations as there are re- 
actions. By solving these the initial values of the reactions become 
known. 

If the angular accelerations of the rods are also required, let 
Fi, Fa he the component forces perpendicular to the rod which 
act on m,, ma. Then ' 

dt^ ma mi 

277. To find the curvatures of the paths, we refer to the equa- 
tions of motion in space. The velocity and direction of motion of 
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each particle being known, we may conveniently use the tan- 
gential and normal resolutions. We thus have equations of 
the form 

“ 7 =^- 

where W, T are linear functions of the forces and tensions which 
act on the particle m. 

These reactions having been found by considering the relative 
motion, we substitute in (3). The first of these determines the 
radius of curvature p of the path of ^7^, and the second the tan- 
gential acceleration, if that be required. 

When any one of the 'particles is constrained to descnhe a giveh 
curve, the initial pressure of that curve is one of the unknown 
reactions. This pressure will be determined by the normal resolu- 
tion of (3) since the radius of curvature of the path is the same 
as that of the constraining curve. 

278 . If some or all the particles start from rest, the equations 
of relative motion are simplified, for we then have <f>' = 0 where the 
accent denotes d/dt. Since however the direction of motion of a 
free particle at rest is not given, the tangential and no'irmal resolu- 
tions are then inappropriate. ■ We can however use the Cartesian 
or polar resolutions in space. Since 6' ~ 0, the polar resolutions 
reduce to r" and r6" which are very simple forms. We must 
however bear in mind that if we require to differentiate the 
equations of motion this simplification must not be introduced 
until all the differentiations have been effected. Art. 281. We 
may also use Lagrange s equations, when the curvatures and not 
the tensions are required. These modifications of the general 
method are more especially useful in Rigid Dynamics and are 
discussed in the first volume of the author’s treatise on that 
subject. 

279. Examples. Ex. 1. Particles are attached to a string at unequal 
distances, and placed in the form of an unclosed polygon on a smooth table. The 
particles are then set in motion ■without impacts and are acted on by any forces. It 
is required to find the initial tensions and our'vatures. 

Let ABGD &o. bp any consecutive particles, and let the tensions of AB, BG, &c. 
be Tp Tg, &o. Let (the given forces be JF’g, &c. and let them act in directions 
making angles a, g, &c. with AB, BG, &c. Let lid(j)Jdt, l^d4>Jdt, &c. stand for 
the known difference of the velocities of the consecutive particles resolved perpen- 
dicular to the rod or string joining them. 
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The particle B being reduced to rest, C is acted on by Tj/wig along CD, T^{m^ 
along CB, T^lm^ along CB, parallel to AB. Besides these there are the 



impressed accelerating forces Fgl^a Since G describes a circle 

relatively to B, we have for the particle C 


Ts ^ ^ / 1 1\ T. ^ Fa ^ J^o 

— cosC + Tol - H ) + — IcosJSh — 2 cos (6’ + v)H — ^ cosfi, 

WI3 “ \m^ mj nia ' ’ m, 


- dV Ta . „ T, . ^ Fa . ^ F. . ^ 

3F = ® - s; ft 

where A, B, G, &c. are the internal angles of the polygon. The second resolution 
may be omitted if the angular accelerations of the several portions of string are 
not required. 


An equation, corresponding to the first of these, can be written down for each 
of the n particles, beginning at either end, except the last. We thus form (n- 1 ) 
equations to find the (n - 1) tensions. 

To find the initial radius of curvature of the path in space of any particle G 
we resolve along the normal to the path. Let the directions of motion of the 
particles be AA', BB', &c. and let Vi, &c. be the velocities of the particles. Then 

= Tg sin DGG' + sin BCG' - F^ sin (DCG' - y) . 

Ps 


If the particle m3 is initially at rest, ^3=0 and the last equation fails to deter- 
mine /jg. The initial tensions may still be deduced from the first equation. The 
initial direction of motion of the particle coincides with the direction of the 
resultant force and is therefore known when the initial tensions have been found. 
The tangential acceleration is also known for the same reason. The determination 
of the radius of curvature requires further consideration. 

Ex. 2 . Heavy particles, whose masses beginning at the lowest are 
are placed with their connecting strings on a smooth curve in a vertical plane. 
Find the initial tensions. 

In this problem the arc between any two particles remains constant, so that 
the tangential accelerations of all the strings are equal. Let this common accelera- 
tion be /. Taking all the particles as one system, the tensions do not appear in the 
resulting equation, we have therefore 


(mj 4- mg -f &o. ) /= - m^g sin - m^g sin 1^2 “ » 

where ^1, *1^® angles the tangents at the particles make with the 

horizon. 

Considering the lowest particle, we have 

mi/= - mj£r sin -f IT, . 
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Considering the two lowest, 

(nii + W 2 )/= - sin i/'i- vi^g sin ^a + Ta. 
and so on. Thus all the tensions Tj, &c, have heen found. 

If any tension is negative, that string immediately becomes slack. We also 
notice that the initial tensions are independent of the velocities of the particles. 

To find the initial reactions, we use the normal resolutions. If v be the initial 

velocity of the particle m, we thus find ~= - my cos 

9 

Ex. 3. Three equal particles are connected by a string of length a+b so that 
one of them is at distances a, h from the other two. This one is held fixed and 
the others are describing circles about it with the same angular velocity so that the 
string is straight. Prove that if the particle that was held fixed is set free the 
tensions in the two parts of the string are altered in the ratios 2a + b : 3a and 

[Coll. Ex. 1897.] 

Ex, 4. Three equal particles tied together by three equal threads are rotating 
about their centre of gravity. Prove that if one of the threads break, the curva- 
tures of the paths instantaneously become 3/5, 6/5, 3/5ths respectively, of their 
former common value. [Coll. Ex. 1892.] 

Ex. 6. Two particles are fastened at two adjacent points of a closed loop of 
string without weight which hangs in equilibrium over two smooth horizontal 
parallel rails. Prove that when the short piece of string between the particles is 
cut the product of the tensions before and after the cutting is equal to the product 
of the weights of the particles. [Coll. Ex. 1896.] 

Ex. 6. Two particles of equal weight are connected by a string of length I 
which becomes straight just when it is vertical. Immediately before this instant 
the upper particle is moving horizontally with velocity ^gl, and the lower is 
moving vertically downwards with the same velocity. Prove that the radius of 
curvature of the curve which the upper particle begins to describe is 

[Coll. Ex. 1897.] 

Just after the impulse the upper particle begins to move in a direction inclined 
tan'i 1/2 to the horizon. 

^ Ex. 7.^ Two equal particles A, E, are connected by a string of length I, the 
middle point C of which is held at rest on a snaooth horizontal table. The particles 
describe the same circle on the table with the same velocity in the same direction, 
and the angle AGE is right. The point C being released, prove -that the radii of 
curvature of their paths just after the string becomes tight are and infinity. 

Ex. 8. Four small smooth rings of equal mass are attached at equal intervals 
to a string, and rest on a smooth circular wire whose plane is vertical and whose 
radius is equal to one-third of the length of the string, so that the string joining 
the two uppermost is horizontal, and the line joining the other two is the horizontal 
diameter. If the string is cut between one of the extreme particles and the nearer 
of the middle ones, prove that the tension in the horizontal part of the string is 
immediately diminished in the ratio 9 : 5. [Coll. Ex. 1895.] 

^Ex. 9. Six equal rings are attached at equal intervals to points of a uniform 
weightless string, and the extreme rings are free to slide on a smooth horizontal 
rod. If the extreme rings are initially held so that the parts of the string 



abt. 280.] 


EXAMPLES. 


173 


• attached to them make angles a with the vertical, and then let go, the tension in 
the horizontal part of the string will be instantaneously diminished in the ratio of 
C 08 «at 0 l+sin=ia. [Coll. Ex. 1889.] 

Ex. 10. Three particles A, £, C are in a straight line attached to points on a 
string and are moving in a plane with equal velocities at right angles to this line, 
their masses being m, m', m respectively. If B come in contact with a perfectly 
elastic fixed obstacle, prove that the initial radius of curvature of the paths which 
A and C begin to describe is Ja, where AB—BG=a. [Coll. Ex. 1892.] 

The particle B rebounds with velocity v. By considering the relative motion of 
A and B we have 4v^ja=:Tlm. By considering the space motion of A, v^lp=Tlm. 

Ex. 11. A tight string without mass passes through two smooth rings A, B, 
on a horizontal table. Particles of masses p, q respectively are attached to the 
ends and a particle of mass m to a point 0 between A and B. If m be projected 
horizontally perpendicularly to the string, the initial radius of curvature p of its 
path is given by (m + g)/p - qjb, where OA = a, OB= b. [Coll. Ex. 1893.] 

Ex. 12. A circular wire of mass M is held at rest in a vertical plane, on a 
smooth horizontal table, a smooth ring of masS m being supported on it by a string 
which passes round the wire to its highest point and from there horizontally to a 
fixed point to which it is attached. If the wire be set free, show that the pressure 

of the ring on it is immediately diminished by amount „ . 

ilf+4m.sin^40’ 

the angular distance of the ring from the highest point of the wire. 

[Coll. Ex. 1897.] 

Ex. 13. Two particles P, P' of masses m, m' respectively are attached to the 
ends of a string passing over a pulley A and are held respectively on two inclined 
planes each of angle a placed back to back with their highest edge vertically 
under the pulley. If each string makes an angle /3 with the plane, prove that the 
heavier particle will at once pull the other off the plane if 

m7m<2 tan a tan |3 - 1. [Coll. Ex. 1896.] 


Ex. 14. Two particles of masses m, Jlf are attached at the points B, 0 of a 
string ABC, the end A being fixed. The two portions AB, SC rest on a smooth 
horizontal table, the angle at B being a. The particle M has a velocity communi- 
cated to it in a direction perpendicular to BC. Prove that if the strings remain 
tight, the initial radius of curvature of the locus of M is a{lAnBm^a), where 
n=Mlm and BC=a. , [Coll. Ex. 1895.] 


280. To find the initial radius of curvature when the particle 
starts from rest. In this problem it may be necessary to use 
differential coefficients of a higher order than the second. Let 
X, y be the Cartesian coordinates of a particle, then representing 
differential coefficients with regard to the time by accents 

_ (« ® H- y'^'f 
P " x'y"-y'x" ’ 

which takes a singular form when the component velocities x', y' 
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are zero. Putting u — x'y" — y'ac", we have after differentiation 
li' = x'y'" — y'x"\ 
u" =xY -y'a^^ + x"y"'-y'x'", 
u'" = x'y'' — y' of + 2 ix y''' ~ y"ot\ 

For the sake of brevity let the initial value of any quantity be 
denoted by the suffix zero, thus x" represents the initial value 
oVa!'. Using Taylor’s theorem and remembering that xl=^, 
wehave 

x'y" - y'x" == + &c. 

Similarly {x^ + y'^)^ - {x"^ + y^'^f + &c. 

If the particle start from rest the initial radius of curvature 
is therefore zero. But if the circumstances of the problem are 
such that Xo'yd" - Xo"ya' - 0, the radius of curvature is given by 

^ 3 «'■ + <»)* 

This is the general formula when the axes of x, y have any 
positions. 

If the axis of y be taken in the direction of the resultant 
force x^' = 0, and if we then also have x"' = 0, the expression for 
the radius of curvature takes the simple form 



If Po be the initial resultant force on the particle, X the trans- 
verse force, the formula when Xq = 0, X^' = 0 may be written 

y 2 

\ p — o , 

-Aq 

The corresponding formula for p in polar coordinates may be 
obtained in the same way. We have when r{r"d'" — r"'6"):==0 
initially, 

3 4- 

Z_i_Z_= 

p 

where the letters are supposed to have their initial values. If the 
initial value of r" — 0, this takes the simpler form 
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281. Let n particles P^, P^, &c. at rest, be acted on by given 
forces and be connected by k geometrical relations. To find the 
initial radius of curvature of the path of any one particle P we 
proceed in the following manner, though in special cases a simpler 
process may he used. We differentiate the dynamical equations 
twice and reduce each to its initial form by writing for all the 
coordinates y-i), y^, &c. their initial values, and for 

yi), &c. zero. We differentiate the geometrical equations 
four times and reduce each to its initial form. We then have 
sufficient equations to find the initial values of x", x"', &c., 

R, M', R", &c. where R is any reaction. Lastly solving these for 
the coordinates of the particular particle under consideration we 
substitute in the standard formula for p. 

This process may sometimes be shortened by eliminating the 
tensions (if these are not required) before differentiation. We 
thus avoid introducing their differential coefficients into the 
work. 

383. Shorter ncethods. We cau Bometimes simplify the geometrical rela- 
tions by introducing subsidiary quantities, say 0, 4>, &c. In this way we can 
express all the coordinates (^i, ijj), &o. in terms of 0, &o. by equations of the 

form 

^=f(0, 0. Ac.). y=F{0, &o.) ( 1 ), 

where 6, tp, <Sro. are independent variables. Substituting in the dynamical equations 
and eliminating the reactions, we have 2n — k equations of the seoqnd order to 
determine d, <j>, &c. in terms of t. These eliminations may be avoided and the 
results shortly written down by wing Lagrange’s equations. Lagrange’s method is 
described in chap. vii. 

These equations, however obtained, contain 0, 0"\ <f>, 0", &o. and by 

differentiation we can iind as many higher differential equations as are required. 

Since O', <f>', &o. are zero, we find by differentiation 

where suffixes as usual indicate partial differential coefficients, thus fg=dfjd9. 
There are similar expressions for the differential coefficients of y. ' Substituting in 
the standard form for p, we obtain the required radius of curvature. 

383. We notice that if the partial differential coefficients &o. are zero 

the initial value of does not depend on any higher differential coefficients of 
0, 4), <fcc., than the second, and these are given at once by the equations of motion. 
Since p = 3y"^lx^'', when the axis of y is taken parallel to the resultant force on 
the particle, the radius of curvature can then be found without differentiating the 
equations of motion. 
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Since 





the geometrical meaning of the equations f0 = O, f^=0, &«. clearly is that dxjdt^O 
for every geometrically possible displacement of the system. The point, whose 
initial radius of curvature is required, must begin to move parallel to the axis of y 
however the system is displaced. 

384. Sxamples. Ex. 1. A particle is placed at rest at the origin and is 
acted on by forces X, Y parallel to the axes. If X, Y are expanded in powers of t 
and the lowest powers are X=/t, Y'=gr, .show that the path near the origin is 
y^=mx^ and that the radius of curvature is zero. If X=lft^, T=g, the path is a 
parabola whose radius of curvature is We notice that in the first of these 

cases X' is finite, in the second zero. 


Ex. 2. A particle is at rest on a plane, and forces X, Y in the plane begin to 
act on it. If these forces are functions of the cbordinates x, y only, prove that the 
initial radius of curvature of the path is 

3(z.+ r)»/{x(xf H-r^)-r(xg+rf)[ . 

[Coll. Ex. 1895.] 

This result follows from Art; 280. t 


Ex, 3. Two heavy particles are attached to two points JB, (7 of a string, one 
end A being fixed. Prove that if the string ABC is initially horizontal, the initial 
radii of curvature of the paths of B and C are equal. 

Prove also that if there are n particles on the horizontal string, all the initial 
radii of curvature are equal. If AB, BC were two equal heavy rods, hinged at 
B, and having A fixed, prove that the initial radii of curvature at B and C are 
unequal. 

In this problem we see beforehand that it will be unnecessary to differentiate 
the equations of motion. Take the angles 6, (p, which the strings make with the 
initial position ABC as the independent variables. Art. 283. 

Ex. 4. Two heavy particles P, Q, are connected by a string which passes 
through a smooth fixed ring 0, the portions OP, OQ of the string making angles 
g, (/), with the vertical. If the masses m, M of P, Q, satisfy the condition 
TO cos cos <f), the initial radius of curvature of the path of P is given by 

M+m sin’^ 9 _ sin^ 6 sin^ <p 
M p ~ r ^ I- r ’ 
where r= OP and I is the length of the string. 

Take the polar equations of motion, eliminate the tension and differentiate 
twice. We thus find the initial values of 6", r'\ r*'’; since r"=0 the polar formula 
for p is much simplified. 

Ex, 6. A uniform rod, moveable about one end 0 which is fixed, is held in a 
horizontal position by being passed through a small ring of equal weight; show 
that if the ring is initially at the middle point of the rod, when it is released 
the initial radius of curvature of its path is 9 times the length of the rod. 

[Coll. Ex. 1887.] 

Taking 0 as origin, the polar equation of motion of the particle shows that the 
initial values of r", r'" are zero, while that of = + Taking moments 



ART. 285.] 


SMALL OSCILLATIONS. 


177 


about 0, Art. 261, we have B^ = {Ma+mr) gooBd. This gives the 

initiftl value of =sQgj^a. The length of the radius of ourvatnre follows by the 
differential calculus, Art. 280. 

JSjsa. 6. Three particles whose masses are wij, jBj, wij are placed at rest at the 
comers of a triangle ABC, and mutually attract each other with forces which vary 
according to some power of the distance. If m^m^cFg, m^mJbF^ are the 

forces, prove that the initial radius of curvature p of the path of C is given by 

— = - wija sm ^ - wiaFi® + {F^ - JJ\) - PJ/} 

+ J»i6 sin 0 {- mgFs^+mJPs (Pj-Pj) -QF^'}, 

-where 0, <t> are the angles CA, CB make with the resultant force on C, 

F{=^dFiJda, P,'=dPj/d6, 

P= (mj + %) aPj + TMi (PjC cos B +F^b cos (3), i 
Q=(nii+mj) bPa+niaiPsCoos A+PiflcosC?), 
and Jt is the resultant force on (7. . 

Deduce that the initial radii of curvature of the three paths are infinite when 
the triangle is equilateral. 


Small osdllations with one degree of freedom. 

286. The theory of small oscillations has already been dis- 
cussed in the chapter on Kectilinear Motion so far as systems 
with one degree of freedom are concerned. In this section a 
series of examples will be found showing the method of proceeding 
in cases somewhat more extended. 

The particle, or system of particles, is supposed to be either 
in equilibrium or in some given state of motion. A slight 
disturbance being given, we express the displacements of the 
several particles at any subsequent time t from their positions 
in the state of equilibrium or, motion by quantities x, y, fee. 
These are supposed to be so small that their squares can be 
neglected. If required, corrections are afterwards introduced 
for the errors thus caused. 

'We form the equations of motion either by resolving and 
taking moments or by Lagrange’s method. By neglecting the 
squares of the displacements these equations are made linear in 
00 , y, z, &c. They are also linear in regard to the reactions be- 
tween the several particles. Eliminating the latter we obtain 
linear equations which can in general be completely solved. The 
solution when obtained will enable us to determine whether the 
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system oscillates about its undisturbed state or departs widely 
from it on the slightest disturbance. 

The principle of vis viva supplies an equation which has the 
advantage of being free from the unknown reactions, but it has 
the disadvantage that its terms contain the squares oi the velo- 
cities, that is, the terms may be of the order we neglect. Being 
an accurate equation, it may sometimes be restored to the first 
order by differentiating it with regard to t and dividing by some 
small quantity. Generally the solution is more easily arrived at 
by using the equations of motion which contain the second 
differential coefficients with regard to t. 


286. Examples, Ex. 1. Two particles whose masses are vi, ml are con- 
nected by a string which passes through a small hole in a smooth horizontal table. 
The particle m' hangs vertically, while m is projected on the table perpendicularly 
to the string with such a velocity that m' is stationary. If a small disturbance is 
given to the system so that •m' makes vertical oscillations, prove that the period is 

2,r . / ) - tvhere c is the mean radius vector of the path of m. 

y rag 


Let r, 9 be the polar coordinates of m, z the depth of m\ I the length of the 
string and T the tension. The equations of motion after the disturbance are 

(it* \dt) m' r dt\ dt) ’ 


dh_ T 
dt^~^ m" 


r+z = l. 


The second equation gives r^dBjdt = h, where A is a constant whose magnitude 
Jepends on the disturbance. Eliminating T, z and ddjdt we find 




Let r=c+^ where c is a constant which is as yet arbitrary except that the variable 
^ is so small that its square can be neglected. 


. . ^ ,,(i*f 3A2^ toA* , 


Let us now choose c to be such that the right-hand side of the equation is zero; 
then mh^=m'c^g. Substituting for A we find 

sin(ni-i-a), ^ . 

m + m' c 

Since ^ is wholly periodic and has no constant term, its mean yalue is zero, 
when, taken either for any Icjpg time or for the period of oscillation. It follows 
that r=c is the mean radius vector of the path of m after the disturbance. This 
is not necessarily the same as the radius of the circle described before disturbance ; 
whether it is so or not depends on the nature of the disturbance given to the 
system. 

Let the particle m before disturbance be describing a circle of- radius a with 
velocity V, then each being the tension of the string; and the angular 
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momentum of m is mVa. If the disturbance be given by a vertical blow JS ap- 
plied to the particle m', this reacts on m by an impulsive tension, and, the moment 
of this about 0 being zero, the angular momentum of m is unaltered. In this 
case we have h = Va and we find e = a. If the disturbance be given by a transverse 
blow JB applied at m, the velocity of m is changed to V' where V' - V=B]m. In 
this case h= V'a and c is not equal to a. 

Ex. 2. A particle of mass m is attached to two points A, R by two elastic 
strings each having the same modulus E and natural length 1. If the particle be 
displaced parallel to this line, prove that the time of oscillation is 2v^J(mll2E). 

[Coll. Ex. 1895.] 

Ex. 3. A heavy particle hangs in equilibrium suspended by an elastic string 
whose modulus is three times the weight of the particle. The particle is slightly 
displaced in a direction making an angle cot“^4 with the horizontal and is then 
released. Prove that the particle will oscillate in an arc of a small parabola 
terminated by the ends of the latus rectum. [Math. Tripos, 1897.] 

Ex. 4. A straight rod AB without weight is in a vertical position, with its 
lower end A hinged to a fixed point, and a weight attached to the upper end B. 
To B are attached three similar elastic strings equally stretched to a length h times 
their natural length and equally inclined to one another, their other ends being 
attached to three fixed points in the horizontal plane through B. Show that, when 
the strings obey Hooke’s law, the condition for stability of equilibrium is that the 
weight must not exceed that which, when suspended by one of the strings, would 
cause an increase of length equal to f (2 - Ifk) AB. Show that, when this condition 
is fulfilled, the system can perform small vibrations parallel to any vertical plane. 

[Matlj. Tripos, 1888.] 

Ex. 5. A smooth ring P can slide freely on a string which is suspended from 
two fixed points A and B not in the same horizontal line. If P be disturbed, find 
the time of a small oscillation in the vertical plane passing through A and B. If 

T be the time, (TI2ir)^g=i{7r')^j{r+r'){{r+r')^~4;C^}^, where r, r' are the distances 
AP, PP in equilibrium and AjB = 2c. 

Ex. 6. A rod of mass M hangs in a horizontal position supported by two equal 
vertical elastic strings, modulus X and natural length a. Prove that if the rod 
receive a small displacement parallel to itself, the period of a horizontal oscillation 

[Coll. Ex. 1897.] 

Ex. 7. A particle of mass m is attached to an elastic string stretched between 
two points fixed in a smooth board of mass M, and the board is free to slide on a 
smooth table. Prove that the period in which the particle oscillates is less than 
it would be if the board were fixed in the ratio 1 : [Coll. Ex. 1896.] 

Reduce the board to rest. 

Ex. 8. A ring of mass nm is free to slide on. a smooth horizontal wire, and a 
string tied to it passes through a small ring vertically below the wire at a depth h, 
and supports a particle of mass m. Prove that if the first mass be released when 
the upper part of the string makes an angle a with the vertical, and if 0 be the 
inclination after a time t, the equation of motion is 

/i (ra-l-sin^^) {ddldt)^=2g cos'* 0 (sec a- sec 0). 

Prove hence that the small oscillations about the position of equilibrium will be 
synchronous with a simple pendulum of length nh. [Coll. Ex. 1896.] 
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Ex. 9. A crane is lowering a heavy body and the chain is paid out with a 
uniform velocity F. Prove that the small lateral oscillations of the body are 
determined by 


where r is the length of the chain at any time and 6 its inclination to the vertical, 
the weight of, the chain being neglected. 

Also if 0isjr=y, 2jgr=xV, prove that 

This equation can be solved by the use of Bessel’s functions. See Gray and Mathews^ 
Treatise on Bessel’s Functions. [Coll. Ex. 1895.1 

Ex. 10. . A gravitating solid of revolution is cut by a plane perpendicular to 
the axis. A particle is fastened by a fine string of length I to a point in the prolon- 
gation of the axis, so that when the string is perpendicular to the plane section 
the particle just does not touch the plane at its centre 0. Assuming the conditions 
such that when the particle is slightly disturbed the motion is that of a simple 
pendulum, prove that the time T of a small oscillation is given by Z(27r/r)®=jR+ 
where R is the force exerted by the solid on a unit mass at 0 and R' is the space 
variation of the force at 0, taken outside the solid, along the axis. [Coll. Ex. 1892.], 


Small oscillations with two or more degrees of freedom. 

287. Oscillations about equilibrium. A particle is in 
equilibrium under the action of forces X, Y which are given func- 
tions of the coordinates. A slight disturbance being given, it is 
required to determine whether the particle oscillates and the nature 
of the motion. 

Let a, b be the coordinates of the position of equilibrium, 
a + x, b + y, the coordinates at anytime t. We shall assume as 
the standard case that x and y are small throughout the motion. 
Solving the equations of motion we shall express x, y in terms 
of t. By examining the results we shall determine whether and 
how nearly the subsequent motion follows the standard form. 

We shall suppose that the forces X, Y can be expanded in 
integer powers of x, y, viz. 

X=^Ax + By, Y==B'x + Gy (1), 

where we have rejected the higher powers in our first approxima- 
tion. There are no constant terms because X, Y vanish in the 
position of equilibrium. Taking the mass of the particle as unity,, 
the equations of motion are 

^ = + % '^i=B'x + (!y ..( 2 ), 




To solve these we let S represent d/dt, 

(S^~ A)a;~£^ = 0, - B'a; + (S^ - C)y = 0 ...(3), 

Eliminating 3 /, we have the two forms 

S^~A, -B ^ „ 

-B', S^~C % = (4), 

The first of these is a differential equation with constant co- 
efficients. Its solution can be written down by the usual rules 
given in treatises on differential equations. The solution contains 
four arbitrary constants, and the value of y follows from that of x, 
without the introduction of any new constants. 

The usual method is to assume as a trial solution x==Le'‘^*. 
Substituting we arrive at the biquadratic 


ni^ — {A G) rrv^ -V AG — BB' = 0 (5) ; 

= I 4- (7 ± V{(^ - Oy + 

Assuming that no two roots are equal, let the four values of m 
be + m, ± w ; then 

« = ( 6 ), 

where , Xg &c. are four arbitrary constants and the values of m 
may be real or imaginary. 

It is at once obvious, if m be positive or of the form r +p\/ ” 1; 
where r is positive, that the value of x will become large by efflux 
of time. It is therefore necessary for (in oscillatory motion that 
all the real roots and the real parts of the imaginary roots of the 
determinantal equation (5) should he negative. 

Since the sum of the four roots of (5) is zero, some of the real 
parts must be positive unless the four roots are of the form 
+ pV ~ I' It is therefore necessary for an oscillatory motion that 
both the roots of the quadratic (5) should he real and negative. 
The algebraical conditions for this are, that both {A — Gy + 45S' 
and AG — BB' should be positive and A + G negative. 

As our solution represents the motion only when x and y 
remain small, it is unnecessary for us here to consider any case 
except that in which the roots of (5) take the forms m^ = —p\ 
n" = — f. The motion is then given by 

X = Z sin (pt + a) + M sin {qt + ^)] 
y = L' sin (pt -}-«) + M' sin {qt + ^)J 
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■where BL'— — A) L and BM' — -‘{q^->rA)M. The quantities 
are the roots of 

{f + A){p‘^ + G)~BB'=0..: (8). 


288. If B, B' have the same sign, the roots of the quadratic (8) are separated 
by each of the values p^= - A, jp^= - C. To prove this, it is sufficient to notice 
that the left-hand side of that equation is positive when p^= ±co and is negative 
when p^ has either of the separating values. 

It is also sometimes useful to notice that the roots cannot be equal unless the 
two separating values A and C are equal and that the equal roots are then 
p^= - A= - 0. If AG -BB'—O the biquadratic (5) has two equal zero roots, 
though the roots of the same equation regarded as a quadratic are unequal. 

289 . To find the four arbitrary constants L, M, a, jS, toe solve the equations (7) 
with regard to the trigonometrical terms. We thus find 

By + (q^+A)x= Lsm{pt + a)l 

By+ {p^ + A)x= {p^~ q^) 3lRin{qt+^)) ^ 

Putting «=0, we at once have the values of JLsino, iif sin yS in terms of the 
initial values of the coordinates. Differentiating with regard to t and again putting 
t=0, we find L cos a, 31 cos jS in terms of the initial velocities. 

290. Xiqual roots. The case in which the equation (5) has equal roots has 
been excepted. This occurs when either (A - C')2-)-4jBB'=0 or AC~BB'=0. 
When B, B' have the same sign the first alternative requires A = C and either B or 
B' equal to zero. In the second alternative the equation has two zero roots. 

Excepting when both B and B' are zero, the solution of the dynamical equations 
(2) is known to contain terms of the form {Lt + L') If m is positive or zero 
(or has its real part positive or zero), this term will increase indefinitely with t. 
If however the real part of m is negative and not zero, say equal to - r, the maxi- 
mum value of Lte~'‘ is Lire. Since L is so small that its square can be neglected, 
this term in the solution will always remain small except when r also is small. 
The existence of equal roots in the determinantal equation (5) does not therefore 
necessarily imply that the oscillation becomes large. 

291. Before disturbance the particle P was in equilibrium at the origin under 
the infiuenee'of the forces .X, Y given by (1) Art. 287. When AC=BB', the 
equations X=0, r=0 are satisfied by values of x, y other than zero. These lie 
on the straight line Ax + By = 0. The dynamical significance of the condition 
AG=BB' is therefore that there are other positions of equilibrium in the immediate 
neighbourhood of the origin,. The roots of equation (8) being p-^ = 0, q^= ~A~G, 
the values of x, y take the form 

x=Lit + L 2 + 31 sin {qt + p), 

By=-A {Ljt + L„) - G3I sin {qt + ^). 

The first terms represent a uniform motion along the line of equilibrium, 
while the trigonometrical terms represent an oscillation in the direction By= - Gx. 
Whether the particle will travel far or not along the line of equilibrium will depend 
on the nature of the forces when x, y become large. 
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292. Principal oscillations. Let the type of motion be 
that represented by such equations as (7). By giving the particle 
the proper initial conditions it may be made to move in either 
of the ways defined by the following partial solutions 

« = X sin (pi + a), y = L' sin (pi + a) (10), 

« = if sin (g'i + /9), y = if ' sin (^i + /9) (H). 

Each of these is called a principal oscillation and all the modes 
of oscillation included in (7) are compounded of these two. The 
dynamical peculiarity of a principal oscillation is the singleness 
of the period. 

The solution (10) is sometimes taken as the trial solution instead of the 
exponential used in obtaining (5). Practically we then begin the solution by 
finding the principal oscillations and finally combine these into the general 
solution (7). 

The paths of the particle when describing the principal oscil- 
lations are the two straight lines 

Ly — L'w, My = M'x... ,.,...*....(12). 

In each oscillation the ratio of the coordinates, being equal to 
L'jL or M'jM, is constant throughout the motion. We have by 
(7), using the values of p® + q\ pY, given by the coefficients of 
the quadratic (8), 

X-if- (p^ + ^)(^^ + ^) B' 

LM~ B^ ~~B 

It follows that when B, B' have the same sign, the ratios L'jL, 
M'jM have opposite signs. In one principal oscillation, the co- 
ordinates X, y increase together; in the other, when' one increases 
the other decreases. 

We also notice that when B' = B, the two straight lines (12) 
ire at right angles. 

The directions of these rectilinear oscillations may be obtained without inves- 
tigating the motion. The lines must be so placed that if the particle be displaced 
along either, the perpendicular force must be zero. The lines are therefore 
given by 

Xy-Yx = 0; .-. J9?/ -h{A-C)a;y~ B'x^=0. 

These lines are real when {A - C)^ -i- iBB' is positive. This condition is 
satisfied when the roots of the determinantal equation (6) are real or of the form 

Pv/~1. 

293. When the coordinates are such that only one varies along 
each principal oscillation, they are called principal coordinates. 
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Referring to the equations (9), we see that if we put 
By + A) x = By + A)x = 'r}, 

7] will be the principal coordinates. This transformation of 
coordinates is always possible, so long as and are real and 
unequal. 

We may also discover the principal coordinates without previously finding the 
values of p®, g®. We deduce from the equations (2) 

^2 (« + Xy) = U + XH') (a? +~^ y) . 

hy using an indeterminate multiplier X. If now we write {B+\C)I{A + \B')=\ 
we see that ai + X*/ will be a trigonometrical function with one period. We have a 
quadratic to find representing the roots by \j, Xj, the principal coordinates are 
I=a:+Xi 2 /, r]=x + \y, or any multiples of these. 

294. Conservative forces. When the forces which act on 
the particle are conservative, the solution admits of somo simplifica- 
tions. Let IT be the force function, then, since dU/dx and dUjdy 
vanish in the position of equilibrium, we have by Taylor’s theorem, 

U = Uo + ^{Ax^ + 2Bxy + Oy^)+- ( 1 ), 

It follows that the equations of motion are 

-^=X = Ax + By, ^^T-Bx + Cy.\ (2). 

Comparing these with the former values of X, Y, we see that 
B' = B. 

If we turn the axes round the origin we know by conics that 
the equation (1) can be always cleared of the term containing the 
product xy. Representing the new coordinates by tj, let the 
expression for U become 


U— Uo + ^ (A'^^ + O'f) + ( 3 ), 

where A + G' = A + C, A*C' = AO — B^. The equations of motion 
are then 


dP 





(4). 


The motion is oscillatory for all displacements or for none 
according as A\ G' are both negative or both positive. If .d' is 
negative and G positive, the motion is oscillatory for a displace- 
ment along the axis of f and not wholly oscillatory for other 
displacements. 
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Th6 level curves of the field of force are obtained by equating 
17 to a constant ; in the neighbourhood of the position of equili- 
brium, these become the conics 

AaP^ + ^Bayy 4- Cy^ = N, or = N. 

The lines of the principal oscillations are the directions of the 
principal diameters of the limiting level conic, and the periods 
of the principal oscillations are proportional to the lengths of the 
diameters along which the particle moves. 

296. The vepresentatlve particle. The investigation of the small oscilla- 
tions of a particle in a given field of force has a more extended application to 
dynamical problems than appears at first sight. Suppose, for example, that a 
system, consisting of several particles connected together by geometrical relations, 
has two degrees of freedom. Let the position of this system be defined by the 
two coordinates x, y. The equations giving the small oscillations, after the elimi- 
nation of the reactions, take the form 

^^Ax+By, ^:^B'x+Cy, 

because the squares of x and y are neglected. If B=B' these are the equations of 
motion of a single particle moving in the field of forces defined by 
U-Uo=i(Ax<i+ 2Bxy + Oif ) . 

The investigations given in Art. 292 and Art. 294 apply therefore to both problems. 

To exhibit the motion of an oscillating system to the eye, we take its coordi- 
nates a, y to be also the Cartesian coordinates of an imaginary particle which 
moves freely in the field of force U. We represent by a figure the level conics, the 
path of this representative particle, and sketch the positions of the principal 
oscillations. The special peculiarities of the motion will then become apparent in 
the figure. 

296. Test of stability*. Let the field of force in which 
the particle moves be given by the function Z7. Since dlljdx and 
dUjdy vanish in the position of equilibrium, U must be at that 
point a maximum or a minimum. In the neighbourhood we have 
U — t7o = ^ {Aa? -f IBcay -j- Gy"^) + . . . 

If AG~B^ is positive, 77 is a maximum or a minimum for all 
displacements according as the common sign of A and G is nega- 
tive or positive, and if AG — B^ is negative, 77 is a maximum for 

* The energy test of the stability of a position of equilibrium is given by 
Lagrange in the Micanique Analytiqtie. He gives both this proof and that in 
Art. 297. The demonstration for the general case of a system of bodies has been 
much simplified by Lejeune-Dirichlet in Crelle's Journal, 1846, and Houville’s 
Journal, 1847. See the author’s Rigid Dynamics, vol. i. ; the corresponding test 
for the stability of a state of motion is in vol. ii. 
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some and a minimum for other displacements. It follows from 
Art. 294 that the motion of the ‘paT^icle, when disturbed from its 
position of equilibrium, will be wholly oscillatory if U is a real 
maximum at that point. The particle will oscillate for some dis- 
placements and not for others if U has a stationary value, and will 
not oscillate for any displacement if U is a real minimum. 

We have here assumed that all the coefficients A, B, G are' 
not zero. When this happens the cubic terms in the expression 
for IT govern the series. The equations of motion (2) of Art. 295 
will then have terms of the second order of small quantities on 
their right-hand sides. 

Besides this if AO ~ &=:0, the quadratic terms of the ex- 
pression for U take the form of a perfect square, viz. (Ax + Byy/A. 
In this case the foTces X — dJJjdx and Y = dUjdy contain the 
common factor Ax + By so that there are other positions of 
equilibrium in the neighbourhood of the origin, see Art. 291. To 
determine the motion, even approximately, it is necessary to take 
account of the powers of x, y of the higher orders. 

The geometrical theory of maxima and minima has a cor- 
responding peculiarity, for it is shown in the Differential Calculus 
that further conditions, involving the higher powers, are necessary 
for a maximum or minimum. 

The following investigation shows how far this correspondence 
extends. 

297 . Let a particle be in equilibrium at a point Bq whose 
coordinates are X(„y 0 , 0 . 116 . let G —f{x,y') be the work function. 
Let the particle be projected with a small velocity Vx from a point 
Px, whose coordinates are Xx, yx, very near toJ*o. The equation of 
vis viva gives (Art. 246) 


v-^vT+2{V-Ux) ( 1 ), 

= V + 2(Cr-17o) (2), 

where ^vT + 2 {Uo-Ux) (3). 


Let CT be a maximum at the point Pq for all directions of 
displacement, then Tlx < and Vq is a small positive quantity. 
As the particle recedes from P^, Gq — G increases, but the equation 
(2) shows that the particle cannot go so far that Gq — G becomes 
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greater than the small quantity ^Vo“- The equilibrium is therefore 
stable for displacements in all directions. 

Let U be a minimum at Pq for all directions of displacement, 
then as the particle moves from Po the difference TJ —Uq increases. 
So far as the principle of vis viva is concerned, there is nothing 
to prevent the particle from receding indefinitely from Pq. 

Let be a maximum for some directions of displacement 
and a minimum for others. The particle cannot recede far from 
Po in the directions for which P is a maximum, but there is 
nothing to restrict the motion in the other directions. 


208 . Ex. A particle P is in equilibrium under the action of a system of 
fixed attracting bodies situated in one plane, the law of attraction being the 
inverse /cth power of the distance. Prove that, if /c> 1, the equilibrium of P cannot 
be stable for all displacements in that plane, though it may be stable for some and 
unstable for other displacements. If k < 1, the equilibrium cannot be unstable 
for all displacements in that plane. 


To prove this let Wj be any particle of the attracting mass, coordinates /, 5 ; 
let iS, y be the coordinates of P. The potential of at P is by definition 

U^— , where is the distance of from P. We then find by a partial 

differentiation 

_ («-i) 

~dx^ dy^ ~ j, K+l 

Summing this for all the particles of the attracting mass and writing 17=2171, we 
find 


dx^ dy^ 


(k-1)2 



The right-hand side is positive or negative according as k> 1 or k<1. 

Taking the equilibrium position of P for the origin and the principal directions 
of motions for the axes. Art. 294, we , see by Taylor’s Theorem 

U=Uod-i(A'|2+(7V) + ..., 

where A'=-d2l7/da;2, C'=d^Uldy^. It is evident that U cannot be a maximum for 
all displacements in the plane of .xy if A'-k 7' is positive and cannot be a minimum 
for all displacements in the plane if this sum is negative. The result also follows 
from Art. 296. 


299. Barrier curves. It is clear that this line of argument 
may be extended to apply to cases in which there is no -given 
position of equilibrium in the neighbourhood of the point of 
projection. Let the particle be projected from any point Pi with 
any velocity Vi in any direction. Throughout the subsequent 
motion we have 


v- = v^~ 4- 2 (U~ Pi), 
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where Z7 is a given function of x,y and fT"! is its value at the 
point of projection. 

If we equate the right-hand side of this equation to zero, we 
obtain the equation of a curve- traced on the field of force at 
which the velocity of the particle, if it arrive there, is zero. 
This curve is therefore a harrier to the motion, which the particle 
cannot pass. 

If the barrier curve be closed as in Art. 297, the particle is, 
as it were, imprisoned, and cannot recede from its initial position 
beyond the limits of the curve. Some applications of this theorem 
•will be given in the chapter on central forces. 

The right-hand side of the equation will in general have 
opposite signs on the two sides of the barrier. When this is 
the case the particle, if it reach the barrier in any finite time, 
must necessarily return, because the left-hand side of the equation 
cannot be negative. 

If the right-hand side of the equation have the same sign on 
both sides of the barrier, that sign must be positive, and U must 
be a minimum at all points of the barrier. The particle is 
therefore approaching a position of equilibrium and arrives there 
with velocity equal to zero. The particle therefore will remain 
on the barrier, see Art. 99. 

The barrier is evidently a level curve of the field of force 
and, as the particle approaches it, the resultant force must be 
normal to the barrier. Just before the particle arrives at its 
position of zero velocity, the tangential component of the velocity 
must be zero, for this component cannot be destroyed by the 
force. The path cannot therefore touch the barrier, but must 
meet it perpendicularly or at a cusp. 


300. Examples. Ex. 1. Two heavy particles of masses m, m', are attached 
to the points A, B ot light elastic string. The upper extremity 0 is fixed and 
the string is in equilibrium in a vertical position, A small vertical disturbance 
being given, find the oscillations. 


Let X, y be the depths of m, m' below 0\ a, b the unstretched lengths of OA, 
AB, E the coefficient of elasticity. The equations of motion reduce to 


d?x 

dt 


X (E E\ 


E 

x--y=mg 


E ,dhf E , „ 


( 1 ). 
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To solve these we put 

x-h—Lsin (pt + a), y~k=M sin(_pt + a), ( 2 ), 

the constants h, k being introduced to cancel the right-hand sides of the eq.uations 
of motion. Since x = h, y = k make d^xjdt^=0, d^ldt^=0, these constants are the 
equilibrium values of x, y. We then find 




E\ 

bj~ 




(3). 


One principal oscillation is given by (2) and the other by using instead of p% 
the other root of the quadratic. It follows that in one oscillation the two particles 
are always moving in the same directions, that is both are moving upwards or both 
downwards. In the other when one moves upwards the other moves downwards. 


Ex. 2. Two heavy particles, of masses vi, M, are attached to the points A, B 
of a light inextensible string, the upper extremity 0 being fixed. Prove that the 
periods of the small lateral oscillations are 27r/p and 2 ir/g where p and q are the 
roots of 

1 a-hb 1 m a& _Q 
jj* g M-{-m g'^ ’ 

and OA=:a, AB — b. Prove also that the magnitudes of the principal oscillations 
in the inclinations of the upper and lower strings to the vertical are in the ratio 
((/ - Show that in one principal oscillation the two particles are on the 

same side of the vertical through 0 and in the other on opposite sides. 


Ex. 3. . Two' particles ilf, m, are connected by a fine string, a second string 
connects the particle m to a fixed point, and the strings, hang vertically; ( 1 ) m 
is held slightly pulled aside a distance h from the position of equilibrium, and, 
being let go, the system performs small oscillations ; (2) M is held slightly pulled 
aside a distance k, without disturbance of m, and being let go the system performs 
small oscillations. Prove that the angular motion of the lower string in the first 
case will be the same as that of the upper string in the second if Mk=:(M+m) h. 

[Math. Tripos, 1888.] 


Ex. 4. Three beads, the masses of which are m, m', vi", can slide along the 
sides of a smooth triangle ABG and attract each other with forces which vary as 
the distance. Find the positions of equilibrium and prove that if slightly disturbed 
the periods 2irlp of oscillation are given by 

(p 2 - a) (p 2 _ | 3 ) - 7 ) - m'm" (p® - a) cos® A - m"m (p® - j3) cos® J5 

- mm' (p® - 7 ) cos® C - 2mm' m" cos A cos B cos C=0, 

where a, / 3 , 7 represent + m + m", m' + m respectively. 

Ex. 5. A particle P of unit mass is placed at the centre of a smooth circular 
horizontal table of radius a. Three strings, attached to the particle, pass over 
smooth pulleys A, B, G &t the edge of the table and support three particles of 
masses the pulleys being so placed that the particle P is in equilibrium. 

A small disturbance being given, prove that the periods of the oscillations are 
27r/p, where 

( p® (l-t- o-)] ® p®(l4-(r)(r ^ flr®i? 

\p^-{-gla\ p^+gla inijm^m^ ’ 

H = (mi -H vi^ - mg) (m^ -t- - mi) (% -F mg - ?%), 

(r=7ni-l-m3-t-m8. 
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Ex. 6. A heavy particle P is suspended by a string of length I to a point A 
■which describes a horizontal circle of radius a with a slow angular velocity n. 
Prove that the two periods of the oscillatory motion are 2ir/« and iiTfJllg. 


301. Faxtiele on a sweSsLce. Ex. 1. A heavy particle rests in equilibrium 
on the inside of a fixed smooth surface at a point 0, at which the surface has only 
one tangent plane. The particle being slightly disturbed, it is required to find the 
oscillations. 

Taking the point 0 as origin, and the tangent plane as the plane of xy, the 
'equation of the surface may be written 

z = ^{ax^ + by^) + ..., 

where the axes of x, y are the tangents to the principal sections and 1/a, 1/6 are 
the radii of curvature of those sections,. By the principles of solid geometry the 
•direction cosines of the normal at any point P become {ax, by, 1) when the squares 
of X, y are neglected. The equations of motion are therefore 

nx-^=-mg-vE. 

Since z is of the second order of small quantities the third equation shows that 
E—fng, and the other two become 


d?x 

^-~agx, 




-^gy- 


If a and 6 are positive, that is if both the principal sections are concave up- 
wards, the motion is oscillatory and the two periods of oscillations are 27 r/^a^ 
and 2TlJbg. The particle, by definition, performs a principal oscillation when its 
motion has but one period. This occurs when 

(1) x=0, Bin {Jbgt+^), (2) y=0, r=A sin (^a^t-l-a). 

The directions of these oscillations are the tangents to the principal sections. 

Ex. 2. A particle rests on a smooth surface which is made to revolve with 
uniform angular velocity w about the vertical normal which passes through the 
particle. Show that the equilibrium is stable (1) if the curvature is synclastic 
upwards, and w does not lie between certain limits, or (2) if the curvature is anti- 
clastic and the downward principal radius is greater than the upward principal 
radius, and w exceeds a certain limit. Find the limits of « in each case. 

[Math. Tripos, 1888.] 

Taking as axes the tangents to the principal sections, the equations of motion 
[Art. 227) reduce to 


di^ 


- (a^x — 2w 


% 

dt 


-gax. 


d^y „ dx 
^_a,V + 2a,^=-<762/. 


To solve these we put x-Lsin{pt + a), y=:L' cob {pt + a). We then obtain a 
quadratic for p® and the ratio L'jL. 

The path of the particle relatively to the moving surface when performing [;he 
principal oscillation defined by either value of ig the ellipse 
The two ellipses are coaxial. 


303. Tbe insufficiency of the first approadma'tion. In forming the 
. equations of motion in Arts. 287, 294, we have rejected the squares of x and y. 
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But unless the extent of the oscillation is indefinitely small, the rejected terms 
have some values, and it may be, that they sensibly afifect the results of the first 
approximation. jSee Art. 141. 


803. To find a second approximation we include in tbe equations (2) of Art. 
287 the terms of the second order. We write these in the form 

(S^-A)a- By= Eios® + ^ 

- B'x + (8^ -a)y = Fj_x^ + 2F^xy + F^y^ j ^ ’ 

Taking as our first approximation 

a:=L sin (pt + a) + If sin (gt+)3)|^ 

y =L' sin (]pt + a) + M' Bin (qt + p)\ ' 

we substitute these in the right-hand sides of (1). The equations take the form 
(5® - A) X- By = 'LP sin (Xt + 

- B'a; + (S2 - 0) y = SQ sin (Xt + M)i ’ 

where X may have any one of the. values 0, 2p, 2^, and P, Q contain the 
squares of the small quantities L, M, L', M'. To solve thesevequations, we con- 
sider only the specimen term of (3) and assume 

x=L sin(pt + a)+Jlf sin(gt-l-|S)-t-P sin (Xt 

y = A' sin (p t -}-■ a) H- Jf ' sin (g 1 4- jS) -h P' sin (Xt + ya)f ^ ‘ 

We find by an easy substitution 

P(X24-A)-t-PP'= -P, P'P4-P'{X2-1.C')=-Q; 

. p -P(X«-K7)-K3P PP^-<3(X«4-A) 

•• '“"■(Xa + J) (X®-)-C)-PP'’ '■(Xa-t-A)(Xa-t-C)-PP'‘ 

It appears that R, R' are very small quantities of the second order, except when 
X is such that the common denominator is small, and in this case R, R' may 
become very great. The roots of the denominator are xa=ga, and the 

denominator is small when X is nearly equal to either p or g. This requires either 
that one of the two frequencies p, q should be small or that one should be nearly 
double the other. 


If for example p is nearly equal to 2g and the numerators of R, R', are not 
thereby made small, the terms defined by X=p - g and X=2g will considerably in- 
fiuence the motion, the other terms producing no perceptible effect. If p = 2g exactly 
the denominator is zero and both R, R' take infinite values. The dynamical meaning 
of the infinite term is that the expressions (2) do not represent the motion with 
sufficient accuracy (except initially) to be a first approximation. The corrections 
to these expressions are found to become infinite and if we desire a solution we 
must seek some other first approximation. 


304. OBcUlatioii about steady motion. Ex. 1. The constituents of a 
multiple star describe circles about their centre of gravity 0 with a uniform 
angular velocity n, the several bodies always keeping at the same distances from 
each other. A planet P, of insignificant mass, freely describes a circle of radius a, 
centre 0, with the same angular velocity, under the attraction of the other bodies. 
It is required to find the oscillations of P when disturbed from this state of 
motion. 

Let r=a(l + a:), e = nt-Yy be the polar coordinates of the planet P at any 
time t. Let the work function in the revolving field of force be 

U - Uo = A no; -1- Pol/ + 4 4- 2Pa:y -t- Py 2) + cfeo (1) , 
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at all points in the neighbourhood of the circular motion. Since that motion is 
possible only in that part of the held in which the force tends to 0 and is equal to 
n*a, it is clear that A(,= - and 

Substituting the values of r, $ in the polar equations 

dt^ \dt J adx* r dt\ dtj rdy ' 

we find the linear equations 

(a^a* - - A) a: - (2a%t5 + J3) y = 0) 

(2a%ia - H) ar + -C)y=o] 


A principal oscillation is therefore given by 

a;=Xi008pf+Xi'sinjpt, y=:M ao^pt + M* sin pt 

_ 2aHpL' - BL _ - 2ahipL ~ BL' 

ay + C ’ ^ aY^G ••• 


( 4 ) , 

( 5 ) , 


{aY + ■^ + i'^Y + G)~.B^- ia*nY =0 (6) . 

The path of the, particle when describing a principal oscillation relatively to 
its undisturbed path is the conic 

(ay+A+o%2)a:2+2Hin/ + (aV+C)p2= (7), 

the ratio and directions of the axes being independent of the disturbance. In the 
limiting case in which n=0 the conic reduces to two straight lines. 


When the multiple star has two constituents A, B, whose masses are M, M', the 
planet P can describe a circular orbit only when M/)~* sin APO= AT'p'"* sin PPO, 
where p=AP, p'=BP and the law of force is the inverse xth power of the distance. 
Since 0 is the centre of gravity of M, M* this proves that either the angle APO is 
zero or p=:p', except when k= ~ 1. The planet P niust therefore be either in the 
straight line AB or at the corner C of the equilateral triangle ABC. 

When the planet P is in the straight line AB at a point C such that the sum of 
the attractions of A and B on it is equal to ti® . OC, the planet can describe a circle 
about 0 with the same periodic time as A and B. This motion is unstable. 

When the planet P is at the third comer C of the equilateral triangle ABC, the 

circular motion is stable when > 3 . 

MJkf' \3-/c/ 

These two results may be obtained in several ways. Putting p, p' for the 
distances of P from the two primaries, the work function is 




M' \ 


Expressing this in terms of r, 0, and expanding in powers of x, y, including the 
terms of the second order, the values of A, B, C in equation (1) become known. 
The periods are then given by (6). 


Instead of using the work function, we may determine the forces dUladx and 
dU/rdy by resolving the attractions of the primaries along and perpendicular to 
the radius vector of P. This method has the advantage that the task of calculating 
the terms of the second order becomes unnecessary. 

Lastly, we may use the Cartesian equations referred to moving axes which 
rotate round 0 with a uniform angular velocity n, OC being the aiis of 
Art. 227. 
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In all these methods, the assumption that the mass of the planet P is insignifi- 
cant compared with that of either of the attracting bodies greatly simplifies the 
analysis. It does not seem necessary to examine these cases more fully here, as 
the results and the method of proceeding when this assumption is not made will be 
considered further on. 

Ex. 2. If in the last example the attracting primaries either coincide or are 
so arranged that the field of force is represented by U- U(,=:AoX + iAx^; prove 
that other circular orbits in the immediatS neighbourhood of the given one are 
possible paths for the particle P, Art. 291. Prove also that after disturbance the 
oscillation of P about the mean circular path is given by 

a;=icos (p«-|-a), py= -2nLBm{pt+a), 
where p^=Sn^ - Aja^, the oscillation having only one period. 

Ex. 3. Two equal centres of force S, S', whose attraction is jap*, rotate round 
the middle point 0 of the line of junction with a uniform angular velocity n. 
A particle in equilibrium at 0 is slightly disturbed, prove that the periods of the 
small oscillation are given by (p2 + - k/ 3) = 4nV where /3=2pc6*"^ and 

SS'=2b. Thence deduce the conditions that the equilibrium should be stable. 


Problems requiring Finite Differences. 

a 05 . Ex. 1. A light elastic string of length nl and coefficient of elasticity 
E is loaded with n particles each of mass m, ranged at intervals I along it begin- 
ning at one extremity. If it be hung up by the other extremity, prove that the 
periods of its vertical oscillations will be given by the formula 

— . cosec s , where i=0, 1, 2 ... n- 1*. [Math. Tripos, 1871.] 
E 2«-i-12’ 

Let x^ be the distance of the Kth particle from the fixed end 0 ; the tension 


above, that below, the particle. We then have 

mx^"=mg + (1), 

and by Hooke’s law for elastic strings 

( 2 ). 

The equation of motion is therefore 

x^"--g = c-^{x^^j^-2x^ + x^^^) (3), 

where c‘^=Ellm. We assume as the trial solution 

( I’* + ’ 


where and are two functions of k which are independent of t, andp, e are 
independent of both k and t. Substituting we find 

K+1 - ^ 

* The solution is given at greater length than is necessary for this example, in 
order to illustrate the various cases which may arise. 




194 


FINITE DIFFERENCES. 


[chap. V. 


To solve the first of these linear equations of differences we follow the usual rules. 
Taking as a trial solution, where A and a are two constants, we get after 

substitution and reduction 


■■■ ■■■■■•■ p)' 

Let these values of a be called a and j3. Then 


+ ( 8 ). 

We notice that when either jp = 0 or 2c the equation (6) has equal roots, viz. a=l 
or — 1. The theory of linear equations shows that the terms depending on these 
values of jp take a different form, viz. 


Z^=(A+J3/:)(=fcir ..(9). 

The complete value of may be written in the form 


4- Ao + BqK + (/1 25 + B 2 e>^) ( - 1)'‘ sin (2ct + eoj) 

+ S {Apo.^ + JBp/S'') sin (jpt + Cp) (10) , 

where S implies summation for all existing values of 

We have yet to examine the conditions at the extremities of the string. The 
formula (2) does not express the tension of the highest string unless we suppose 
that ^Fq = 0. Again the tension below the lowest particle must be zero and this 
requires that Tn+i =0, The equation (3) will therefore express the motion of every 


particle from k= 1 to only if we make 

®o = 0, x^+.y-x^=l (11). 

Since for all values of t, it follows from (10) that 

7iq4-A(,=0, ^25=0, Ap + Bp = 0 (12). 

Since a;, j=Z, we see in the same way that 

K+i-K+^o = ^> JS2o=0, + (13). 

Eliminating the ratio ApjBp we have 

ftM+l _ ^n+l -gn_pn 


If jo>2c we see by (7) that both a and ^ are real negative quantities. The equation 
(14) has then one side positive and the other negative, since the integers n, n+1 
cannot be both even or both odd. Hence p must be less than 2c^ let p = 2c sin^, 
hence a=cos20 + sin2^^-l, j3 = cos2i9-sin20,^- 1 (15). 

The equation (14) now gives sin(2n+2) 0=:sin2n0, excluding p = 0 we have 


2i + l ^ . 2i+l7r 

“ 2n + 1 2 ’ 2c “ '2n + 1 2 


(16), 


where i.has any integer value. It is however only necessary to include the values 
f = 0 to i=?i — 1. The values of 6 indicated by i — i' and 2n — i' are supplementary, 
while the values of sin 0 indicated byf=i' and i' + 2?i + l are equal with opposite 
signs. The value i=n is excluded because the value p = 2c has been already taken 
account of. 


The oscillations of the Kth particle are therefore given by 

= ■^7’^ + SCp sin 2k0 sin (pt + ep) ( 17 ), 

where + Aa + B^ic, and C7p=2Ap^-l. 
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The value of \ might be determined by solving the second eguation of 
differences (5), using the rules of linear equations adapted to that equation. Sut 
it is evident that in the position of equilibrium of the system, when there is no 
oscillation, every Cp=0, and therefore that position is determined by x =I[ 
This enables us to deduce from the elementary rules of Statics. 

We notice that in equilibrium, T^=mg, T^,^=2nig, &c., T^={n + 1- k) mg. 
Hence by Hooke’s law 

Z+ (71 + 1 — k) gjc^. 


Adding these for all values of k from /c=l to k=k, and remembering that if =0 
by (12), we find ' ° 





(18). 


The equation (17) shows that the motion of every particle is compounded of n 
principal or simple harmonic oscillations. The periods of these are unequal and 
are represented by 2wjp where p has the values given in (16). 

Suppose the system to be performing the principal oscillation d efined by the 
value of d=7r/27. By considering the signs of sin 2x0 in (17) we see that all the 
particles determined by kcy are moving in the same direction as the highest 
particle, those determined by /07 but <27 are moving in the opposite direction, 
those given by /027 but <87 are moving at any time in the same direction, and 
so on. 


Ex. 2. A smooth circular cylinder is fixed with its axis horizontal at a height 
h above the edge of a table. A light string has a series of particles attached to it 
over a part of its length, the particles being each of mass m and distant a apart. 
The portion of the string to which the particles are attached is coiled up on the 
table, and the rest is carried over the cylinder, and a mass M attached to the 
further end of it. The system is held so that the first particle is just in contact 
with the table, the free portions of the string being vertical, and is then allowed 
to move from rest; prove that 'if v be the velocity of the system imilaediately after 
the nth particle is dragged into motion (nach), then 

ga 61/® - n (2w - 1 ) ot® 

^ ~ 3 ' (M+nm)^ 


Supposing the string of particles to be replaced by a uniform chain deduce from 
the above result the velocity of the system after a length x of the chain has been 
dragged into motion. If I be the length of the chain and /* the mass, then, if I be 
less than h, the amount of energy that will have been dissipated by the time the 

chain leaves the table will be ^ ^ . [Coll. Ex. 1887.1 

b M+fji, 

If represent the velocity required, we deduce from vis viva and linear 
momentum at the next impact the equation 

{M + {n + 1) m]^ - {M+nmYv\='iga 

Writing the left-hand side 0 (?7-i-l)-9i(ji), we find ^6 («.•+• 1) -9!) (1) by summing 
from n=l to n. Remembering that Vi=0, this gives' The energy dissipated is 
found by subtracting the semi vis viva, viz. from the work done by 

gravity, viz. Ig. 
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Ex. 3. A train of an engine and n carriages running with a velocity u, is 
brought to rest by applying the brakes to the engine alone, the steam being cut oft’. 
There is a succession of impacts between the buffers of each carriage and the next 
following. Prove that the velocity v of the engine immediately after the rth impact 

IS given by _ u)^=3fafr {2M+vi (r - 1) } , 

where m is the mass of any carriage, 31 that of the engine, a the distance between 
the successive buffers ivhen the coupling chains are tight, / the retardation the 
brake would produce in the engine alone. [Coll. Ex.] 

Ex. 4. A heavy particle falls from rest at a given altitude h in a medium 
whose resistance varies as the square of the velocity. On arriving at the ground 
it is immediately reflected upwards with a coefficient of elasticity jS. Show that 
the whole space described from the initial position to the ground at the nth impact 

If be the height described just after the nth rebound, we show 
I (it, 1+1-1)= 

To solve this equation of differences we put it„= 1 + l/^n* equation then takes 

a standard form with constant coefficients. The whole space described is found by 
taking the logarithm of the product u^UiU ^ . . . . 

This problem was first solved by Euler in his Blechanica, vol. i. prop. 58, for 
the case in which j9=l. An extension by Dordoni, Memorie della Societa Italiana, 
1816, page 162, is mentioned in Walton’s 3Iechanical ProMems, chap. ii. page 247. 




CHAPTER VI. 


CENTRAL EORCES. 


Elementary Theorems. 

306. To find the polar equations of motion of a particle 
describing an orbit about a centre of force. 

Let the plane of the motion be the plane of reference and let 
the origin be at the centre of force. Let F be the accelerating 
force at any point measured positively towards the origin. Then 
by Art. 35, 

(ddy jjt 1 A /-n 

=-'^- rdA^dtr^ 

The latter equation gives by integration 

f^ddldt=-h ( 2 ), 

where h is an arbitrary constant whose value depends on the 
initial conditions. 

This important equation can be put into other forms of which 
much use is made. Let v be the velocity of the particle, the 
perpendicular drawn from the origin on the tangent. Let A be 
the area described by the polar radius as it moves from some 
initial position to that which it has at the time t. Then (Art. 7) 
r'^dd = 2cZA =pds. 

Hemembering that v = dsfdt, we see that the equation (2) may be 
written in either of the forms 

“ = 

The first of these shows that the velocity at any point of the orbit 
is inversely proportional to the perpendicular drawn from the centre 
on the tangent. The second, by integration between the limits 
t = tQio t, shows that the polar area traced out by the radius vector 
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is proportional to the time of describing it. We also see that the 
constant h represents twice the polar area described in a unit of 
time. Both these are Newtonian theorems. 

We also infer that in a central orbit, the angular velocity dO/dt 
always keeps one sign and never vanishes at a finite distance from 
the origin. The radius vector therefore continually turns round 
the origin in the same direction. 

307. Conversely, we may show that if-^ particle so move that 
the radius vector drawn from the origin describes areas propor- 
tional to the time the resultant force always tends to the origin, 
and is therefore a central force. To prove this let F and G be 
the components of the accelerating force along and perpendicular 
to the radius vector. Taking the transversal resolution, we have 

rdA dtj 

As already explained = 2dA, and if the area A bear a constant 
i-atio to the time, say A = at, we have at once r^dO/dt = 2a and 
therefore G~0. 

308. If m is the mass of the particle, its linear momentum 
is mv and this being directed along the tangent to the path, the 
moment of the momentum about the centre of force is mv.p. 
The moment of the momentum is called the angular momentum 
(Art. 79) and we see that in a c&ntral orbit the angular momentu/m 
about the centre of force is constant and egual to mh. When we 
are concerned only with a single particle its mass is usually taken 
to be unity, and h then represents the angular momentum. 


309. To find the polar equation of the orbit we must eliminate 
t from the equations (1). Let r = 1/w, then, as in Art. 268, 
dr _ 1 

dt ~ u^ 


du dd _ , du 

dd dt~~ dd’ 


d^r ,d?udd , „ „ d^ 


Substituting this value of d^rjdf^ and the value of ddjdt = hu^ 


given by (2) in 


fitj ~ 
dh 


I /If 


F, we have 
F 
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■When the polar equation of the path is given in the form 
u —f{&) the equation (4) determines F in terms of ib and 9. 
Since the attractive forces of the bodies -which form the solar 
system are in general functions of the distance only we should 
eliminate 6 by using the known polar equation of the path. We 
thus find as a function of u only. 

Strictly this expression for F only holds for points situated on 
the given path, but if the initial conditions are arhitrary, the path 
may be varied and the law of force may be extended to hold for 
other parts of space. 

When the force F is given as a function of r or Iju, the 
equation (4) is a differential equation of the form ^=/('m). 
This differential equation has been already solved in Art. 97. 

It is evident from dynamical • considerations that when the 
central force is attractive, i.e. when F is positive, the orbit must 
be concave to the centre of force, and when F is negative the 
orbit must be convex. By looking at equation (4) we immediately 
verify the theorem in the differential calculus that a curve is 

concave or convex to the origin according as is positive or 

negative. 

310. To apply the tangential and normal resolutions to a 
central orbit. 

Eeferring to Art. 36 we have the two equations 


y^ = _jPcos6, — = Fain(f) (5), 

ds , P 

where (f) is the angle behind the radius vector when the particle 
moves in the direction in which s is measured. Writing drjds for 
cos ^ and integrating we have 

v^=.a-2JFdr ...( 6 ), 


where (7 is a constants whose value depends on the initial con- 
ditions. This equation is obviously the equation of vis viva, 
Art. 246. The integral has a minus sign because the central force 
is, as usual, measured positively towards the origin, while the 
radius vector is measured positively from the origin. 
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If we substitute for v its value hjp given by (3) and differentiate 
we deduce 



This expression for the central force F is very useful when the 
orbit is given in the form p = f{r). 


311. Considering the normal resolution (6), we have an ex- 
pression for “y which is useful when both the law of force and the 
path are known. It has the advantage of giving the velocity 
without requiring the previous determination of either of the 
constants G or A. If is one-quarter of the chord of curvature of 
the path drawn in the direction of the centre of force we may 
write the equation in either of the forms 

v^ = Fp sin <f>= 2Fx (8). 

This is usually read ; the velocity at any point is that due to one- 
quarter of the chord of curvature. 

When the particle describes a circle about a centre of force 
in the centre sin (f> — l and p is the radius r. The velocity given 
by the normal resolution, viz. v^fr-F, is often called the vdocity 
in a circle at a distance r from the centre of force. 


312. The velocity acquired by a particle which travels from 
rest at an infinite distance from the centre of force to any given 
position P is called the velocity from infinity. Referring to the 
equation of vis viva (6), let 




= + 


2/a 1 


r'"' - ^n-i • 

Now v — 0 when r = oo; hence, if n is greater than unity, we 
have (7 = 0. The velocity from infinity to the distance r = i2 is 

2/i 1 


therefore given by 


1 ' 


See Art. 181. 


If n is less than unity the value of G is infinite. Instead 
of the velocity from infinity we use the velocity acquired hy the 
particle in travelling from rest at the given point P to the origin 
under the attraction of the central force. * In this case v = 0 when 

2a 

r = i2; hence (since ?^<l) (^ = j velocity to the 
origin (where r = 0) is then given by v^ - 

1 — n 
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When the force varies as the inverse cube of the distance, 
i.e. F = we notice that the velocity in a circle and the velocity 
from infinity are equal. When the force varies as the distance, 
i.e. F—fir, the velocity in a circle is equal to that to the origin. 
When the force varies inversely as the distance, i.e. F — fifr, both 
the velocity from infinity and the velocity to the origin are infinite. 

313. The constants. The two constants h and G may be 
determined from the initial conditions whei). these are known. 
Let the particle be projected from a point P at an initial distance 
jK from the origin with a velocity V, let /S be the angle the 
direction of projection makes with the initial radius vector. The 
tangent at P makes two angles with the radius vector OP, respec- 
tively equal to ^ and TT — When- a distinction has to be made 

it is usual to take ^ equal to the angle behind the radius vector 
when P travels along the curve in the positive direction (i.e. the 
direction which makes the independent variable increase). The 
angle $ is called the angle of projection. We evidently have 

A = Fii sin y9. If F^fifr^, we have — 0 . 


It follows that, if n>l and the velocity from infinity is Vi, 
0=V^ — Vi^; if w < 1, (7 — F® + Fo“ where Fo is the velocity to the 
origin. 

We may obtain another interpretation for the constant G. 
Selecting any standard distance r = a, the potential energy at a 
distance r is 




_ ^ 
(^^-l)a’‘-l 2 2* 


1 

See Art. 250. It follows that ^G plus is equal to the 

whole energy of the motion. Hence by talcing the standard position 
at infinity or the origin according as n is greater or less than unity, 
we may make \ G equal to the whole energy. 


314. When a point P on the orbit is such that the radius 
vector OP is perpendicular to the tangent, the point P is called 
an apse. 

When OP is a maximum the apse is sometimes called an 
apocentre, and when a minimum a pericentre. 
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315. Summary. As the formulae we have arrived at are 
the fundamental ones in the theory of central forces, it is useful 
to make a short summary before proceeding further. There are 
three elements to be considered : (1) the law of force, (2) the 
equations of the path, (3) the velocity and time of describing 
an arc. Any one of these elements being given, the other two 
can be deduced by d 5 niamical considerations. There are therefore 
three sets of equations; firstly, equations (4) and (7) connect the 
force and path, so that either being known the other can be 
deduced ; secondly, equation (6) connects the force and velocity ; 
thirdly, equations (2) and (3)' connect the path with the motion 
in that path. 

The equations of one of these sets are mere algebraic trans- 
formations of each other, any one being given the others can 
be found from it by reasoning which is purely mathematical. 
But an equation of one set cannot be deduced from an equation 
of another set in this manner, because each set depends on different 
dynamical facts. 

316. Dimensions. It is important to notice the dimensions 
of the various symbols used. The accelerating force like that 
of gravity, i.e. y, is one dimension in space and — 2 in time. We 
see this by examining any formula which contains F or g, say 
s — or — F cos <f> = dPsJdt^. The force F will in general vary 
as some power of the distance from the centre of force, say 
F = jjbjr'^ where /a is a constant which measures the strength of 
the central force. The quantity fx = Fr'^ is therefore w -f 1 dimen- 
sions in space and —2 in time. The velocity v = dsldt is one 
dimension in space and —1 in time. The constant h — vp is 2 
dimensions in space and — 1 in time. See Art. 151. 

317. Force given, find the orbit. Ex. 1. The force being 

F = fiv? {2a^u^+ 1), 

a particle is projected from an initial distance a, with a velocity which is to the 
velocity in a circle at the same distance as *^2 to the angle of projection being 
45°. Find the path described. 

Putting a==l/c the differential equation of motion is, by Ar^ '09, 
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When tt=c, the conditions of the question give v^=%Flc and H—v sinj8/c where 
sin2/3=J, see Arts. 311, 313. We therefore have <7=0, The equation now 


reduces to 



I 


du 0 . 

= ±-+A. 
U'‘ c 


Replacing u by 1/r and measuring 6 from the initial radius OA in such a direction 
that r and 0 increase together, this leads to r=a (1 + ^). 

From the equation r^d0ldt=h, we infer that the time from a distance a to r is 


Ex. 2. A particle moves under the action of a central force > (u® - ^a^u7), the 
velocity of projection being (26/i/8a^)^, and the angle of projection sin'^f . Prove 
that the polar equation of the path is 3a®= (4i'’^- a®) {0 + C)^. [Ooll. Ex. 1892.] 


Ex. 3. When the central acceleration is and the- velocity at the 

apsidal distance a is equal to prove that the orbit is r=acn0 (mod 

[CoU. Ex. 1897.] 

Ex. 4. The’ central force being F=:2fMi^ the particle is projected 

from an apse at a distance a with a velocity V/^/a. Prove that it will be at a 


distance r after a time 




‘•'o} 


[Math. Tripos.] 


Ex. 5. A particle, acted on by two centres of force both situated at the origin 
respectively F=A«i® and is projected from an initial distance a ■with a 

velocity equal to that from infinity, the angle of projection being tan“^^y2. If 
the forces are equal at the point of projection, the path is a0={r~a)^2. 


Ex. 6. A particle, acted on by the central force F^u^f (9), is initially projected 
in any manner. Prove that the radius vector can be expressed as a function of 6 
if the integrals of cos 0f (0) and sin 0/ (0) can be found. [Use the method of 
Art. 122.] 


318. Orbit given, find the force. Ex. 1. A particle describes a given 
circle about a centre of force on the circumference. It is required to find the law of 
force and the motion. Newton’s problem. 

Let 0 be the centre of force, C the centre of the circle, P the particle at the 
time t. Let a be the radius of the circle, OP=r. If p = OF be the perpendicular 
on the tangent, we have (since the angles OPY, OAP are equal) jp = r-/2a. Hence 
using (7) of Art. 310, we have 


F= -4^2 


^ 1 

dr 


8h^a^ 
r® • 


( 1 ). 


If we suppose the magnitude of the force to be given at a unit of distance from 

the centre of force we write this in the form , where u is a known constant 

r° 

sometimes called the magnitude or strength of the force. The constant h is then 
determined by the equation 

Sh^a^^lJL ( 2 ). 


The velocity at any point P is found by the normal resolution. Art. 310, 

-=PeinOPr=-^J 

a r® 2a V 2 r 

By Art. 312 this velocity is equal to that from infinity. 


( 3 ). 
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To find the time of describing any arc AP, where A is the extremity of the 
diameter opposite to the centre of force, we use the equation A—^ht, Art. 306. 
Since the area AOP is made up of the triangle OCP and the sector AGP, we have 

J/it=A=4a®(2d + sin2d), 
where 0 = the angle A OJ*. Substituting for /j 

t=z2a^ (2d + sin 2d) (4). 

It appears from this that the particle will arrive at the centre of force after 
a finite time obtained by writing d=\T. The particle arrives with an infinite 
velocity due to the infinite force at that point. 

Let the force at all points of space act towards the point 0 and vary as the 
inverse fifth power of the distance from O. It is required to find the necessary and 
svjSicient condition that a particle projected from a given point P in a given direction 
PT with a given velocity V may describe a circle passing through 0. It is obvious 
from (3) that it is necessary that where r=:OP’, we shall now prove that 

this is also sufidcient. 

Describe the circle which passes through O and touches PT at P. The particle 
which describes this circle freely satisfies the given conditions at P. If then the 
given particle does not also describe the circle we should have two particles 
projected from P in the same direction, with equal velocities, acted on by the same 
forces, describing different paths; which is impossible; Art. 243. 

We notice that a change in the direction of projection PT affects the size of 
the circle described, but not the fact that the path is a circle. 

Ece. 2. A particle moves in a circle about a centre of force in the circum- 
ference, the force being attractive and equal to /^r”. Prove that the resistance of 
the medium in which the particle moves is (ra+S) r“sin 0, where cos d=r/2<i. 

Use the normal and tangential resolutions. [Opll. Ex.] 


Ea:. 3, A particle of unit mass describes a circle about a given centre of force 
0 situated on the circumference. If the particle at any point P is acted on by an 
impulse 2n cos ^ in a direction making an angle ir-<p with the direction of motion 
PT, show that the new orbit is also a circle and prove that the ratio of the radii is 
cos 2<p + sin 2<f> cot 0, where 0 is the angle OPT. 

Ex. 4. The force being a particle when projected from a pmnt P with 

an initial velocity V, equal to that from infinity, describes the circle ■» =2acos0; 
investigate the path when the initial velocity is F(l+7), where y is so small that 
its square can be neglected. 

Proceeding as in Art. 317, we find 


The conditions of the question give 


C=- 




2 cos^a 


(27+72), 


= (1 + 7 ) 2 , 


where c~lj2a and 0 = a initially. Putting ti=c seed + 077 and neglecting the 
squares of rj and 7, we arrive at 

cos® 0 dv) cos® d - 2 cos d _ - 7 7 cos^ d 

sin d dd sin® d sin® 0 cos'* a sin® d ' 
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Each side being a perfect differential, we find 
cos^ Q 'V 

—^ ■n=zK+yoot6 r- (cot0 + f 0 + isin^cos^), 

Bind cos* a' ' 


and K is determined from the condition that 17=0 when 6= a; 

K=-'ycotttH — (cota+^a + isin ttcosa). 

' cos'* a - -i 

Putting M =!/?•, we have r—2a cos d (1 - 17 cos 6), 

— = cos 0-/csin 0-7CO8 ^H — ■ (cos 0 + 0 sin^ + i sin^^cos^). 

2a cos'* a 

It has been assumed that cos a is not small, the point P must therefore not be 
close to the centre of force. It easily follows that when 


d—^ir- K+^Try sec* a. 


the distance of the particle from the centre of force is of the order of small 
quantities neglected above. 


Ex. 5, Any number of particles are projected in all directions from a given 
point P each with the velocity from infinity, the central force being F=fm^. Prove 
that their locus at any instant is (d being measured from OP) 


(,.i! 4. £.2 _ 2cr c os 6)^ 
sin® 8 


|d - sin 8 


(.,.2 4. gsj QQg 0 _ 2cr\ 
f“ + c®~2crcosd j 




where OP=c and A is a constant depending on the time elapsed. 


310. Ex. 1. A 'particle describes an equiangular spiral of angle a under the 
action of a centre of force in the pole, prove that 

h=sinas/p, v = 2coaa.t^p=i\^-rt^% 

where t is the time of describing the arc bounded by the radii vectores i\. Con- 
versely, a particle being projected from any point in any direction will describe an 
equiangular spiral about a centre of force whose law is P'=pjr^, provided the 
velocity of projection is s/fclr, i.e. is eqhal to that from infinity. 

Assuming p = r sin a we follow the same line of reasoning as in Ex. 1 of 
Art. 318. 

Ex. 2. A particle acted on by a central force moves in a medium in which the 
resistance is K(vel.)®, and describes an equiangular spiral, the pole being the 

centre of force! Prove that the central force varies as i where a is the 

angle of the spiral. [Math. Tripos, I860.] 

320. Ex. A particle describes the curve r'^ = a co& n6 + b sin n8, under the 
action of a centre of force in the origin. Prove that 

T'— P A. g ._ ,1^ 

~ ,.27n+3 yii ’ ^ ~m+l 7’'®”*+® 7‘- 

We notice (1) that the exponents of r are independent of n, (2) that, when m-Fl is 
positive, the velocity at any point is that due to infinity. Art. 312. 

Supposing the law of force and the velocity of projection to be given by these 
formulffi, let the particle be projected from any point P in any direction PT. The 
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four constants W, n, a, h are determined ty 

joined to the conditions that the curve must pass through P and touch PT. 


"We find that tfi and — cot^ tp have the same sign, where B = OP and 

p is the angle of projection. When the sign of thus determined becomes 
negative or zero the curve obviously changes into 

}•’”■= 4 - or r^=a + b"d, 

where ia'b'=a" - and b” is the limit of bn when b is infinite and n zero. 


It is useful to notice the following geometrical properties of the curve. If p 
be the perpendicular on the tangent, <p the angle the radius vector makes with the 
tangent 


tand»= — cotHd, 
n 


1 _ a? + 6 ® m^'— 1 

j.2m+2 jj.j2 ^.2 ■ 


This example includes many interesting cases. Putting ?re=2, n= 2 , we see 
that the lemniscate of Bernoulli could he described about a centre of force in the 
node varying as the inverse seventh power of the distance. Putting m=n, we 
have the path when the force varies as the inverse (2m + 3)th power and the velocity 
is that from infinity. Writing m=J, n-\, we find the path is a cardioid when 
the central force varies as the inverse fourth power and the velocity is that from 
infinity. Writing, m=l, n=l, the path is a circle described about a centre of force 
on the circumference. 


321 . Ex. 1. A particle describes a circle about a centre of force situated in 
its plane. It is required to 'find the latu of force and the motion. 

Let 0 be the centre of force, C the centre of the circle, a its radius and GO — c. 
Taking the equations of Art. 310, we have 

— ^ 

p’ a~ r’ " ~ a p^‘ 

Since in a circle 2ap = r^ + a^~c^, we can, by substitution, express F and v in 
terms of r alone. We have- 


=(tf , 

V2; r^ + B’ 


F— 

(j-2 + E)»’ 


where 8 ( 1 %® =yu, and B=a^-c^. When B — 0, the law of force reduces to the inverse 
fifth power, and the velocity becomes the same as that found in Art. 318. 

If this law of force be supposed to hold throughout the plane of the circle, the 
values of p and B are given. In order that the orbit may be a circle it is necessary 
that the velocity of projection should satisfy the above value of v, i.e, should be 
equal to the velocity from infinity. The direction of projection being also given, 
the angular momentum h (Art. 313) is also known. The values of a and c follow 
at once from the equations given above and must be real. 

Newton, when discussing' this problem, supposes that the centre of force lies 
inside the circle. It follows that B is positive, and at no point of space can either 
the force or velocity be infinite. 


When the centre of force is outside the circle, one portion of the orbit is 
concave and the other convex to the centre of force. We must therefore suppose 


ART. 322.1 


VARIOUS ORBITS. 


207 


that the force is attractive in the first and repulsive in the other part. Writing 
B = ~b^, we have V^=c^-a^, and therefore & is the length of either of the tangents 
drawn from the centre of force to the circle, and the force changes sign through 
infinity when the particle passes the ^circle whose radius is 1. 

Sylvester, in the Phil. Mag. 1865, points out that the resultant attraction of a 
circular plate, whose elements attract according to the law of the inverse fifth 

iXi* 

power, at an external point P situated in its plane, is — pp where /jl is the mass 

of the plate, 6 its radius and r the distance of P from the centre. The circle 
described by P under the attraction of this plate outs the rim orthogonally. 

Let the particle P be constrained to move on a smooth plane under the action 
of a centre of force situated at a point G distant b' from the plane, the law of 
force being the inverse fifth po^er. The component of force in the plane is 

where r is the distance of P' from the projection 0 of the centre of 


nr 


{r^ + b''^y^ 

force on the plane. Putting B — it appears from what precedes that, if the 

velocity of projection is equal to that from infinity, the path of the particle on the 
plane is a circle. The length of the chord bisected by the point 0 is constant for 
all the circles and equal to 2b'. , 

E.X. 2. A particle moves under the action of a centre of force Prove 

that all the circles which can be described either pass through a fixed point or have 
a fixed point for centre. 

322 . Ex. 1 . A particle moves under the action of a centre of force whose 
attraction is F—Ti,^-- 7 Xh and the velocity at any point is equal to that from infinity. 

{r^+sy 

It is required to find the path. 

The equation of vis viva (Art. 310) gives 

»s=0-2JM-=C + j^ (1). 

Since this formula is independent of the path and it is given that v is zero when r 
is infinite we see that (7=0. Substituting for v its value hjp, the equation of the 
path becomes 

r‘‘ + B = ip\ ih^=^n (2). 

The curve required is therefore such that adinear relation exists between and 

9-2. There are several species of curves which possess this property distinguished 

from each other by the values of B and i. 

One such curve is known to be an epicycloid. Supposing the radii of the fixed 

and rolling circles to be a and b, we have at the cusp r=a, p = 0 and at the vertex 

p and r are each equal to a + 26. We thus find 

„ n . {a + 2hy-a^ ^ ^ 

B=-a\ (3)- 

The law of force and the conditions of projection being given both B and li^ are 
known. If the force is attractive, B negative, and less than unity, the path is 
an epicycloid, the values of a and 6 being given by (3). 

Changing the sign of 6 the epicycloid becomes a hypocycloid and in this case 
we learn from (3) that i and /x are negative. When therefore the force is repulsive, 
and B negative, the path is a hypocycloid. 
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The remaining species are more easily separated by putting the equation (2) 
into the form a result which follows at once from the identity p=rdrjdp. 

Remembering that p^p + d^jd^j/^ the differential equation becomes 

w- 

When i is less than unity or is negative we easily deduce the cycloidal species given 
above. If we find 

p—Lsinfi^+Mooapxf/. 

If the axis of x pass through the cusp, we have p=0 when \l/z=0 and p = a + 2b 
when. Hence i=a + 26 and 31=0. 

When i is greater than unity we have the forms 

p=Lyf/+M (5), 

where and the second form occurs when i = l. Since in any curve the 

projection of the radius vector on the tangent is dpfdyp, we find by elementary 
geometry 

. 

where (j> is the angle behind the radius vector. Since <p=\j/ — 6, we can in this 
way express the polar coordinates r and 6 in terms of the subsidiary angle 

Substituting in (2) we find that ^a?LM=B, so that L and M have the same or 
opposite signs according as the given quantity B is positive or negative. When 
B = 0, either L or 3f is zero, and since, by (6), tan^ is then constant the curve is 
an equiangular spiral! 

To trace the forms of the exponential spirals it is convenient to turn the axis 




of X round the origin so that the equation (5) may assume a symmetrical form. 
We then have 

p = ic (7), 

where the upper or lower sign is to be taken according as B is positive or negative. 
When B is positive there is an apse whose position is found by putting p=r in (2), 
whence {i-\)T^—B. When B is negative there is a cusp at the point determined 
by p = 0, i.e. at r^=-B. These spirals were first discussed by Puisseux (with a 
different object in view) in LiouvilU's Journal, 1844. 


By using a proposition in the theory of attraction's we may put some of the 
preceding problems in another light. It may be shown that the resultant attraction 
of n thin circular ring, whose elements attract according to the law of the inverse 


cube, at any point P in the plane of the ring is 
the ring, c its radius and r the distance of P from the centre 


, where /x is the mass of 
The plus or minus 
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sign is to be taken according as P is witlaout or -within the ring, (see To-wnsend 
in the Quarterly Journal, 1879). The path of the particle P moving under the 
attraction of the ring has now been found provided the velocity of projection is 
egual to that from infinity. 

Again, when a particle P is constrained to move on a smooth plane under the 
action of a centre of force <7 situated at a distance c from the plane, the law of 

force being the inverse cube, the component of attraction in the plane is ' 

where r is the distance of P from the projection 0 of the centre of force on the 
plane. 


Ex. 2. If 8 be the arc AP of any path measured from a fixed point A, show 
that s (i - l)/i differs from the projection of the radius vector OP on the tangent at 
P by a constant quantity Which is zero when A is an apse. 

Ex. 3. Show that the polar area traced out by a radius vector OP is equal to 
i times the corresponding polar area of the pedal. Thence show that the time of 
describing any arc is given by ht=ijp^d\p. 


aaa. Parallel foreoB. Ex. 1. A jyarticle describes a central conic under the 
action of a force F tending always in a fixed direction. It is required to find F. 
Let the conic be referred to conjugate diameters OA, OB\ the force acting 



parallel to BO. Let the angle AOB = w, OA=a', OB = b'. Let ON=x, PN=y be 
the coordinates of P. Then 


cPxldt^=0, d?yldt^=-F. 

The first equation gives x=At, where A is the oblique component of velocity parallel 
to X. Hence A is the resultant velocity at P. We then have 


y=^, 


dt‘~ a'® y‘^' 


The component of velocity at right angles to the force is constant. Representing 
this component by F, and remembering that the resultant velocity at B is A, we 
find F=A sin w. 


If a, b are the semi-axes of the conic the expression for the force becomes 
^ 1 _ 1 

~ sin® w y^~ y^ ' 

It follows that the force tending in a given direction by which a conic can be 
described varies inversely as the cube of the chord along which the force acts. This 
result may also be obtained without difficulty by taking the normal resolution of 
force. 

Ex. 2. If the tangent to the conic at P intersect the conjugate diameters in T 
and U, prove that the velocity at P is v=Ax . TUja'^. 
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Ex. 3. A particle describes the curve ij=f{x) freely under the action of a 
force F whose direction is parallel to the axis of y; ]yxove F=A^d!hjldxK 

Ex. 4. Show that a particle can describe a complete cycloid freely under the 
action of a force tending towards the straight line joining the cusps and varying 
inversely as the sguare of the distance. Prove also that the square of the velocity 
varies inversely as the distance. 


334 . Ex. Two masses M, m are connected by a string which passes through 
a hole in a smooth horizontal plane, the mass m hanging vertically. Prove that 
M describes on the plane a curve whose differential equation is 



d?u _mg 1 


Prove also that the tension of the string is 


Mm 

M+m 


(g + h^u^). 


[Coll. Exam.] 


Law of the direct distance. 

325. A particle is acted on hy a centre of force situated in 
the origin- whose acceleration is F= fjbr where r is the radius 
vector. It is required to find the possible orbits. 

Taking any Cartesian axes, we notice that the. resolved parts 
of the force in these directions are fix and fiy. The equations of 
motion are therefore 

d^xjdt^ = — fix, d^yjdP = — fiy (!)• 

We observe that though the axes of coordinates are arbitrary, 
the equations (1) are independent; one containing only x, the 
other only y. We infer that the general principle enunciated for 
parabolic motion may also be applied here. The circumstances 
of the motion parallel to any fixed direction are independent of 
those in other directions and may be deduced from the corresponding 
formula for rectilinear motion. 

Supposing that the force is attractive in the standard case, 
fi is positive and the solutions of (1) are 

X — A cos kJ fit -{-A' sin fit, y = B cos ^/flt 4- B' sin \/fit. 

As there is nothing to prevent us from using oblique axes, let 
us take the initial radius vector as the axis of x and let the axis 
of y be parallel to the direction of initial motion. If R and V 
be the initial distance and velocity, we have when t.= 0, 
x = R, dx/dt = 0 ; y = 0, dyfdt = V. 

These give R = A, 0 — A\ 0 = B, V=B'^fi. 
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The motion is therefore determined by 

x = R cos y = R' sin VM 
where V=R'\/fjb. Eliminating t, we obviously arrive at the 
equation of a conic having its centre at the centre of force and 
R, R' for semi-conjugate diameters. 

If y. is positive, the centre of force is attractive and the orbit 
must be at every point concave to the origin. The orbit is there- 
fore an ellipse. If /a is negative, the central force repels, and the 
orbit, being convex to the origin, is a hyperbola. Since the centre 
of the conic is always at the centre of force the orbit can be a 
parabola only when the centre of force is infinitely distant. If the 
force at the particle is then finite, the coefScient p must be zero. 
The finite changes of r as the particle moves about do not affect • 
the value of pr. The force on the particle is then constant in 
magnitude and fixed in direction. 

When p is negative, we put p = — p'. The solution of the 
differential equations then becomes ^ 

x — \R (e'^i^'^ -f y=^^R 

where V — iR' sjp' and i = V — I- If is evident that iR' is real. 

326. Since any point of the orbit may be taken as the point 
of projection, we deduce from the equation V = fpR', that the 
velocity v at any point P of the ellipse is given by v = fpR' where 
R' is semi-conjugate of OP. If r be the radius vector of the 
moving particle this equation may also be written V“ = p (a® + 6® — r^) 
where a and 6 are the semi-axes. 

Since vp — h and pR' = ah, we see that the constant h is h = fpab. 

If the principal diameters are taken as the axes of coordinates, 
we have x = a cos (jj, y = b sin <f>, where is the eccentric angle of 
the particle. It immediately follows that the particle so moves 
that <f) = 'jpt. When ^ has increased by 27r the particle has made 
a complete circuit and returned to its former position. The 
periodic time is therefore iTrjfp. It appears from this that the 
periodic time is independent of all the conditions of projection 
and is the same for all ellipses. It depends solely on the strength 
p of the central force. 

In general the time of describing any arc PP' is the difference 
of the eccentric angles at P and P' divided by fp. 


212 


LAW OF THE DIRECT DISTANCE. [CHAP. VI. 


When the orbit is a hyperbola we have 

a; = I a (e*^' + e~^'), y-\h {e’^' - e-^'), 

where <\> is an auxiliary angle. It immediately follows that 
= where //.' is positive and equal to — /i. 


327. When the velocity V and angle yS of projection as well 
as the initial distance B are given, the semi-axes a, h of the conic 
described may be deduced from the equations 




h? sin^/3 






a^ + b^ = B^ + 


Z! 

' 


These give real values to and The angle $ which the major 
axis makes with the initial distance is given by 


co&^O sin^^ 


B^’ 


tan^0 = 


¥ a^-R^ 
aj^' B?-¥' 


Since V = ^//jlB', it is evident that the problem of finding the 
particular conic described when B and V are given is the same 
as the geometrical ‘problem of constructmg a conic when two semi- 
conjugate diameters B, B' are given in position and magnitude. 
This useful construction is given in most books on geometrical 
conics. 


338 . Referring to the equations (1) of Art. 325 we see that the motion in an 
ellipse about a centre of force F=firiB the resultant of two rectilinear harmonic 
oscillations along two arbitrary directions Ox, Oy represented by 

X= - fix, F= -fiy- 

The resultant of any number of rectilinear harmonic oscillations (performed in 
equal times) along arbitrary straight lines OA, OB, &c. may be found by resolving 
the displacements of each along two arbitrary axes and compounding the sums of 
the components. The resulting motion is therefore an elliptic motion with 0 for 
centre. 

Ex. Investigate the conditions that the resultant of two rectilinear harmonic 
oscillations, of equal periods, whose directions make an angle 6, should be (1) a 
rectilinear, (2) a circular motion. Prove that in the first case their angles or 
phases must be equal; in the second their amplitudes must be equal and their 
phases differ by ir - 5. The radius is a sin 8. 


333. Ex'. 1. If OP, OQ are conjugate diameters of an ellipse, prove that the 
time from P to Q is one-quarter of the whole periodic time. This follows at once 
from the fact that the area POQ is one-quarter of the area of the ellipse. 

Ex. 2, Prove that in a hyperbolic orbit the time from the extremity of the 
major axis to a point whose distance from that axis is equal to the minor axis is 
the same for all hyperbolas. 
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Ex. 3. If the circle of curvature at any point P of an ellipse cut the curve 
again in Q, and A is the extremity of the major axis nearest to P, prove that the 

time from Q to A is three times the time from to P. 

Since Art. 326, the theorems in conics which, like this one, are con- 

cerned with eccentric angles may at once be translated into dynamics. 

Ex. 4. Two tangents TP, TQ are drawn to an ellipse, prove that the velocities 
at P and Q are proportional to the lengths of the tangents. [For these tangents 
are known to be proportional to the parallel diameters.] 


330. Point to Point. To find the directions in which a particle must be 
projected from a given point P toith a given velocity V, so as to pass through another 
given point Q. 

Let )’!, r^ he the distances of P, Q from the centre of force 0. Let OP be 
produced to D where D is such that the velocity F of projection at P is equal to 




that acquired by a particle starting from rest at D and moving to P under the 
action of the centre of force. Let OD=li. Then since 72=^1 (aHb®- the 
sum of the squares of any two semi-conjugates of the trajectory is h . 

Bisect PQ in N and let ON=x, NP = NQ=^y. From the equation of the 
ellipse, , „ 


a* - {x^ - if i- h") + h^x" = 0 (1) . 

Since x, ij, k are given, this quadratic gives two values of d^, showing that 
there are two directions of projection which satisfy the given conditions. 

Let these directions of projection from P intersect ON produced in T and 2 , 
then since d^=ON . OT, the quadratic gives the positions of T and T '. ' We also 
have 0T.0r = k\ and NT.NT' = if. 

The roots of the quadratic (1) are imaginary if x + y>k. Produce PO to P' 
where OP' = OP, the roots of the quadratic are imaginary unless Q lie within the 
ellipse whose foci are P, P' and semi-major axis a'= k. This ellipse is the boundary 
of all the positions of Q tohichcan he reached by a particle projected from P with the 
given velocity. It is also the envelope of all the trajectories. 

Ex. 1. If two circles be described having their centres at 0 and N and their 
radii equal to k and y respectively, prove (1) that their radical axis will intersect 
ON produced in the middle point R of T'F ; (2) that RF is equal to the product of 
the segments of any chord drawn from R to either circle. 
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Ex. 2. Show that the greatest range r—PQ on any straight line PQ making a 
given angle 8 with OP=ri is determined by {k^-ri^)lr=k-~riCos8. 

Show also that in this case OT=le,&nd. NT=:NP=NQ. Thence deduce that 
the common tangent at Q to the trajectory and the envelope intersects the direction 
of projection from P at right angles in a point T which lies on the circle whose 
centre is 0 and radius k. 

The first part follows from the focal polar equation of the ellipse and the second 
from known geometrical properties of the ellipse. 

331. Examples. Ex. 1. If the sun were broken up into an indefinite 
number of fragments, uniformly filling the sphere of which the earth’s orbit is a 
great circle, prove that each would revolve in a year. [GoU. Ex.] 

The attractions of a homogeneous solid sphere on the particles composing it 
are proportional to their distances from the centre. 

Ex. 2. A particle moves in a conic so that the resolved part of the velocity 
perpendicular to the focal distance is constant, prove that the force tends to the 
centre of the conic. [Math. Tripos.] 

Ex. 3. A particle describes an ellipse, the force tending to the centre; prove 
that if the circle of curvature at any point P cut the ellipse in Q, the times of 
transit from Q to P through A and P to Q through B are in the same ratio as the’ 
times of transit from ^ to P and P to B,. where A and B are the extremities of the 
major and minor axes and P lies between A and B. 

Ex. 4. A particle is attracted to a fixed point with a force fi times its distance 
from the point and moves in a medium in which the resistance is k times the 
velocity; prove that, if the particle is projected with velocity r at a distance a 
from the fixed point, the equation of the path when referred to axes along the 
initial radius and parallel to the direction, of projection is 

k t&n~^2anyl{2vx— aky) + nlog {x^ja^-^yy^jv" — kxylav) = 0, 
where ?i2=^-ic2/4. [Coll. Ex, 1887.] 

Ex. 5. Three centres of force of equal intensity are situated one at each 
corner of a triangle ABC and attract according to the direct distance, A particle 
moving under their combined influence describes an ellipse which touches the sides 
of the triangle ABC. Prove that the points of contact are the middle points of 
the sides, and that the velocities at these points are proportional to the sides. 

[Math. Tripos, 1893.] 

Ex. 6. If any number of particles be moving in an ellipse about a force in the 
centre, and the force suddenly cease to act, show that after the lapse of (l/2ir)th 
part of the period of a complete revolution all the particles will be in a similar 
concentric and similitely situated ellipse. . [Math. Tripos, 1850.] 

Ex. 7. A particle moves in an ellipse under a centre of force in the centre. 
When the particle arrives at the extremity of the major axis the force ceases to 
act until the particle has moved through a distance equal to the semi-minor axis ; 
it then acts for a quarter of the periodic time in the ellipse. Prove that if it again 
ceases to act for the same time as before, the particle will have arrived at the other 
end of the major axis. [Art. 325.] [Math. Tripos, I860.] 
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Ex. 8. An«lastic string passes through a smooth straight tube whose length- 
is the natural length of the string. It is then pulled out equally at both ends 
until its length is increased by ^2 times its original length. Two equal perfectly 
elastic balls are attached to the extremities and projected with equal velocities at 
right angles to the string, and so as to impinge on each other. Prove that the 
time of impact is independent of the velocity of projection, and that after impact 
each ball will move in a straight line, assuming that the tension of the string is 
proportional to the extension throughout the motion. [Math, Tripos, I860.] 

Ex. 9. A point is moving in an equiangular spiral, its acceleration always 
tending to the pole S ; when it arrives at a point P the law of acceleration is 
changed to that of the direct distance, the actual acceleration being unaltered*. 
Prove that the point P will now move in an ellipse whose axes make equal 
angles with SP and the tangent to the spiral at P, and that the ratio of these axes 
is tan : 1 where a is the angle of the spiral. 

Ex. 10. A series of particles which attract one another with forces varying 
directly as the masses and distance are under the attraction of a fixed centre of 
force also varying directly as the distance; prove that if they are projected in 
parallel directions from points lying on a radius vector passing through the centre 
of force with velocities inversely proportional to their distances from the centre of 
force, they will at any subsequent time lie on a hyperbola. [Math, Tripos, 1888,] 

Ex. 11. A particle starting from rest at a point A moves under the action of a 
centre of force situated at S whose magnitude is equal to fj, . (distance from S). It 
arrives at A after an interval T and the centre of force is then suddenly transferred 
to some other point S' without altering its magnitude. If the particle be at a point 
B at the termination of a second interval '£ equal to the former, prove that the 
straight lines SS' and AB bisect each other. If at this instant the centre of force 
be suddenly transferred back to its original position S, prove that at the end of a 
third interval T the particle will be at S'. If at that instant the centre of force 
ceased to act, the particle will describe a path which passes through its original 
position A. 

Ex. 12. If the central force is attractive and proportional to u^l {ou + oob 
prove that the orbit is one of the conics given by the equation 

(cu + cos d)^ = a + & cos 2 (0 + a). [OoU. Ex. 1896.] 

Putting cu + (iosd=U, the differential equation of the path becomes the same 
as that for a central force varying as the distance IfU. The solution is therefore 
known to be the form given above. 

Ex. 13. A particle moves under a central force F=nu^ {1 + sin? 9)~^. Find 
the orbit and interpret the result geometrically. [Math. Tripos.] 

Ex. 14. A smooth horizontal plane revolves with angular velocity w about a 
vertical axis to a point of which is attached the end of a weightless string, 
extensible according to Hooke’s law and of natural length d just sufficient to reach 
the plane. The string is stretched and after passing through a small ring at the 
point where the axis meets the plane is attached to a particle Of mass^ m which 
moves on the plane. Show that, if the mass be initially at rest relative to the 
plane, it will describe on the plane a hypooycloid generated by the rolling of a 
circle of radius ^ a {1 — w on a circle of radius a, where a is the initial 

extension and \ the coefficient of elasticity of the string. 


[Math. Tripos, 1887.] 
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TRe accelerating tension is Xr/md=/ir (say). The path in space is therefore 
an ellipse having a and for semi-axes. To find the path relative to the 

rotating plane we apply to the particle a velocity tar transverse to r backwards. If 
p' be the perpendicular from the centre on the resultant of v and wr, we have by 
taking moments about the centre 


(u® -2vwp + p '® = {vp - wr®)®. 

Substituting for i;® and tp their values in elliptic motion we find 
&®(a 2 -r®)=p' 2 (a®- 62 ). 

. This is a linear relation between r® and p'® and the curve will be an epicycloid 
if the radii of the corresponding circles axe real (Art. 322). To find the radius of 
the fixed circle, we put p'=0; this gives the radius r=a. To find the radius 
c of the rolling circle, we put p'=r, and r=a-i-2c; this gives the required value 
of c. If c is negative the curve is a hypoeycloid. 


Law of the inverse square of the distance. 


332. A particle is acted on by a centre of force situated in the 
origin whose acceleration is F = where u is the reciprocal of the 
radius vector. It is required to find the possible orbits. 


We have the differential equation (Art. 309) 
dfiu __ F 
de^'^'^~ h?u^~ h^ 

^ + A cos {$ — a), 

where A and a. are the constants of integration, 
with the equation of a conic 



Comparing this 


= 1-1- e cos (^ — a) (2), 

where I is the semi-latus ectum, we see that the orbit is a conic 
having one focus at the centre of force. We also have h^ = yl. 

Conversely, if the orbit is a conic with the’ centre of force in 
one focus, the law of force must be the inverse square. To prove 
this, we let (2) be the given equation of the orbit; substituting 
in the left-hand side of equation (1) we find F=fj,u\ where has 
been written for the constant h^Jl. 


333. The velocity. The relations between the conic and 
the force are more easily deduced from the equation 


F = ~^h- 


d_ 

dr p'^ ~ r® ’ 


217 


ART. 333.] THE PATH AND MOTION. 


the force being attractive in the standard case, 



where C is the constant of integration. The p and r equation of 
an ellipse having a focus S at the origin is 


r a ’ 

where I = h^ja is the semi-latus rectum. Comparing these equations, 
we have the standard formulae 


= G. 







We change from the ellipse to the hyperbola by making the 
centre G pass through infinity to the other side of the origin 8, 
we therefore put — of for a; also 6® becomes —6'®, the semi-latus 
rectum remaining positive and equal to We now have 


A® = fjbl, G= 




• W I 1 ; 

' r a 


.(B). 


In passing from that branch of the hyperbola which is concave 
to the centre of force to the convex branch, the radius vector r 
changes sign through infinity from positive to negative. Before 
comparing the equation of the orbit with that of the hyperbola 
we should write —r' for r in the latter. Also since this branch 
is convex to the origin the force is repulsive and /a is negative, let 
us put fM = — fi'. Compadug the formulae 


we have 


:K^-^4 + G. \ 

r p^ 


_2 1 _ 
r' a' 


h? = p'l, (7=^ 
a 




// 2 l\ 

/a' - -7 + 

' r aj 


•(C). 


In the parabola, a is infinite, and 

hf^ld, (7=0. = (D). 
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All these formulae may be included in the standard form (A) 
of the ellipse if we understand that on the concave branch of the 
hyperbola the major axis is by interpretation negative; on the 
convex branch, the radius vector being made positive, the major 
axis is positive while the semi-latus rectum I and the strength /i 
are negative. 


334. Construction of the orbit. When the velocity V 
and the distance R are known at any point P of the orbit (say, 
the initial position), we may determine the curve in the following 
manner. Let the force he attractive. The orbit is now concave 
to the centre of force and fj. is positive. Comparing the formulae 
(A), (B) and (D) and remembering that the velocity Fi from 
infinity to the initial position is given by V-^ = 2filRi (Art. 312), 
we see that the orbit is an ellipse, parabola or the concave branch 
of a hyperbola according as the velocity is less than, equal to, or 
greater than that from infinity. We notice that this criterion is 
independent of the angle of projection at P. Let the force be 
repulsive. Since the path is convex to the centre of force the 
orbit is the convex branch of a hyperbola. 

335. Having ascertained the nature of the orbit we have 

next to determine the lengths of the major axis and latus rectum. 
Supposing the ellipse to be the standard case, we have by (A), 
1 2 F2 

- = ^ . We notice that the length a is independent of the 

angle of projection. If then particles are projected from the same 
point with equal velocities the major axes of the orbits described are 
equal. 

If /3 be the angle of projection (Art. 313) we have p = R sin ^ 
and h — Vp. The constant h and the semi-latus rectum I are 
therefore found from h = FP sin /3, h^ = fxl. 

336. The position in space of the major axis may be found in 
various ways. Let 8 be the focus occupied by the centre of force 
and A the extremity of the major axis nearest to 8. 

We may find 6 from the analytical equation of the curve 
ljr = l-\-e cos 6, 

where 6 is the angle the initial radius vector 8P makes with 8 A. 
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We may , also use a geometrical construction. The focus 8 
and the tmigent FT at P being known, we can draw a straight 
line PH so that 8P, PH make equal angles with PT, the direction 
of PH depending on whether the curve is an ellipse or hyperbola. 
If the point H is then determined so that 8P + PH = 2a, where 
a has been already found, it is clear that H is the empty focus. 
If the curve is a hyperbola, these lengths (as already explained) 
must have their proper signs. The position of the major axis 
is then found by joining 8 and if, and a being known the 
eccentricity e is equal to 8Hl2a. 


337. JEx. 1. The initial distance of a particle from the centre of force 
being r, and the- initial radial and transverse velocities being and Fg, prove 
that the latus rectum 21 and , the angle 6 which the radius vector r makes 

I F-iFg 

with the major axis are given by -h = --- 1 tan d = 






Ex. 2. Prove that there are two directions in which a particle can be projected 
from a given point P with a given velocity F, so that the line of apses may have 
a given direction Sx in space, and find a geometrical construction for these 
directions. 


Since F is given, a is known. "With centre P and radius 2a ~r describe a 
circle cutting Sx in H, H'. The required directions bisect externally the angles 
SPH, SPH'. 

Let /3 be either of the angles the direction of projection at P makes with SP, 
Art. 313. The quadratic giving the two values of tan (3 is 

cot2/3+ ^2-^^ cot 0 cot /3-f 1=0, 

where 0 is the angle PSx. This follows from Ex. 1 by writing Fi = Fcos^, 
F 2 = F sin /3. The quadratic may also he written in the form 

tan + /3) = ^^ - 1^ tan |3. 

Ex. 3. Three focal radii SP, SQ, SR of an elliptic orbit and the angles 
between them are given. Show that the ellipticity may be found from the equation 
bA=aA', where A is the area PQR, A' the area of a triangle whose sides are 
2SQ^ . SR^ sin^ Q/SP and two similar expressions. ■ [Math. Tripos, 1893.] 

Let P', Q', R' be the points on the auxiliary circle which correspond to P, Q, R. 
We fij^st find by elementary conics the length of the side Q'R' in terms of SQ, SR 
and the contained angle. The result shows that the side Q'R' is equal to the 
corresponding side of the triangle A' after multiplication by ajb. Since the areas 
of the triangles PQR, P'Q'R' are known to be in the ratio hja, the result follows 
at once. 

Ex. 4. Two particles P, Q describe the same orbit about a centre of force 0. 
Prove that throughout the motion the area contained by the radii veetores OP , OQ 
is constant. -j 
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Thence deduce that if a ring of meteors (not attracting each other) describe t 
closed orbit, the angular distance between consecutive meteors varies inversely at 
the square of their distance from 0. 


Ex. 5,^ Two particles P, Q describe adjacent elliptic orbits of small eccentricity 
in equal times, the centre of force being in the focus and the major axes coincident 
in direction. Supposing the particles to be simultaneously at corresponding 
apses, prove that the angle ^ which PQ makes with the line of apses is given by 
cot \p= -3 cosec2jit+cot 2nt, and find when i/' is a maximum. 

338. Elements of an orbit. To fix the position in space 
of an elliptic orbit described about a focus we must know the 
values of six constants, called the elements of the orbit. 

These are (1) the angle which the radius vector from the 
given focus to the nearer extremity of the major axis makes tyith 
some deteiTOinate line in the plane of the orbit, the angle being 
measured in the positive direction; (2) the length of the major 
axis; (3) the eccentricity; (4) a constant usually called the epoch 
to fix the longitude of the particle at the time t=0. This con- 
stant will be considered later on. 

To determine the plana of the orbit we require two more 
constants. ^ Taking the focus as origin, let some rectangular axes 
be given in position. Let the plane of the orbit intersect the 
plane of x^ in the straight line JV'SJST. This line is called the 
line of nodes, and that node at which the particle passes to the 
positive side of the plane of xy is called the ascending node. We 
require (5) the angle the radius vector to the ascending node 
makes with the axis of x, and (6) the inclination of the plane of 
the orbit to the plane of xy. 


339. Point to Point. To project a particle with a given 
velocity V from a given point P so that it shall pass through 
another given point Q. 



Let n, be the distances SP, SQ. The velocity at P being given 

the major axis 2a is also known from the formula F- = u f ~ 

■ Vi aj ' 
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With centres P and Q, describe tvvo circles of radii 2(X — 2a — 
these intersect in two po-ints H, H'. Either of these may he the 
empty focus. The three sides of the equal triangles PQH, PQH' 
are therefore known. 

There are two directions of projection which satisfy the given 
conditions. These directions are the bisectors of the supplements 
of the angles SPId, 8PJ3i'. Let /3, be the angles of projection 
at P (measured behind the radius vector SP, see Art. 313), then 
/3 + is equal to the supplement of SPQ, and /3 — /3' is equal to 
the known angle HPQ. 

The range PQ on a given straight line is the greatest possible 
when H, H' coincide and lie on the straight line PQ. We then 
have 

PQ = PH + QH = 4<a-n-r,. 

This equation requires that the semi-major axis should be one- 
quarter of the periineter of the triangle SPQ. 

Since two consecutive trajectories whose foci are in the neigh- 
bourhood of PQ intersect in Q, the locus of Q as the range PQ 
turns round P is the envelope of all trajectories from a given point 
P with a given velocity.. Since PQ + QS = 4a — ri this locus is 
another ellipse having its foci at P and S. Each trajectory touches 
the enveloping ellipse in the point where the straight line joining 
P to the empty focus of the trajectory cuts either curve. 

340 . Ex. 1. Prove that the semi-major axis a', the eccentricity e' and the 
semi-latus rectum V of the enveloping ellipse are given by 

2 a' = 4.a-ri, — J' 2 = 2 a ( 2 a-ri). 

^ 4a. -ri 

Ex. 2. If the variation of gravity is taken account of and the resistance of 
the air neglected, prove that the least velocity with which a shot could be projected 
from the pole so as to meet the earth’s surface at the equator is about 4J miles per 
second, and that the angle of elevation is 22|°, [Ooll. Ex. 1892.] 

Ex. 3. If a particle when projected from Pj passes through two other points 
P 2 , Pa, prove that the semi-latus rectum I is given by either of the equalities 

ZA = -h ivdg -I- = 2 rj?y -3 sin Oj sin sin , 

where r^, rg, are the distances SP^, SP^, SP^; Jg, A 3 are the areas of the 
triangles Pg-SPj, P 3 SP 1 , PiSP^; a^, a„, ag the angles at the focus S and A is the 
area of the triangle PiP^Pg- Prove also that the eccentricity is given by 
e2(Sil)2=S (A . sec o)-- 2S (A^A^ sec sec agCos ag). 

341. Time of describing any arc. The time of describing 
the whole ellipse, usually called the periodic time, can be deduced 
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at once from the formula A — ^/it, (Art. S06). Putting A = Trab 


and = iJih~j a, (Art. 332), we find that the periodic time — 


27r 

\lli 


It appears from this that the period is independent of the 
minor axis and depends only on the strength of the centre of 
force and on the length of the major axis. 

If n be the mean angular velocity in the orbit, the mean being 
taken with regard to time, the period is 27r/w. It follows that 



342. To find the tune of describing any arc AP of an elliptic 
orbit ' 

Let S be the focus occupied by the centre of force, AQA' the 
auxiliary circle and QPN an ordinate. If A is the extremity of 
the major axis nearest to S, the angle ASP is called the true 
anomaly and is sometimes represented by the letter v, i.e. the 
angle ASP-v. The angle ACQ is the eccentric angle of P and 
in astronomy is called the eccentric anomaly \ it is usually repre- 
sented by u, i.e. the angle ACQ = u. Thus the true anomaly n is 
measured at the centre of force, the eccentric anomaly u at the 
centre of the orbit. 

When the particle is a planet the extremities A, A' of the 
major axis are called the perihelion and aphelion ; when the particle 
is the moon the same points are called perigee and apogee. They 
are also called the apses, Art. 314. 

Kepresenting the time of describing the arc AP by t, and the 
mean angular velocity of the particle by n, the product nt is 
called the mean anomaly, and is generally represented by m, i.e. 
m — nt To represent this angle geometrically we let a second 
particle describe a circle, having its centre at S, with a uniform 
motion in the same period as the given particle describes the 
ellipse. The actual angular velocity of this particle is therefore 
n. If A and Q' are its positions at the times t = 0 and t==t, the 
angle ASQ' = nt 

The true and mean anomalies are the important angles in the 
theory of elliptic motion. The eccentric anomaly is introduced 
as an auxiliary angle because, by its help, very simple expressions 
can be found for the other two anomalies and for the radius vector. 
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The difference between the true and the mean anomaly, or 
V - m, IS called the equation of the centre, and is positive from the 
nearer apse to the farther and negative from the farther to the 
nearer. 

Using the geometrical theorem that the ratio of the area ASP 
of the ellipse to the corresponding area ASQ of the circle is 
constant for all positions of P and equal to hja, we have, if 
A = area ASP, 

JL = - (area AGQ — area SGQ) 



= i - (a?a — a^e sin u). 

2 a ^ 

Since A = ^ht, h^ = = /a/aS this gives 

nt — u — esinu (A). 

We may obtain this relation between u and t without using any figure. TaMng 
the focus S for origin, we have 

x'~ ~ae + acoau, y' = b8inu, 

hdt = 2dA = x'dy' - y'dx'. 

Substituting for a' and if we obtain t in terms of w by an easy integration, 

343 . To find the relation between the true and eccentric 
anomalies we notice that CS — ae, CN — x, SP = r ~ a — ex. 

X (1 + e) (a -■ x) 


1 — cos V — 1 + 
1 + cos w = 1 


ae - 

a — ex r 

ae — X (1 — e) {a + x) 


ir V 
cos- 
a 

+ e, u 

tan^ 

~e 2 


u 


a — ex T 

Remembering that x = a cos u, these give at once 

's/o + e) sm 2 , 2 “ " *) 2 ’ 

Eliminating u between (A) and (B) we have 


(B). 


wi = 2 tan~^ 


v/r 


H- e 


^tan^j- — 


sin?; 


1 + e cos ?; * 


The expression for the time in terms of the longitude 6 may also be found by 


integration. Since rHejdts^h, we have t 




pde 


{f+COB 6) 


2 , where /= 1/e. But it 
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is known that [ tan-i f . ^ 

Jf+eoB9 aJ{P~ 1) \V f+1 

this with regard to /, the value of t follows at once. 



JEcc. 


Prove that r and r^~=an. 

du ^ ' dt 
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By differentiating 


344. Ex. 1. Prove that the mean distance of a planet from the sun is a oi 
a(l + Je2) according as the mean is taken with reference to the longitude or the 
time. [These means are respectively Jrd^/27r and /rdf/T, where T is the periodic 
time.] 

Ex. 2. Prove that the mean value of r" with regard to time for a planet is 

a« (/2_iu+3;2 

r(n+I) p/yn+i" pi+i ~ /=l/e and E (n) = 1 . 2 . 3...n. 

Ex. 3. The earth’s orbit being regarded as a circle, prove that a comet, 
describing a parabolic orbit in the same plane, cannot remain within the circum- 
ference of the earth’s orbit longer than the (2/37r)th part of a year. [Coll. Ex.] 

Ex. 4. A particle is projected from the earth’s surface so as to describe a 
portion of an ellipse whose major axis is IJ times the earth’s radius. If the 
direction of projection make an angle of 30° with the vertical, prove that the time 
of flight is I vfhere a is the earth’s radius. 

[Coll. Ex. 1895.] 

345. Orbits of smaU eccentricity. The equations (A) and (B) of Arts. 342, 
343 determine the time of describing any given angle v in an elliptic orbit of any 
eccentricity, the equation (B) giving u when v is known while the equation (A) then 
determines t. The converse problem of finding the polar coordinates r and v 
when t is given is usually called Kepler’s problem. One solution by which ii and v 
are expressed in terms of t by series arranged in ascending powers of e will be 
presently considered. It is enough here to notice that in a planetary orbit, where 
e is small, the value of v, when t is given can be found by successive approxima- 
tion. The value of v then follows from (B) by using the trigonometrical tables. 

346. To solve 0 (u)=M-esinM--m=.0 by Newton’s rule, when m, i.e. nt, is 
given. 

Supposing Un to be two successive approximations to the value of u, that 
rule gives 

(p (Ui) 1 — e cos u-^ 

where vii=:Ui- esinu^. To find a first approximation we notice that u lies 
between m and m±e, the upper or lower sign being taken according as m is 
<7r or >. We choose some value of w, lying between these limits, which is an 
integer number of minutes so that its trigonometrical functions can be found from 
the tables without interpolation. By Fourier’s addition to Newton’s rule this first 
approximation should be such that <p (u) and p" {u) have the same sign. 

Substituting this first approximation for , the formula gives a second approxi- 
mation. Substituting again this second approximation for , we obtain a third, 
and so on. When e is very small the first computed value of the denominator is 
sometimes sufficiently accurate for all the approximations required. See Encke, 
Berliner Astronomisches Jahrbuch, 1838. Gauss, Theoria Motus &c., translated by 
C. H. Davis. Adams’s Collected Worhs, vol. i. p. 289, 
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Ex. Prove that if we choose %=?»+e as the first approximation, the error of 
the value of is of the order e®. 


9*1. Ex. 1. Leverrier’s rule. If terms of the order e* can be neglected, 


prove 

esinm If esinm \® 

U—m + : J • 

l-ecosm 2\l-eoosm/ 

Glaisher remarks that if we replace the third term by - J (e sin m)* (1 - c cos jn)“^ 
the formula is correct when terms of the order e® are neglected. He also gives a 
series for u correct up to c®. Monthly Notices of the Astronomical Society, 1877. 


Ex. 2. 


Prove that cotw=oot m- 


e coseo m 
f(u-m) 


where 


^ 13 15 

f(x)= - . = 1 + ? sin® ® sin* a + 555 a? + &c. 

' sm a 6 40 336 

Putting u=m+e on the right-hand side of the first equation we obtain an 
approximation for cot« whose error is of the order e». This is Zenger’s solution 
of Kepler’s problem. He has tabulated the values of f{e) for the eight principal 
planets. Some improvements of the method have been suggested by J . Ci Adams. 
'Both papers are to be found in the Monthly Notices of the Astronomical Society, 
1882, vol. XLii. p. 446, vol. xMii. p. 47. 


Ex. 3. Prove the following graphical solution of Kepler’s problem. Construct 
the curve of sines y — sin x, measure a distance OM = m along the axis of x and 
draw MP making the angle PMx equal to cot-ie. If MP out the curve in P, the 
abscissa of P is the value of m. 

This method was described by J. 0. Adams at the meeting of the B. Assooiaiion 
in 1849. It is also given by See in the Astronomical Notices, 1896, who also refers 
to .Klinkerfues and Dubois. Another graphical solution, using a trochoid, is pven 
by Plummer, Astronomical Notices, 1895, 1896, 

Ex. 4. The equation tt-esinu=m has only one real value of u when m 
is given. 

This follows from the graphical construction. If the ordinate MP could cut 
the curve in a second point Q, move the straight line PQ parallel to itself until P 
and Q coincide. We should then have a tapgent to the curve making an angle 
tan-* 1/e with the axis of x. But if e<l this is impossible, for in the curve of 
sines the greatest value of the angle is 46'’. 

Ex. 6. By using Lagrange’s theorem we may expand f{u) in a series of 
ascending powers of the eccentricity, the coefficients being functions of tn. Prove 
that if the form of the function f (u) be so chosen that the coefficient of e® is zero, 
we obtain the series 

cot u — cot m-e coseo m ^ e® sin wi -f &o. , 

which takes a very simple form, when the cubes of e can be neglected. This 
equation is due to Bob. Bryant, Astronomical N otices, 1886. 

Ex. 6. Prove that when e* can bo neglected 

sin ^(u — ni)=^e sin m e® sin 2m + c® sin Qm + &o. [R. Bryant. J ■ 

Ex. 7 . If 6' be the longitude of a planet seen from the empty focus and 
measured from an apse, prove that 

+ J e® sin 2nt 4- Ac. , 

the error being of the order e*. It follows that the angular velocity round the 
empty focus is very nearly constant. 
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348. We may apply the method of Art. 342 to find the time of describing 
an arc of the concave branch of the hyperbola. Taking the focus as origin the 
equation of a hyperbola may be -written 

where « is an auxiliary quantity and / a constant which will be immediately 
chosen to be the base of the Napierian logarithms ; 

hdt-2dA=x'dy' - y'dx'=ab {/“+/-“) - ll du. 

Since ¥s=fib^la we have, putting /t/a3=«s, 

nt=: -u + esixxbu (A). 

Again, as in Art. 343, we have «= CN=- (/“+/-“) ; 

2 * 


cosw= 


ae — x 


tan 


v._ / e + 1 

2“ V ^ 


tanh~ 

aS 


(B), 


fi/J? "" Cb 

where v= jl ASP. If we eliminate u, we have 

,y(e + l)+^(e- 1) tan l+ecoso' 

To find a geometrical interpretation for the auxiliary quantity «, let us 
describe a rectangular hyperbola having the same major axis and produce the 
ordinate NP to cut the rectangular hyperbola in Q. Then tan Q(7jV=tanh «. 

Ex. A particle describes the convex branch of the hyperbola, and «= - u' is 
negative. Prove 

nt=u+c sinh«, tan^s . /^tanhs, 

, . ^ _ , . - . „ " 'W e + 1 2 

where v=ASP, fi'jd^szn? 


349. The time in a parabolic orbit may be more easily found 
by using the equation rH6 = hdt. 

Putting, Z/r = 1 + cos v where I is the semi-latus rectum, and 
A® = fjil, we have 

I) I 

= i(tan| + ltan»|). 

This formula gives the time t of describing the true anomalv 

v=^A8P, ^ 

If c be the radius of the earth’s orbit, and p the perihelion 
distance of the particle expressed as a fraction of c, we have 

I = 2po. To eliminate fi, let T = 27r VcV/t be the length of a year. 
Then 


If we write T = 365*256 this gives t in days. 


. V 1 ^ v\ 
tang+gtan.^ . 
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When a formula like this has to be frequently used we 
construct a table to save the continual repetition of the same 
arithmetical work. Let the values of {tan i tan^^r} be 

calculated for values of v from 0 to 180", with differences for 
interpolation. When p is known for any comet moving in a 
parabolic orbit, the table can be used with equal ease to find the 
time when the true anomaly is given or the true anomaly when 
the time is known. 

360. Euler^s theorem. A particle describes a parabola 
under the action of a centre of force in the focus 8. It is required 
to prove that the time of describing an arc PP' is given by 
6 fpt = (r + r' + hf - (r + / - hf, 
where r,r' are the focal distances of P,P' and k is the chord joining 

P, P'. 

Let X, y\ x\ y' be the coordinates of P, P', then since y» = 4aa;, 

k^={x- wj + ( 2 / - yy = ( 2 / - yJ 1 1 + (^ 4 ^) } • 

As we wish to make the right-hand side a perfect square, we put 


y + 2 /' = tan y - y' = 4U tan (1). 

We shall suppose that in the standard case y is positive and y' 
numerically less than y ; then 6 and ^ are positive, 

k — 4ia tan 0 sec 6 (2). 

Also r + r' = 2a + « -b a;' = 2a (sec®^ + tan“</)) ; 

/, r + r' + k = 2a (sec 9 -f tan ^ 

r + r — k = 2a (sec 9 — tan ’ 

.*. {r + r' + k)^ — {r + r' — k)^ 


= (2a)^ {(sec 9 + tan (f>y - (sec 9 - tan <^)»} 

= 2 (2a)^ {3 + 3 tan* 9 + tan* <^} tan (j>. 

Drawing the ordinates PA, P'N', we see that 
area P8P' = APN- AP'A' + 8P'P' - 8PN 

=^l{xy-x'y')-\-l{x'-a)y' -\{x-a)y 

= |a* tan ^ {3 tan*^ + tan*^ + 3}. 

Since the area PSP'= Jht = iV(2£t^i) t the result to be proved 
follows at once. 
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The arc PP' gradually increases as P' moves towards and past 
the apse. The quantity r + r'-k decreases and vanishes when 
the chord passes through the focus. To determine whether the 
radical changes sign we noticj^ that this can happen only when it 
vanishes. We can therefore without loss of generality so move 
the points P, P', that, when the chord crosses the focus, PP' is a 
double ordinate. We then have 

6 = (2)- + iyf - (2r- - 2y)* = {(2a + yy ±-(2a - yy]l(2a)\ 

Comparing this with the "ordinary parabolic expression for twice 
the area ASP it is evident that the last term should change sign 
where y increases past 2a and that the double sign should be a 
minus. The second radical in Euler^s equation must he taken 
positively when the angle PSP' is greater than 180°. 


351. Ex, 1. If the ordinate P'N' cut the parabola again in Q'\ prove that 
e, (p are the acute angles made by the chords PP', FQ' with the axis of y. 

Ex. 2. Show that there are two parabolas which can pass through the given 
points p , P', and have the same focus. Show also that in using Euler’s theorem 
to find the time P to P', the second radical has opposite signs in the two paths. 

To find the parabolas we describe two circles, centres P, P' and radii SP, SP'. 
These circles intersect in S and the two real common tangents are the directrices. 
These tangents intersect bn PP' and make equal angles with it on opposite sides. 
The concavities of the parabolas are in opposite directions, and the angles 
described are PSP' and 360°- P/SP'. If then one angle is greater than 180°, the 
other must be less. 

Ex. 3. A parabolic path is described about the focus. Show that the squares 
of the times of describing arcs cut oft' by focal chords are proportional to the 
cubes of the chords. 


352. Iiambert’s ^lieorem^. If t is the time of describing any arc P'P of an 
ellipse, and k is the chord of the arc, then 

nt=:{<p- sin <p) - {(}>' - sin <p'), 

sini0'=4 (A). 

Let u, u' be the eccentric anomalies of P, P', 

.-. * 2-52 (cos u - cos m')2+ a2 (1 - gS) (siu u - sin u')^ 

= 4a2sin24(«-2i') {l-e2cos2j(M + ti')}, (Ij^ 


where 


This proof of Lamberts theorem is due to J. 0. Adams, British Associatioio 
JReport, 1877, or Collected Works, p. 410. He also gives the corresponding theorem 
for the hyperbola, using hyperbolic sines. In the Astronomical Notices, vol. xxix., 
1869, Cayley gives a discussion of the signs of the angles cj>, cp'. The theorem for 
the parabola was discovered by Euler {Miscell. Berolin. t. vii.), but the extension 
to the other conic sections is due to Lambert. 
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r + r'=2a-ae GOBU- aecoBu' 

= 2a {1 -c COB i («+«') COB J (2), 

nt=zu-u' -e{amu ~ sin u') ' t 

=u- u' - 2e COB 4 {u+u') Bin J (w - u') (3). 

Hence we see that if a, and therefore also n, are given, then r+r', k, and t are 
fanctions of the two quantities u - u\ and e cos 4 («+«'). Let 

u - u'=2a, e cos J (u+u') =cos j8 (4). 

.•. i:=2osinasin/3 1 (5), 

r+r'+J:=2a{l-cos(/3+a)} (6), 

r+r'-A:=2a{l-cos03-a)} (7), 

wt=r2a-2sinocos)3 (8). 


If we put / 3 +a=</), /3-o=^', the equations ( 6 ) and (7) lead to the expressions 
for sin sin given above, while ( 8 ) when put into the form 
nt = {/3 + a- sin {/3+ a)} - {jS-a-sin (/3-a)} 
gives at' once the required value of tit. 

3Sa. Let us trace the values of xf>, <f>’ as the point P travels round the ellipse 
in the positive direction beginning at a fixed point P'. We suppose that u increases 
from w' to 27r+u'. 

The positive sign has been given to the square root k. Since k can vanish 
only when P coincides with P', and a begins positively, we see that both a apd /S 
lie between 0 and v for all positions of P. The latter is also restricted to lie 
between cos-^s and 7 r-oos"^e. 

We have by differentiating (4) 

d<l> =d/3+d!a= ^du {1 + e coseo /3 sinj (u + u')}, 
d^'=dp-da= -idu{l-ccoseo/38in4(u+u')}. 

Snice Bin2j8=e2sin2 4(u+u') + l-e*, and e^<l, it folloiys that d<j> is always 
positive and d<p' always negative. If be the least value of p which satisfies 
cosj 3 =ecoBu', </> continually increases from p^ to 2v-Po and 0 ' decreases from 
Pf) to — Pq' 

When 0 = 7 r, r + / + A:=4a, and the chord P'P passes through the empty 
focus H. Let it out the ellipse in Q. It follows that <p is less or greater than tt 
according as P lies in the arc P'Q or QP'. 

When 0 '=O, r + r'-A:=0, and the chord P'P passes through the centre of 
force S. Let it cut the ellipse in B. Then 0 ' is positive or negative according aS 
P lies in the arc P'B or BP'. 

The values of 0 , 0 ' are determined by the radicals (A). Each of these gives more 
than one value of the angle, thus 0 may be greater or less than tt and 0 ' may be 
positive or negative. This ambiguity disappears (as explained above) when the 
position of P on the ellipse is known. Thus sin 0 and sin 0 ' have the same sign 
when the two foci are on the same side of the chord PP' and opposite signs when 
the chord passes between the foci. 

354 . Ex. 1. Prove that the time t of describing an arc P'P of a hyperbola is 
given by 


t ^^ 3 = - 0 + 0 ' + sinh 0 - sinh 0 ', 
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where 8inh|=^’:+]'+*. 

and k is the chord of the arc. 




[Adams.J 


Ex. 2. The length of the major axis being given, two ellipses can be drawn 
through the given points P, P' and having one focus at the centre of force. 
Prove that the times of describing these arcs, as given by Lambert’s theorem, are- 
in general unequal. 

To find the ellipses we describe two circles with the centres at P, P' and the 
radii equal to 2a- SP, and 2a — SP'. These intersect in two points Pf, H', either 
of which may be the empty focus, and these lie on opposite sides of the chord PP'. 


355. Two centres of force. Ex, 1. An ellipse is described under the' 
action of two centres of force, one in each focus. If 'these forces are Pi(?i) and 

■^2 (^ 2)1 pJ^ove that If one force follow the Newtonian 

law, prove that the other must do so also. 

These results follow from the normal and tangential resolutions. 

Ex. 2. A particle describes an elliptic orbit under the influence of two equal 
forces, one directed to each focus. Show that, the force varies inversely as the' 
product of the distances of the particle from the foci. [OoU. Ex.], 

Ex. 3. A particle describes an ellipse under two forces tending to the foci, 
which are one to another at any point inversely as the focal distances ; prove that 
the velocity varies as the perpendicular from the centre on the tangent, and that, 
the periodic time is tt (a®+6*)//ca&, ha, kb being the velocities at the extremities of 
the axes. [Ooll. Ex.], 

Ex. 4. A particle describes an ellipse under the simultaneous action of two^ 
centres of force situated in the two foci and each varying as (distance)"^. Prove 
that the relation between the time and the eccentric anomaly is 
/d2i'Y_fx 1 a' 1 

\dt ) a® (1 - c coszt)2 a® (1 + c costt)^' 

[Cayley, Math. Messenger, 1871.1 


The inverse cube and the inverse powers of the distance. 

356. The law of the inverse cube. A particle projected 
in any given manner describes an orbit about a centre offeree whose- 
attraction varies as the inverse cube of the distance. It is required 
to find the motion*. 

* The orbits when the force F=ixiF were first completely discussed by Cotes in 
the Harmonia Mensurarum (1722) and the curves have consequently been called 
Cotes’ spirals. The motion for P=/tu" when the velocity is equal to that from 
infinity is generally given in treatises on this subject. The paths for several other 
laws of force are considered by Legendre (ThSorie des Fonctions Elliptiques, 1826), 
and by Stader (Orelle, 1852); see also Cayley’s Report to the British Association,. 
1863. Some special paths when F—nu'^, for integer values of n from n=:4 to- 
n — 9, are discussed by Greenhill {Proceedings of the Mathematical Society, 1888),. 
one case when n = 5, being given in Tait and Steele’s Dynamics. 
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Let attraction be taken, as the standard case and let the 
accelerating force be We have 



_ F _/x 

W " 

“ V A' 

d^u , 





The solution depends on the sign of the coefficient of u.. Let V 
be the velocity of the particle at any point of its path (say the 
point of projection), /S the angle and R the distance of projection, 
then = sin /3; (Art. 313). Let be the velocity from in- 
anity, then It follows that is > or < ft according 

as F sin ^ is > or < Fj ; i. e. the coefficient of u is positive or 
negative according as the transverse velocity at any point is 
greater or less than the velocity from infinity. If the force is 
repulsive the coefficient is always positive. 

Case 1. Let we put 1 - ft/A^ = then 7i< 1 or >1 

according as the force is attractive or repulsive. The equation of 
the path is (Art. 119) 

u — a cos n(d — a). 


The curve consists of a series of branches tending to asymptotes, 
each of which makes an angle tt/w. with the next. 


When the curve is given the motion may be deduced from the 
following relations (Art. 306), 








Also by integrating d6fdt = hu^, and putting a — ljh, we find that 
the time of describing the angle ^ = a to i.e. r = 6 to r, is given by 


. ^ . hnt 

tan7i(6' — a) = -^2 , 




~W 


367. Case 2. Let fi be positive and > we put 1 - == - n\ 

The equation of the path is then w = _ The values 

of the constants A, B are to be deduced from the initial values of 
u and dujdO. Two cases therefore arise, according as A and B 
have the same or opposite signs. In the former case, u cannot 
vanish and therefore the orbit has no branches which go to in- 
finity; in the latter case there is an asymptote. If we write 
^ + a and choose a so that Ae^‘^=^ + Be-^\ we may reduce 
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the equation to one of the three standard forms 
^ ^ (e”®' + u — Ae^, 


where 2wa = log(+ BjA), a — 2a/(± AB), the upper or lower signs 
being taken according as A, B have the same or opposite signs. 



The third case occurs when B — 0 ; the orbit is then the equi- 
angular spiral already considered in Art. 319. 

When the curve is given the motion may be deduced from the 
following relations 


h^: 


1 


2 > 




aW 
1 -f” 


+ u^ 



where (7 is determined by making t vanish when r has its initial 
value and & = 1/a. 

When A and B have the same sign the two branches beginning 
at the point 6^ == 0, i.e. 9 = a, wind symmetrically round the origin 
in opposite directions. When A and B have opposite signs the 
two branches begin at opposite ends of an asymptote, whose 
distance from the origin is y = Ijan, and then wind round the 
origin. As the particle approaches the centre of force, the convo- 
lutions of either branch become more and more nearly those of 
an equiangular spiral whose angle is given by cot^—±n, the 
upper or lower sign being taken according as (9 = + oo . The 
particle arrives at the pole with an infinite velocity at the end 
of a finite time. 


358. Case 3. Let fi be positive and = h\ The orbit is 
u = a(9 — a). 

When the path is known the motion is given by 

h^ = fi, = fj, (u^ + a^), — 

where t is the time from a distance r to the centre of force and 
b = 1/a. We notice that the radial velocity is constant. 
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Beginning at the opposite extremities of an asymptote the 
two branches wind round the origin and ultimately when ^= + 00 
cut the radius vector at right angles. If OZ is drawn perpen- 
dicular to the radius vector OP to meet the tangent- at P in Z, 
we may sho-sv that OZ is constant and equal to 1/a. 


358 . Ex.^ The motion for a force F—f{u) being known, show how to deduce 
that for a force F=f (u) + fiu^ and give a geometrical interpretation. [Newton.] 

The differential equations are 



These may be reduced to the forms used when F=f{u) by writing c6=d', 
cli = h', where c“= 1 - 

To construct the path m=0 {cd), when {ff) is known, we make the axis of x 
together with the latter curve revolve round the centre of force with an angular 
velocity dwjdt, where c6=d-ui. The axis of ® therefore advances or regredes 
according as c is less or greater than unity. 


360 . Xaw of the inverse nth power. It is required to find the path of a 
particle when the central force F—fxu'^. See Art. 320. We have 


d^u 


F 


d9^^'^~h^u^' 


^ 

except when n=l, for then the right-hand side takes a logarithmic form. 

The integration of this equation can be reduced to elementary forms when 
0=0; this requires that n>l for otherwise v® -would be negative. The equation 
then shows that at every point of the orhit the velocity is equal to that from infinity, 
Art. 312. 

If V be the velocity, E and j8 the distance and angle of projection, we have 

ft=:FEsin|8 (2). 

n - 1 \BJ 


2m 

Representing -p by c»-a, we have 


du 







where the upper or lower sign is to be taken according as dujdd is initially negative 
or positive, i.e. according as the angle p is acute or obtuse. 

To integrate this put cm=®'' where k is to be chosen to suit our convenience. 
Taking the logarithmic differential we find duju^Kdxjx, and the integral equation 
(3) becomes 

Kdx 

srzpac/. 

-l) 
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We now see that if we put /c (n - 3) = - 2 the integration can he effected at once, 
but this supposition is impossible if n—3. We find 


, K oos~i ar= ± (0 - a), 

Conversely, when the path is given, we have 

2{jl 1 2 /i 1 


oos— ^ {8 -a). 


h^= 


n-1 


v^=~' . 

n -1 


It appears that the orbit takes different forms according as n> or <3. In the 
former case the curve has a series of loops with the origin for the common node 
and r=c for the maximum radius vector. In the latter case the curve has infinite 
branches, and r=c for the minimum radius vector. 


aei. If the force is repulsive, we write F= - We then have 




U 


du 
{\dd 




2iJ.' 

l-n 




If (7=0, we must have n<l. The velocity at every point is equal to that from 
rest at the centre of force. Proceeding as before, we have 

3-1) 


e) 


3 - It , „ , 

:COS— 5- {d~a). 


aea. Ex, The law of attraction being show that the time t of 

describing a loop is 

4 





2 (n - 1 ) 



n-3 

2 " 



r(jp) 

n-3 r ( 3 )’ 


where .thelimits are 0=Oto 7 r/(n- 3 ) and 2(n-3)j)=n + l, {n- 3)3 = (n-l). The 
integrations can be effected when n — 3 = ± 4/i and q ~p = ± i where i is any integer. 


aaa. Bxamples. Ex. 1. 

curve (rle)”'=coamd (Art. 320), 

0 = |+?n0, 


Prove the following geometrical properties of the 

m 





- =COS -, 

\cj. m + 1 


where <j> is the angle the radius vector makes with the tangent, and r\ 6' are the 
coordinates of a point on the pedal curve. 

Since equation (1) of Art. 360 becomes when (7=0, the 

* afX 

second of these geometrical results enables us to write down the equation of the 
requirbd path and thus to avoid the integration of ( 3 ). 


Ex. 2. A perpendicular OF is drawn from the origin 0 on the tangent at P 
to the lemniseate r^=:a? cos 2^. If the locus of Y be described by a particle under 
the action of a central force tending to 0, prove that this force varies inversely as 

[Coll. Ex.] 


Ex. 3. A particle is describing the curve (r/c)”* = cos under the action of 
the central force F=^ij.u‘^, where m = l{n-3). Prove that, if the velocity at the 
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point 6= a is .suddenly increased in the ratio 1 to 1+7 where 7 is very small, the 

subsequent path is ^ 

(y/g)w_ cos mO {1 - n»f (cos 

l+i 2+— 

{coa m9) cotm^ ^ 7 f( ooBmd) "'dd 

(Binmff) m {ainm0)^ V 

' (oosnitt) 

where the limits are 0=0 to a. 

Substitute r/c= (cos jn0)^+?, in the differential equation of the path, Art. 309,. 
and neglect the squares of 


364. 


The inverse fifth power. The equation (1), Art. 360, has the form 



This can be reduced to elliptic integrals as explained in Cayley’s Elliptic 
Functions, Art. 400, or Greenhill, The Elliptic Functions, Art. 70. 

The integration can be effected in two cases : (1) when velocity of projection is 
equal to that from infinity, and (2) when the initial conditions are such that 
h*—2iJ.C. In the latter case the right-hand side of (1) is a perfect square. 

Ex. 1. Prove that the integration when h^=2p.C leads to the curves 
tanh (0/^/2) =r/c or cjr, which have a common asymptotic circle r=c where 
c Prove also that the velocity V of projection is given (Art. 313) by 

7»sin</3=:2F'2 

where 7' is the velocity from rest at infinity, and the upper or lower sign is to be 
taken according as the path is outside or inside the asymptotic circle. 

Ex. 2. Prove that, if the central force the inverse of any path with 

regard to the origin is another possible path provided the total energy of the 
motion exceed the potential energy at infinity by a positive constant E reckoned 
per unit mass and also that for the two paths Eh'*=E'h*. ^ 

Prove that when > 4/xF > 0 the path is of the .form r = o sn \^K — j 

modulus h or the inverse form. [Math. Tripos, 1894.J 

According to the notation of Art. 313, 2E = C. 


365. The Invoxee fourth power. The equation (1) of Art. 360 is' 



This cubic can always be written in the form 

and the integration can be reduced to forms similar to those in Art. 364 by writing 
u+a=^^. 

The integration can be effected when the initial conditions are such that, 
h® = In this case the right-hand side has the factor (u - 

/i2cosh0±2 .. ... 

Ex. Show that the integration leads to the curves u=— -ggjj 

signs being taken together and the lower together. These curves have a common 
asymptotic circle r=,ujh^, one curve being within and the other outside. 
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366. Other j^wers. Ex. If the force F=fiv7, and the initial conditions 
are such that 2h^=:$Cs//i, prove that the equation (I) of Art. 360 takes the form 


where Thence deduce the integrals = having a common 

asymptotic circle. The Lemniscate can also he described under this law of force, if 
the velocity is equal to that from infinity; Arts. 320, 360. 


367. INTearly circular orbits. To find the motion approxi- 
mately, when the central force F=/mu^ and the orbit is nearly 
circular. 


Beginning as in Art. 360 with the equation 


d^u 

dd^ 


-f* u ■ 


F 

h?u^ 




•( 1 ), 


we put u = c{l-^x) where c is' some constant to be 'presently 
chosen but subject to the condition that x is to be a small 
fraction. We thus find 


d'^x ac”- 


1 + (w - 2) a? + ^ + &C.I (2). 


We see now that the right-hand side of the equation will be 
simplified if we choose c so that the constant term is zero, i.e. we 
put The equation tb An becomes 


d^x 

de^ 


+ x = {n~2)x-\-l{n-^){n- 3) + &c. 


(3). 


As a first approximation, we assume 

x = M cos {p6 + a) (4)^ 

where if is a small quantity. Substituting and rejecting the 
squares of if we find 

(1 -p^) if cos (pd + a) = {n-2)M cos {pO + a) .(5). 

The differential equation is therefore satisfied to the first order, 

if we put = 3 — w. In this case we have as the equation of the 
path 

M = c {1 4-if cos(^^ + a)} (6). 

If w. < 3, the equation (6) represents a real first approximate 
solution of the differential equation (1). We notice that the 
particle oscillates between the two circles w = c (1+ if ) and 
u — c{\ — if). The meaning of the constant c is now apparent ; 
geometrically, \jc is the harmonic mean of the radii of the bound- 
ing circles; dynamically, 1/c is the radius of that circle which 
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would be described about the centre of force with the given, 
angular momentunj h. 

The positions of the apses are found by equating dujdO to 
zero. This gives pd + cc = irr, the angle at the cembre of force 
between two successive apses is therefore w/p. 

If « > 3, the value of p is imaginary, and the trigonometrical 
expression takes a real exponential form, Art. 120. The quantity 
CO therefore becomes large when 6 increases, and the particle, 
instead of remaining in the immediate neighbourhood of the 
circumference of the circle, deviates widely from it on one side 
or the other. As the square of x has been neglected the expo- 
nential form of (6) only gives the initial stage of the motion and 
ceases to be correct when x has become so large thstt its square 
cannot be neglected. It follows from this that the motion of a 
particle in a circle about a centime of force in the centre is unstable 
ifn>^. 

368. Ex. If the law of force is F=u^f{u), and the orbit is nearly circular, 
prove that a first approximation to the path is 

«=c {1 + Af cos (p0 + a)}, = 1 - Jyl . 

Thence it follow^ that the apsidal angle is independent of the. mean reciprocal 
radius, viz. c, only when i.e., lohen the law of force is seme power of the 

distance. 

368. A second approx±D:iation. The solution (6) is in any case only a 
first approximation to the motiem, and it may happen that, when we proceed to a 
second or third approximation, fthe value of p is altered by terms which contain M 
as a factor. Besides this, we shall have x expressed in a series of several trigono- 
metrical terms whose general form is Ncos(g0+jS), where N contains the square or 
cube of Jlf as a factor together vrith some divisor k introduced by the integration, 
Arts. 139, 303. 

Representing the corrected value of p by p + A, the error in pd + a, i.e. dA, 
increases by 27 rA after each successive revolution of the particle j.’ound the centre 
of force. The expression (6) will therefore cease to be even a firstt approximation 
as soon as dA has become too lairge to be neglected. On the other hand the 
additional term to the value of u may be comparatively unimportant. The 
magnitude of the specimen term is never greater than N and, unless k is also 
small, we can generally neglect such terms. 

In proceeding to a higher approxfination we should first seek for those terms in 
the differential equation which contain cos (pff + a) ; these being added to the terms 
of the same form in equation (5) will modify the first approximate value of p. 

We should also enquire if any tfirm in the differential equation acquires by 
inteeration a small divisor k and thus becomes comparatively large in the solution. 
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370. To oltain a second approximation we substitute the first approximation 
(6) in the small terms of the differential equation (3), Writing (3), for brevity, 
in the form 

^=(»-3){a:+pa:2+7a:3+...} (7), 

where (a- 2), 7 =-| (}i-2) (7i.“4), Ac,, we find after rejecting the cubes.of M 
d^x 

= 3) (1 +,cos 2p6i) } (8), 

where pd has been written for pO + a for the sake of brevity. This equation shows 
(Art. 303) that the second' approximate value of x has the form 

a:=Jlf cosp«+lf 2 (e+Acos 2 p^) ( 9 ), 

where G and A are two constants whose values may be found by substitution, and 
p has the same value as before. 

To obtain a third approximation, we retain the term yx^ in (7) and assume 

x=Mcosp0+M^ (G+Acoa2p0)+M^£ooB3pff (10). 

To find the values of p, G, A and B we substitute in (7), express all the powers’ 
of the trigonometrical functions in multiple angles and' neglect all terms of the 
order M*. Equating the coefficients of coapB, cos 2p0, cos dpO and the constants 
on each side, we find 

~ ilfjpa= (« - 3) { AT + 2JH®(?^ + + 1 M^y), 

~ 4JlfyA= (n - 3) {M^A + ^M^p}, 

- 9MYB =(n-3) {M^B + + i M^y ) , 

0=M^G + lM% 

Solving these equations, and remembering that p^ differs from 3 - « by terms 
of the order If®, we find 

G=,-i(n-2), A=,Jij(n-2), B=^^{n-2){n-3), 

P“=(3-ra) {1 -tS («-2) (n+1) M®} ( 11 ), 

The three first aie correct when If® is neglected and the last when M* is neglected. 

We notice that up to and including the third order of approximation the terms 
G, A, B in equation (10) do not contain any small denominators, so that if M be 
small enough all these terms may be neglected. The motion is then represented 


very nearly by 

ii=c {1+ AT cos (p0 + a)} ‘(12)i 

J>=V(3-n){l-!rV(«-2)(n + l)^2} (13), 


and this approximation holds until d gets so large that M^e cannot be neglected. 
We notice also that the additional term in the value of p vanishes only when the law 
of force is either the inverse square or the direct distance. 


Disturbed JElliptic Motion. 

371. ImpulsivB disturba^uce. When a particle is describing' 
an orbit abo'ut a centre of force it may happen that at some 
particular point of that orbit the particle receives an impulse 
and begins to describe another orbit. W^e have to determine 
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how the new orbit differs from the old, for example how the 
major axis has been changed in position and magnitude, and in 
general to express the elements of the new orbit in terms of 
those of the undisturbed orbit. 


Let the unaccented letters a, e, I, &c. represent the elements 
of the undisturbed orbit, while the accented letters a', e', V, &c. 
represent corresponding quantities for the new. We first express 
the velocity v and the angle yS at the given point of the orbit in 
terms of the undisturbed elements. Thus v and ^ are given by 



sin y9 = 


2 

r 


. vr 


in 


when the undisturbed orbit is an ellipse described about the focus. 

We next consider the circumstances of the blow. Let m be 
the mass of the particle, mB the blow. The particle, after the 
impulse is concluded, is animated with the velocity B in the 
given direction of the blow, together with the velocity v along 
the tangent to the original path. Compounding these the particle 
has a resultant velocity v' and is moving in a known direction. 
Since the position of the radius vector is not changed by the 
blow we may conveniently refer the changes of motion to that 
line. If P, Q are the components of B along and perpendicular 
to the radius vector and y3' is the angle the direction of motion 
makes with the radius vector, we have 


v' cos = v cos /S + P, " 0 * sin 0 = v sin ^ + Q (2). 

Having now. obtained v', formulae (1), writing accented 

letters for the old elements, determine the new semi-major axis a 
and the new semi-latus rectum V. The position in space of the 
major axis follows from ,Art. 336. 


372, We may sometimes advantageously replace the second 
of the equations (1) by another formula. We notice that mh is 
the moment of the momentum of the particle about the centre 
of force. Since just after the impulse the velocity v is the 
resultant of v and P, the 'unonfieut of v' is equal to that of v together 
with the moment of B. Hence 

h' = h-frBq (3), 

where q is the perpendicular on the line of action of the blow. 
Since h^==fil, when the law of force follows the Newtonian law. 
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this equation leads to 

Bqj fi 

Thus the change in the latus rectum is very easily found. 

As a corollary, we may notice that when the blow acts along 
the radius vector, the angular momentum mh and therefore the 
latus rectum of the orbit are unchanged. We also observe that if 
the magnitude of the attracting force or its law of action were 
abruptly changed, the value of h is unaltered. 

378. Ex. 1. Two particles, describing orbits about the same centre of force, 
impinge on each other. Prove 


miV + »i2 V= Wj/Jj + 

where m-Jii, Tn^W mgi^' are their angular momenta before and after impact. 

Ex. 2. A particle P of unit mass is describing an ellipse about the focus S. 
A circle is described to touch the normal to the conic at P whose radius PC 
represents the velocity at P in direction and magnitude. Prove that if the particle 
is acted on by an impulse represented in direction and magnitude by any chord MP 
of the circle, the length of the major axis is unaltered by the blow. 

Since P=2i;cos 6, the velocity in the direction of the blow is simply reversed. 
Hence and a'sza by Art. 335. 


374. If the direction of the blow does not li «5 in the plane of motion, the 
plane of the new orbit is also changed. For the sake of the perspective, let the 
radius vector SP be the axis of x and let the plane of xy be the plane of the old 
orbit ; then v cos v sin g are the components of velocity parallel to the axes of 
a: and y. Let the components of the blow be mX, mY, mZ ; then just after the 
blow is concluded the components of velocity parallel to the axes are voosg+X, 
V sin^+ r, and Z. The inclination i of the planes of the two orbits is therefore 

z 

given by • The particle begins to move in its new orbit with a 

velocity in -a direction making an angle /3' with the radius vector 8P given by 
v' cos /3' = V cos j8 + A, ^v' sin = {v sin ^+Yf + Z^. 

The problem is now reduced to the case already considered. 


If mh' is the angular momentum in the mew oi bit, its components about th 
axes ot x, y, z are 0, ~mh' sin i, mh' co's i. Hence 

h' (iOBi=zh+Y'.r, h'aini=Zr, 
where r=SP. ^ 


376. Examples. Ex. 1. A particle is describing a given ellipse about a 
centre of force in the focus, and when at the farther apse A', its velocity is suddenly 
increased in the ratio 1 : n. Find the changes in the elements. 

The direction of motion is unaltered by the blow and since this direction is at 
right angles to the radius vector from title centre of force, the point A' is one of the 
apses of the new orbit. 

Let a, e\ a', e' be the semi-major axes and eccentricities of the orbits. Then 
since SA' is unaltered in length 

J'=a' (l4-e') = a (1-i-e) ( 1 ). 
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We have here chosen as the staridard figure for the new orbit an ellipse having A' 
for the further apse! A negative value of the eccentricity e' therefore means that 
A' is the nearer apse. 

Also since v'=nv, we have 







where a' must be regarded as negative if the new orbit is a hyperbola. Art. 333, 

Prom these equations we find 
a' _ 1 + e 

a 2-n^(l-e) 

The point A' is therefore the farther or nearer apse according as 7^(1- e) 
is < or >1 ; if equal to unity the new orbit is a circle, if equal to - 1, a parabola. 
The new orbit is an ellipse or hyperbola according aA n? (1 - e) < or > 2. 

Ex. 2. A particle describes an ellipse under a force tending to a focus. On 
arriving at the extremity of the minor axis, the force has its law changed, so that 
it varies as the distance, the magnitude at that point remaining the same. Prove 
that the periodic time is unaltered and that the sum of the new axes is to their 
difference as the sum of the old axes to the distance between the foci. 

[Math. Tripos, I860.] 

By Art. 325 the new orbit is an ellipse having the centre of force 8 in the 
centre. Let the new law of force be fi'r. 

Then when r=a, the forces are equal, hence 
(!)■ 

Measure a length SD parallel to the 
direction of motion at B, such that the 
velocity w at B is .J/j .' . SD. Then SD is 
the semi-conjugate of SB in the new orbit. 

Equating the velocities at B in the old and 
new orbits, we have when r=a 

The conjugates SB, SD are equal diameters, the major and minor axes are 
therefore the internal and external bisectors of the angle BSD. Representing the 
semi-axes by a', b', we have 

a'^ + b'^=:SB^ + SD^=:2a^, a'b' = SB .SDainBSD = ab (3). 



The internal bisector of the angle BSD is clearly the major axis. 

If the change in the velocity had been made at any point of the ellipse, we 
proceed in the same way. By drawing SD parallel to the direction of motion we 
arrive at the known problem in conics, given two conjugate diameters in position 
and magnitude, construct the ellipse. 

The periodic times in the two orbits are respectively 2'KlsJixf and 2TsJa^lfi. 
The equality of these follows from the equation (1). The rest of the question 
follows from (3). 

Ex. 3. A particle is describing an ellipse under a force to a focus : when 
the particle is at the extremity of the latus rectum through the focus this centre^ 
of force is removed and is replaced by a force ^'r' at the centre of the ellipse. 
Prove that if the particle continue to describe the same ellipse /j/b*=:f^a. 

[Coll. Exam. 1895.] 
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Ex. 4. A planet moving round the sun in an ellipse receives at a point of its 
orbit a sudden velocity in. the direction of the normal outwards which transforms 
the orbit into a parabola, prove that this added velocity is the same for all points 
of the orbit, and if it be added at the end of the minor axis, the axis of the 
parabola will make with the major axis of the ellipse an a,ngle whose sine is equal 
to the eccentricity.' [Coll. Exam. 1892.] 

Ex. 5. A particle describes a given ellipse about a centre of force of given 
intensity in the focus S. Supposing the particle to start from the further extremity 
of the major axis, find the time T of arriving at the extremity of the minor axis. 
At the end of this time the centre of force is transferred without altering its 
intensity from S to the other focus if, and the particle moves for a second interval 
T equal to the former under the influence of the central force, in H. Find the 
position of the particle, and show that, if the centre of force were then transferred 
back to its original position, the particle would begin to describe an ellipse whose 
eccentricity is (3c -«»)/(! + c). [Math, Tripos, 1893.] 

Ex. 6. A body is describing an ellipse round a force in its focus S, and HZ is 
the perpendicular on the tangent to the path from the other focus H. 'When the 
body is at its mean distance the intensity of the force is doubled, show that SZ is 
the new line of apses, [Coll. Ex,] 

Ex. 7. A particle describes a circle of radius e about a centre of force situated 
at a point 0 on the circumference. When P is at the distance of a quadrant from 
0, the force without altering its instantaneous magnitude begins to vary as the 
inverse square. Prove that the semi-axes of the new orbit are and |■c^y8. 

Ex. 8. Two inelastic particles of masses %, TOj, describing ellipses in the 
same plane impinge on each other at a distance r from the centre of force. If 
Oj, ij; a^, fjj are the semi-major axes and semi-latera recta before impact, prove 
that in the ellipse described after impact 

(m^ + wij) 

(uii H-TOg) (ir-l - = mi ^2r- Zj - m3 ^2r - Zj - , 

Ex. 9. A planet, mass M, revolving in a' circular orbit of radius a, is struck 
by a comet, mass m, approaching its perihelion; the directions of motion of the 
comet and planet being inclined at an angle of 60°. The bodies coalesce and 

proceed to describe an ellipse whose semi-major axis is '(^^^2 ) — } " 

that the original orbit of the comet was a* parabola; and if the ratio of m to M is 
small, show that the eccentricity of the new orbit is (7^ - 4^2)i {mjM). 

[Coll. Ex. 1895.] 


376. Continuous forces. We may apply the method of 
.\.rt, 371 to find the effects of continuous forces on the particle, 
the tangential and normal accelerating -components of 
any disturbing force, the first being taken positively when in- 
creasing the velocity and the second when acting inwards. 

We divide the tinie into intervals each equal to Bt and consider 
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the effect of the forces on the elements of the ellipse at the end 
of each interval. We treat the forces, in Newton’s manner, as 
small impulses generating velocities fBt and gBt along the tangent 
and normal respectively. The effect of the ts.ngential force is 
to increase the velocity at any point P from v to v + Bv, where 
=fBt, the direction of motion not being altered. To find the 
effect of the normal force we observe that after the interval Bt 
the particle has a velocity along the normal, while the velocity 
V along the tangent is not altered. The direction of motion has 
therefore been turned round through an angle 3/3 = gBt/v. 

If the disturbing force were now to cease! to act, the particle 
would move in a conic whose elements could be deduced from 
these two facts, (1) the velocity at P is changed to •« + Bv, (2) the 
angle of projection is ^+B^. The conic which the particle would 
describe if at any instant the disturbing forces were to cease to act 
is called the instantaneous conic at that instant. 


377. To find the ejfect on the major axis, we use the formula 



( 1 ). 


Since v is increased to u + Bv, we see by simple differentis-tion 


Mv~t^fa, Bar.^'^-fBt ( 2 ). 


In differentiating the formula for we are not to suppose that 5v represents 
the whole change of the velocity in the time St. The particle moves along the 
ellipse and experiences a change of velocity dv in the time dt given by 


vdv= - ^dr 


( 3 ). 


Taking dt = dt, the change of velocity in the time dt is dv + dv, the part Su being 
due to the disturbing forces and the part dv to the action of the central force. 


378. To find the changes in the eccentricity and line of apses. 
We may effect this by differentiating the formulae 

l = a{l- e% h^ = gl, ^ = 1 + e cos d (4). 

Since mh is the angular momentum, the increase of mh, viz. 
mBh, is oqual to the moment of the disturbing forces about the 
origin (Art. 372). Let ^ be the angle the direction of motion at 
P makes with the radius vector, 

3/ 
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We deduce from equations (4) 

U = (I — e^) Sa — 2aeSe, — = cos^Se ~e 

and the values of 80 and 8 ^ follow at once. 

379. ?aerschel has suggested a geometrical method of finding the changes of 
the eccentricity and the line of apses in his Outlines of Astronomy* . He considers 
the effect cif the distuicbing forces /, g on the position of the empty focus. 

The effect of the tangential force / is to alter the velocity v and therefore to 
alter a. Since SP+FII=2a, the empty focus H is moved, during each interval 
dt, along the straight line PH a distance HH'=28a, where 8a is given by (2). 

The effect of the normal force g is to turn the tangent at P through an angle 
8^=g8tjv. Since SP, HP make equal angles with the tangent, the empty focus R 
is moved perpendicularly to PH, a distance HR’'=2PH .8§. 



Consider first the tangential force /, we have SH =2ae, SR' = 2 (ae + 8ae). Hence 
projecting on the major axis 

28 {ae) = RR\ cos PHS = 25a , 

r 

where r'=JIP=a+er, and x is measured from the centre ; 

- _ ic — e^x Sa 2a (1 — e^) xv .. 

... = _fst. 

Let nr be the longitude of the apse line RS measured from some fixed line 
through S, 


2oe8ra = irif'BinPHS=2J<i2, 

r a fx. r 

Consider sticondly the normal force g. We have 

SH=2ae. SH"=2 (ae + Sae), Sa=0; 


.*. 25 (ae) = - RR" sin PHS = - 2r'5/3 


2aeSnr: 


HR" COB PHS 


2r'S^ 


x + ae\ 


» 1 V ... .. 1 .r + ae 

Se = — -gSt, gSt. 

a V a V 


* See also some remarks by the author in the Quarterly Journal, 1861, vol. iv. 
It should be noticed that Herschel measures the eccentricity by half the distance 
between the fo ci, a change from the ordinary definition which has not been followed 
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380 . The expressions for de, 8w should be put into different forms according 
to the use we intend to make of them. Let he the angle the tangent at P makes 

•with the major axis, then tan . We easily find by elementary conics 


ay 

X 


. , b 

sini//=- 

^ a J{rr') 


co&^-= 


a y 
h V(rr') ‘ 


Also — . It immediately follows that 

\r a) ar 

-/cos ypSt, 

- g simp St. 


07) 


e5ztr = 


5e = 


hr 


ajiga) 


gcoa-pSt, edw= 


2b 

Jif^a) 

ar x + ae 
b J(g.a) X 


These formulae give the changes of e and ns produced by any tangential or normal 
force. 


381 . Draw two straight lines OX, OY parallel to the principal diameters 
situated as shown in the figure. Since /cos \}j, /sin ^ are the components of the 
tangential disturbing force parallel to the principal diameters, we see that when the 
force acts towards OX the eccentricity is increased, and lohen towards OY the apse 
line is advanced-, the contrary effects taking place when the force tends from these 
lines. 

The same rule applies to the normal disturbing force so far as the eeoeirtricity 
is concerned. It applies also to the motion of the apse .except when the particle 
lies between the minor axis and the latus rectum through the empty focus, and the 

,, e sin it' be ^ , 

rule is then reversed. When the eccentricity is small, — ^ = ^ very nearly 

when the particle is near the minor axis; so that the effects of the tangential 
force in this part of the orbit may be neglected and the rule applied generally. 


382> Examples. Ex. 1. The path of a comet is within the orbit of 
Jupiter, approaching it at the aphelion. Show that each time the comet comes 
near Jupiter the apse line is advanced. This theorem is due to Oallandreau, 1892. 

The comet being near the aphelion and Jupiter just beyond, both the normal 
and tangential disturbing forces act towards OY-, the apse therefore advances. 

Ex. 2. A particle is describing an elliptic orbit about the focus and at a 
certain point the velocity is increased by l/nth, n being large. Prove that, if the 
direction of the major axis be unaltered, the point must be at an apse, and the 
change in the eccentricity is 2 (1 ±e)/ii. [Coll. Ex. 1897.] 

Ex. 3. An ellipse of eccentricity e and latus rectum I is described freely 
about the focus by a particle of mass in, the angular momentum being mh., A 
small impulse mu is given to the particle, when at P, in the direction of its motion; 
prove that the apsidal line is turned through an angle which is, proportional to the 
intercept made by the auxiliary circle of the ellipse on the tangent at P, and which 
cannot exceed lujeh. [Math. Tripos, 1893.] 

Ex. 4. A body describes an ellipse about a centre of force S' in the focus. If 
A be the nearer apse, P the body, and a small impulse which generates a velocity 
T act on the body at right angles , to SP, prove that the change of direction of the 
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apse line is given approximately by ^ ^ + coaASP^ SP sin ASP, where e is the 

eccentricity of the orbit and h twice the rate of description of area about S. 

[Math. Tripos.] 


Ex. 5 . A particle describes an ellipse about a centre of force in the focus S. 
When the particle has reached any position P the centre of force is suddenly moved 
parallel to the tangent at P through a short distance x, prove that the major axis 

of the orbit is turned through the angle — sin 9!* sin (0 - ^) where G is the point at 

which the normal at P meets the original major axis, ^ the angle SGP and tp the 
angle the tangent makes with SP. [Coll. Ex. 1895 .] 


Ex. 6. A particle describes an ellipse about a centre of force /t/r® and is 
besides acted on by a disturbing force tending to the same point. Prove that 
as the particle moves from a distance 7 ‘q to r, the major axis and eccentricity 
change according to the law 


(---)= 

\a aj 


Thence deduce the changes in a and e when k is very small. 


a ‘ 


383. A resisting medium. We may also use the formulae 
of Art. 380 to find the quantitative effect of a resisting medium 
on the motion of a particle describing an ellipse about a centre 
of force in the focus. 

The velocity of the particle being v, let the resistance be kv. 
Then ^ = 0 and/’= — Kdsfdt, and the equations of motion become 

de _ 2bK dy d-sr _ 26/c dx 

dt dt ’ dt dt ' 

Usually f and g are so small that their squares can be neglected. 
Now the changes of the elements a, e, &c. are of the order of f 
and g, being produced by these forces. Hence in using these 
equations we mag regard the elements of the ellipse, when multiplied 
by the coefficient k of resistance, as constan ts. 

Supposing then that we reject the squares of k, we have by 
an easy integration 


— 77 — \y + ^> e-OT = — 77 — rX + B, 

.V(pa) 

where A, B are two undetermined constants. Since after a com- 
plete revolution, the coordinates x, y return to their original values, 
both the eccentricity and the position of the line of, apses must 
also be the same as before. There can therefore he no permanent 
change in either. The greatest change of the eccentricity front 
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its mean value is ^Kh^lna^, while the apse oscillates about its 
mean position through an angle ^Khlnea, where Art. 341. 

384 . Ex. A comet moves in a resisting medium wliose resistance is 
/= - kV^ where V is the velocity, r the distance from the sun and p, q are 

positive quantities. When the true anomaly 6 is taken as the independent 
variable (instead of t as in Art. 380), prove that 

-~ = ^^^(l + 2eoos 6 + e^) ^ (1 + ecos 0)5“®, 

j p— r 

.Ass -2.4 (oos6i-Fc) (l + 2ecos0 + e®) “ (1 + e cos 

du 

e zs —2A sin 6 (l+2e cos 9-^e^) ^ (1 + e cos 

2-?-o 

where A = . (1 - e®) ® and fi—n^aK 

When the right-hand sides of these equations are expanded in series of the form 

cos 0 + Ceos 20+ ... 

it is obvious that the only permanent changes are derived from the non-periodical 
terms. Prove (1) that the longitude of the apse has no permanent changes, 
(2) that the eccentricity at the time t is e~Aent{p+q-^l), (3) the semi-major axis 
is a - 2Aant.- These results are given, by Tisserand, M4c. GSleste, 1896. 


When the law of resistance is such that ^ + 3=1, it follows that neither the 
eccentricity nor the line of apses have any, permanent change. Eat any values of 
p and q^ not satisfying this relation the eccentricity will gradually change and 
continue to change in the same direction. When the changes of any of the 
elements have become so great that their products by the coefficient k of resistance 
can no longer be neglected, the equations given above must be integrated in a 
different way. 

385. linclce’B Comet. The general effect of a resisting medium on the 
motion of a comet is to diminish its velocity and "therefore also the major axis of 
its orbit, Art. 377. The ellipse which the comet describes is therefore continually 
growing smaller and the periodic time, which varies as continually decreases. 

Bncke was the first .who thoroughly investigated the effect of a resisting 
medium on the motion of a comet. This comet has since then been called after 
his name. After making allowance for the disturbance due to the attraction of the 
sun and the planets, he found by observation that its period, viz. 1200 days, was 
diminished by about two hours and a half in each revolution. This he ascribed to 
the presence of a medium whose resistance varied as (u/r)® where v is the velocity 
of the comet and t its distance from the sun. 

The importance and interest of Enoke’s result caused much attention to be 
given to this comet. The astronomers Von Asten of Pulkowa and afterwards 
Backlund* studied its motions at each successive appearance with the greatest 


* In the Bulletin Astronomique, 1894, page 473, there is a short account of the 
work of Backlund by himself. He speaks of the continued decrease of the accelera- 
tion, the law of resistance, and gives references to his memoirs and particularly to 
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attention. The acceleration of the comet’s mean motion appears to have been 
uniform from 1819, when Eneke first took up the subject, to 1858. It then began 
to decrease and continued to decrease until the revolution of 1868 — 1871 when its 
magnitude was about half its former value. From 1871 to 1891 the acceleration 
was again nearly constant. 

Assuming the law of resistance to_ be represented by Backlund found 

that n is essentially negative. This would make the density of the resisting 
medium increase according to a positive power of the distance from the sun; a 
result which he considered very improbable. He afterwards arrived at the 
conclusion that we must replace l/r” by some function /(?’) having maxima and 
minima at definite distances from the sun. In Laplace’s nebular theory the 
planets are formed by condensations from rings of the solar nebula. In this 
formation all the substance of each ring would not be used up and some of it 
might travel along the orbit as a cloud of light material. It is suggested that 
Encke’s comet passes through nebulous clouds of this kind and that the resistance 
they offer causes the observed acceleration. 

It is known that comets contract on approaching the sun, sometimes to a very 
great extent. Tisserand remarks that when the size of the comet decreases the 
resistance should also decrease, and that this may help us to understand how the 
resistance to any comet might vary as a positive power of the distance from the 
sun. The size of Encke’s comet also is not the same at every appearance and this 
again may have an effect on the law of resistance. 

It is clear that if Encke’s comet does meet with a resistance, every comet of 
short period which approaches closely to the sun must show the effect bf the same 
influence. In 1880 Oppolzer thought he had discovered an acceleration in the 
motion of another comet. This was the comet Winnecke having a period of 2062 
days. Further investigation showed that this was illusory, so that at present the 
evidence for the existence of a resisting medium rests on Encke’s comet alone. 

386. Does the evidence afforded by Encke’s comet prove a resisting medium f 
Sir G. Stokes in a lecture* on the luminiferous medium says he asked the highest 
astronomical authority in the country this question. Prof. Adams replied that 
there might be attracting matter within the orbit of Mercury which would account 
for it in a different way. Sir G. Stokes then goes on to say that the comet throws 
out a tail near the sun and that this is equivalent to a reaction on the head towards 


the eighth volume of his Calculs et Recherches sur la comete d’Encke. In the 
Comptes Rendxts, 1894, page 645, Callandreau gives a summary of the results of 
Backlund. In the Traitd de MScanique Celeste, vol. iv. 1896, Tisserand discusses 
the influence of a resisting medium. In the History of Astronomy by A. M. Clerke, 
1885, examples of the contraction of comets near the sun are given. M. Valz in 
a letter to M. Arago quoted in the Comptes Rendus, vol. vin. 1838, speaks of the 
great contraction of a comet as it approached the sun. He remarks that as it was 
approaching the earth at that time, it should have appeared larger. See also 
Newcombe’s Popular Astronomy, 1883. 

* Presidential address at the anniversary meeting of the Victoria Institute, 
June 29, 1893 : reported in Nature, July 27, page 307. 
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the sun. There is therefore an additional force towards the sun. The effect of 
would be to shorten the period even if there were no resisting medium. In 
the course of his lecture he discusses the question, '^mmt the ether retard a cornet,” 
and decides that we cannot with safety infer that the motion of a solid through it 
necessarily implies resistance. 


Kepler’s Laws and the law of gravitation. 

387. Kepler's laws. The following theorems were dis- 
covered by the astronomer Kepler after thirty years of study. 

(1) The orbits of the planets are ellipses, the sun being in 
one focus. 

(2) As a planet moves in its orbit, the radius vector, from 
the sun describes equal areas in equal times. 

(3) The squares of the periodic times of the several planets 
are proportional to the cubes of their major axes. 

The last of these laws was published in 1619 in his Harmonice 
Mvmdi and the first two in 1609 in his work on the motions of 
^ Mars. 

388. From the second of these laws, it follows that the 
resultant force on each planet tends towards the sun ; Ait. 307 . 

From the first we deduce that the accelerating force on each 
planet is equal to fji^jr^, where r is the instantaneous distance of 
that planet from the sun, and p is a, constant ; Art. 332. 

It is proved in Art. 341 that when the central force is pw, 
the periodic time in an ellipse is T—^rrra^lfp, where a is the 
semi-major axis. Now Kepler’s third law asserts that for all the 
planets is proportional to a® ; it follows that p is the same for 
all the planets. 

Laws corresponding to those of Kepler have beem found to hold 
for the systems of planets and their, satellites. Each satellite is 
therefore acted on by a force tending to the primary and that 
force follows the law of the inverse square. 

It has been possible to trace out the paths of some of the 
comets and all these have been found to be conics having the 
sun in one focus. These bodies therefore move under the same 
law of force as the planets. 
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389. The laws of Kepler, being founded on observations, are 
not to be regarded as strictly true. They are approximations, 
whose errors, though small, are still perceptible. We learn from 
them that the sun, planets and satellites are so constituted that 
the sun may be regarded as attracting the planets, and the 
planets the satellites, according to the law of the inverse square. 
We now extend this law and make the hypothesis that the 
planets and satellites also attract the sun and attract each other 
according to the same law. Let us consider how this hypothesis 
may be tested. 

Let mj, m2, &c. be certain constants, called the masses of the 
bodies; such that the accelerating attraction of the first on any 
other body distant is the attraction of the second is 

and so on. Let p be the corresponding constant for the 

sun. 

Assuming these accelerations, we can write down the differen- 
tial equations of motion of the several bodies, regarded as particles. 
For example, the equations of motion of the particle may be 
obtained "by equating d^ocjdfy &c., to the resolved accelerating 
attractions of the other bodies. The equations thus formed can , 
only be solved by the method of continued approximation. Kepler’s 
laws give us the first approximation ; as a second approximation 
we take account of the attractions of the planets, but suppose 
that TThi, VI2, &c. are so small that the squares of their ratio to yu. 
may be neglected. This problem is usually discussed in treatises 
on the Planetary theory. The solution of the problem enables 
us to calculate the positions of the planets and satellites at any 
given time and the results may be compared with their actual 
positions at that time. The comparison confirms the hypothesis 
in so extraordinary a way that we may consider its truth to be' 
established as far as the solar system is concerned. 

390. EIxtension to other systems. The law of gravitation 
being established for the solar system, its extension to other 
systems of stars may be only a fair inference. But we should 
notice that this extension is not founded on observation in the 
same sense that the truth of the law for the solar system is 
established*. The constituents of some double stars move round 

* Villarceau, Gonnaissance des temps for the year 1852 published in 1849; A. 
Hall, Gould’s Astronomical Journal, Boston, 1888. 
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'each other in a periodic time sufficiently short to enable us to 
trace the changes in their distance and angular position. We 
may thus, partially at least, hope to verify the law of gravitation. 
What we see, however, is not the real path of either constituent, 
but its projection on the sphere of the heavens. We can deter- 
mine if the relative path is a conic and can verify approximately 
the equable description of areas ; but since the focus of the true 
path does not in general project into the focus of the visible 
path, an element of uncertainty as to the actual position of the 
centre of force is introduced. 

We cannot therefore use Kepler’s first law to deduce from 
these observations alone that the law of force is the inverse 
square. 

301 . Besides this, there are two practical difficulties. First, there is the 
delicacy of the observations, because the errors of observations bear a larger ratio 
to the quantities observed than in the solar system. Secondly, a considerable 
number of observations on each double star is necessary. Five conditions are 
required to fix the position of a conic, and the mean motion and epoch of the 
particle are also unknown. Unless therefore more than seven distinct observations 
have been made, we cannot verify that the path is a conic. These difficulties are 
gradually disappearing as observations accumulate and instrurnents are improved. 

392 . Besides the motions of the double stars we can only look to the proper 
motions of the stars in space for information on the law of gravitation. Some of 
these velocities are comparable to that of a comet in close proximity to the sun 
and yet there is no .visible object in their neighbourhood to which we could ascribe 
the necessary attracting forces. At present no deductions can be made, we must 
wait till future observations have made clear the causes of the motions. 

303 . Oth.er reasons. The law of gravitation is generally deduced from 
Kepler’s laws, partly for historical reasons and partly because the proof is at once 
simple and complete. It is however useful and interesting to enquire what we may 
learn about the law of gravitation by considering other observed facts. 

Ex. 1. It is given that for all initial conditions the path of a particle is a 
plane curve : deduce that the force is central. 

Consider an orbit in a plane P, then at every point of that orbit the resultant 
force must lie in the plane. Taking any point A on the orbit project particles in 
all directions in that plane with arbitrary velocities, then since the plane of motion 
of each must contain the initial tangent at A and the direction of the force at A, 
each particle moves in the plane'P. It follows that at every point of the plane P 
traversed by these orbits the resultant force lies in the plane. If these orbits do 
not cover the whole plane we take a new point B on the boundary of the area 
covered, and again project particles in all directions in that plane with arbitrary 
velocities. By continually repeating this process we can traverse every point of 
the plane, provided no points are separated from A by a line along which the 
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force is infinite. It follows that at every point of the plane P the force lies in 
that plane. 

Next let us pass planes through any point A of one of these orbits and the 
direction AC of the force at A. Then by the same reasoning as before the 
direction of the force at points in each plane must lie in that plane and must 
therefore intersect AO. Thus the force at every point intersects the force at 
every other point. It follows that the force is central. 

_ An observer placed at the sun, who noticed that all the planets described great 
circles in the heavens, would know from that one fact that the force acting' on 
each was directed to the sun. Halphen, Comptes Bendus, vol. 84, Darboux’s Notes 
to Despeyrous’ Mecanique. 

Ex. 2. If all the orbits in a given plane are conics, prove that the force is 
central. 

If a particle P be projected from any point A in the direction of the force at A, 
the radius of curvature of the path is infinite at A. Since the only conic in which 
the radius of curvature is infinite is a straight line, the path of the particle P is a 
straight line and therefore the force at every point of this straight line acts along 
the straight line. The lines of force are therefore straight lines. 

^ These straight lines could not have an envelope, for (unless the force at every 
point of that curve is infinite) we could project the particles along the tangents to 
the envelope past the point of contact so as to intersect other lines of force. The 
directions of the force would not then be the same at the same point for all paths. 
Bertrand, Comptes Bendus, vol. 84. 

Pa;. 3. If the orbits of all the double stars which have been observed are 
found to be closed curves, show that the Newtonian law of attraction may be 
extended to such bodies. 

Bertrand has proved that all the orbits described about a centre of force (for 
all initial conditions within certain limits) cannot be closed unless the law of force 
IS ei er t e inverse square or the direct distance. By examining many cases of 
double stars we may include all varieties of initial conditions, and if all these 
orbits are closed the law of the inverse square may be rendered very probable. See 

Arts 370, 426. Bertrand when giving this theorem in Gomptes Bendus, vol. 77. 
1873, quotes Tchebychef. sr , , 


The Hodograph. 

394. A straight line OQ is drawn from the origin 0 parallel 
to the instantaneous direction of motion and its length is propor- 
tional to the velocity of a particle P, say OQ = kv. The locus of- 
Q has been called by Sir W. R. Hamilton the hodograph of the 
path of P. Its use is to exliibit to the eye the varying velocity 
and direction of motion of the particle. See Art. 29. 

By giving k different values we have an infinite number of 
similar curves, any one of which naay be used as a hodograph. 
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It follows from Art. 29 that, if s' he the arc of the hodograph, 
ds jdt represents in direction and magnitude the acceleration ofJP. 

396. If the force on the particle P is Central and tends to" 
the origin 0, it is sometimes more convenient to draw OQ per- 
pendicularly instead of parallel to the tangent. If OF be a 
perpendicular to the tangent, the velocity v of P is hfOT-, hence 
if OQ = kv, we see that the hodograph is then the polar reciprocal 
of the path with regard to the centre o/,/orce,„the radius of the 
auxiliary circle being f{hk). If F be the central force at P, the 
point Q travels along the hodograph with a velocity kF. 

396. Examples. Ex. 1. The path being an ellipse described about the 
centre C; and OQ being drawn parallel to the tangent, prove that, the hodographs 
are similar ellipses. 

Let CQ be the semi-conjugate of OP, then v = s/lJ“ CQ, Art. 326. Hence if 
hodograph is the ellipse itself. The point Q then travels with a 
velocity jf/x . OP. 

Ex. 2. The path being an ellipse described about the focus S, prove that a 
hodograph is the auxiliary circle, the other focus PC being the origin and P[Q 
drawn perpendicularly to the tangent at P. 

Let SY, HZ be the two perpendiculars on the tangent, then v = hlSY=HQIk, 
also 8Y.HZz=lP, HQ=HZ if h^b^jh. Since the locus of Z is the auxiliary 
circle the result follows at once. 

Ex. 3. The path being a parabola described about the near focus S, prove 
that a hodograph is the circle described on AS as diameter, where A is the vertex 
and SQ is drawn perpendicularly to the tangent. ^ 

Ex. 4. The hodograph of the path of a projectile is a vertical straight line, 
the radius vector OQ being di’awn parallel to the tangent. 

If the tangent at P make an ^ngle i/' with the horizon, the abscissa of Q is 
kv cos \p. This is constant because the horizontal velocity of P is constant. The 
point Q travels along this straight line with a uniform velocity kg. 

Ex. 5. An equiangular spiral is described about the pole, show that a hodo- 
graph is an equiangular spiral having the same pole and a supplementary angle. 
See Art. 30. 

Ex. 6. A bead moves under the action of gravity along a smooth vertical 
circle starting from rest indefinitely near to the highest point. Show that a polar 
equation of a hodograph is r' = b sin ^6', the origin being at the centre. 

Ex. 7. The hodograph of the path of a particle P is given, show that if the* 
path of P is a central orbit, the auxiliary point Q must travel along the hodograph 
with a velocity v' = \p'^p', where p' is the perpendicular from the centre of force on 
the tangent to the hodograph and p' is the radius of curvature. Show also that 
the central force F=v'lk and the angular momentum A=l/X/c^. 

The condition that the path is a central orbit is v‘^lp=Fplr. 
and r=c^jp', we find F and thence v'. 


Writing ^= 0 ^// 
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Ex, 8. The hodograph of- the path of is a parabola with its focus at 0, and 
the radius vector OQ = r' rotates with an angular velocity proportional to r'. 
Prove that the path of P is a circle passing, through 0, described about a centre 
pf force situated at 0, 

Sinde the angular velocity of OQ is nr', we find by resolving v' perpendicularly 
to 0 <3 that v' = nr'^lp'. In a parabola Zr'=2p'2, and since p'^r'dr'jdp' we see that 
v'=\p'y where X = w/Z. The path is therefore a central orbit. But the polar 
reciprocal of lr' = 2p'^ (obtained by writing p'=c^lr, and r'=c^lp) is v^=p {2cy), 
and this is a circle passing through 0. 


Ex. 9, A particle describes a curve under a constant acceleration which makes 
a constant angle with the tangent to the path ; the motion takes place in a medium 
resisting as the nth power of the velocity. Show that the hodograph of the curve 
described is of the form [Coll Ex] 

Ex, 10. A particle, moving freely under the action of a force whose direction 
is always parallel to a fixed plane, describes a curve which lies on a right circular 
cone and crosses the generating lines at a constant angle. Prove that the hodo- 
graph is a conic section. [Coll Ex ] 


397. Elliptic velocity. Since the velocity is represented 
in direction and magnitude by the radius vector of the hodograph 
we may use the triangle of velocities to resolve the velocity into 
convenient directions. 

Thus when the path is an ellipse described about the focus 
S, the velocity is represented perpendicularly by HZjk, where 
k = h^jh and IT is the other focus. If G be the centre this may be 
lesolved into the constant lengths HO, GZ, the former being a 
part of the major axis and the latter being parallel to the radius 
vector bP. Hence the velocity in an ellipse described about the 
focus S can be resolved into two constant velocities one equal to aejk 
in a fixed direction, viz. perpendicular to the major axis, and the 
other equal to ajk in a direction perpendicular to the radius vector 
SP of the particle, where k = ^fh. [Frost’s Newton, 1854 .] 

aSB. The hodograph an orbit. We have seen that when the force is central 
a hodograph of the path of P is a polar reciprocal. It follows that if the hodo- 
graph is the path of a second particle P', each curve is one hodograph of the other. 

Ex. 1. Let r, r' be the radii vectores of any two corresponding points P, Q of 
a curve and its polar reciprocal, the radius of the auxiliary circle being c. If these 
curves be described by two particles P, P' with angular momenta h, h', prove that 

the central forces at the two points P, Q are connected by FF' = ^ ^ fp 

gS 

Ex. 2. Prove that the two particles will not continue to be at points which 
correspond geometrically in taking the polar reciprocal, unless the orbit of each is 
an ellipse described about the centre. [The necessary condition is that the velocity 
r'^/cP in the hodograph should be equal to the velocity v' = h'jp' in the orbit. 
Since p'=c^lr, this proves that F varies as r.] 
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Motion of two or more attracting Particles. 

399. Motion of two attracting particles. This is the 
problem of finding the motion of the sun and a single planet 
which mutually attract each other. To include the case of two 
suns revolving round each other, as some double stars are seen to 
do, we shall make no restriction as to the relative masses of the 
two particles. The problem can be discussed in two ways ac- 
cording as we require the relative motion of the two particles or 
the motion of each in space. 

Let M, m be the masses of the sun and the, planet, r their 
instantaneous distance. The accelerating attraction of the sun 
on the planet is Mjr^ that of the planet on the sun mjr\ 

Initially the sun and the planet have definite Velocities. Let 
us apply to each an initial velocity (in addition to its own) equal 
and opposite to that of the sun ; let us also continually apply to 
each an acceleration equal and opposite to that produced in the 
sun by the planet’s attraction. The sun will then be placed 
initially at rest, and will remain at rest, while the relative motion 
.of the planet will he unaltered. See Art. 39. 

The planet being now acted on by the two forces M[r^ and 
m/r*, both tending towards the sun, the whole force is (M-hm)fr^. 
The planet therefore, as seen from the sun, moves in an ellipse 
having the sun in one focus. The period is 

Stt f 
f(M + 7n\^ ’ 

where a is the semi-major axis of the relative orbit. In the same 
way the sun, as seen from the planet, appears to describe an 
ellipse of the same size in the same time. 

400. We notice that the periodic time of a double star does 
not depend on the mass of either constituent, hut on the sum of the 
masses. The time in the same orbit is the same for the same 
total mass however that mass is distributed over the two bodies. 

401. Consider next the actual motion in space of the two 
particles. We know by Art. 92 that the centre of gravity of the 
two bodies is either at rest or moves in a straight line with 
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uniform velocity. It is sufficient to investigate the motion 
relatively to, the centre of gi’avit}^ for, when this is known, the 
actual motion may he constructed by imposing on each member 
of the system an additional velocity equal and parallel to that of 
the centre of gravity. 

Let S and be the sun and planet, (r the centre of gravity, 
then M . SP ~{M + m,) GP. The attraction of the sun on the 
planet is 

M _ 1 M' 

SP^-~(M+myW^~GP‘' 

The attraction of the sun on the planet therefore tends to a 
point G fixed in space and follows the law of the inverse square. 
The planet therefore describes an ellipse in space with the centre 

of gravity in one focus, and the period is -i-rjy where a is the 

semi-major axis of its actual orbit in space. 

The actual orbits described by the sun and planet in space 
are obviously similar to each other and to the relative orbit of 
each about the other. If a, cl' be the semi-major axes of the 
actual orbits of the planet and sun, a that of the relative orbit, 
we have by obvious properties of the centre of gravity, 

a\M = c^fm = aliM 4 - m). 

402. To find the mass of a planet which has a satellite. Since 
the mean accelerating attractions of the sun on the two bodies 
are nearly equal, their relative motion is also nearly the same as 
if the sun were away. Taking the relative orbit to be an ellipse, 
let a be its semi-major axis. If m, w! are the masses of the 

planet and satellite, T the period, we have T"^ = - When 

T and a have been found by observation, this formula gives the 
sum of the masses. The masses in this equation are measured 
in astronomical units, i.e. they are measured by the attractions of 
the bodies on a given supposititious particle placed at a given 
distance. It is therefore necessary to discover this unit by finding 
the attraction of some known body. 

Consider the orbit described by the planet round the sun. 
Since we can neglect the disturbing attraction of the satellite. 
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we have, if a is the semi-major axis of the relative orbit and T 

the period, — irr7~ 

^ M-\-m 

Dividing one of these equations by the other, we find 


M 




This formula contains only a ratio of masses, a ratio of times and 
a ratio of lengths. Whatever units these quantities are respec- 
tively measured in, the equation remains unaltered. Since m is 
small compared with the mass M of the suR, and m' small com- 
pared with the mass m of the primary, we may take as a near 
TYb fT fQ!\^ 

approximation ^ f — j . In this way the ratio of the mass 

of any planet with a satellite to that of the sun can be found. 


403. The determination of the mass of a planet without a 
satellite is very difficult, as it must be deduced from the pertur- 
bations of the neighbouring planets. Before the discovery of the 
satellites of Mars, Leverrier had been making the perturbations 
due to that planet his study for many years. It was only after a 
laborious and intricate calculation that he arrived at a determina- 
tion of the mass. After Asaph Hall had discovered Deimos and 
Phobos the calculation could be shortly and effectively made. 
According to Asaph Hall the mass of Mars is 1/3,093,5.00 of the, 
sun, while Leverrier made it about one three-millionth. This 
close agreement between two such different lines of investigation 
is very remarkable; she Art. 57. The minuteness of either satellite 
enables us to neglect the unknown ratio m'lm in A.rt. 402 and 
thus to determine the mass of Mars with great accuracy. 


404. Bxampl«8. Ex. 1. Supposing the period of the earth round the sun. 
and that of the moon round the earth to be roughly 366J and 27J days and the 
ratio of the mean distances to he 386, find the ratio of the sum of the masses of 
the earth and moon to that of the sun. The actual ratio given in the Nautical 
Almanac for 1899 is 1/328129. 

Ex. 2'. The constituents of a double star describe circles about each other in a 
time T, If they were deprived of velocity and allowed to drop into each other, 
prove that they will meet after a time TJ4:J2. 

Ex. 3. The relative path of two mutually attracting particles is a circle of 
radius b. Prove that if the velocity of each is halved, the eccentricity of the snb- 
se(iuent relative path is 3/4 and the semi-major axis is 46/7. 
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Ex. 4. Two particles of masses m, m', which attract each other according to 
the Newtonian law, are describing relatively to each other elliptic orbits of major 
axis 2a and eccentricity e, and are at a distance r when one of them, viz. m, 'is 
suddenly fixed. Prove that the other will describe a conic of eccentricity e' 
such that 



{i n + m'} (1 - e '-)\ _ /2 1 

am{l-e^) j ~ a 


It is supposed that the centre of gravity had no velocity at the instant before the 
particle m became fixed. [Coll. Ex. 1895.] 

Ex. 5. Two particles move under the influence of gravity and of their mutual 
attractions: prove that their centre of gravity will describe a parabola and that 
each particle will describe relatively to that point areas proportional to the time. 

[Math. Tripos, I860.] 


Ex. 6. The, coordinates of the simultaneous positions of two equal particles 
are given by the equations 


x=a9-2asme, y = a~acos d\ x^ = ad, 1/^= -a + acosd. 


Prove that if they move under their mutual attractions, the law of force will be 
that of the inverse fifth power of the distance. [Math. Tripos.] 


Ex. 7. Two homogeneous imperfectly elastic smooth spheres, which attract 
one another with a force in the line of their centres inversely proportional to the 
square of the distance between their centres, move under their mutual attraction, 
and a succession of oblique impacts takes place between them; prove that the 
tangents of the halves of the angles through which the line of centres turns 
between successive impacts diminish in geometrical progression. [Math. T. 1896.] 

Consider the relative motion. The blow at each impact acts along the line 
joining the centres, hence , the latera recta of all the ellipses described between 
successive impacts are equal. The normal relative velocity is multiplied by the 
coefficient of elasticity at each impact. The radius vector of the relative ellipse is 
the same at each impact, being the sum of the radii of the spheres. The result 
follows immediately from Ex. 1, Art. 337. 


405 . Ex. 1. Herschel says that the star Algol is usually visible as a star of 
the second magnitude and continues such for the space of 2 days 13^ hours. It 
then suddenly begins to diminish in splendour and in 3^ hours is reduced to the 
fourth magnitude, at which it continues for about 15 minutes. It then begins to 
increase again and in 3^ hours more is restored to its usual brightness, going 
through all its changes in 2 d. 20 hr. 48 min. 54-7 sec. This is supposed to be due 
to the revolution round it of some opaque body which, when interposed between 
us and Algol, cuts off a portion of the light. Supposing the brilliancy of a star of 
the second magnitude to be to that of the fourth as 40 to 6-3 and that the relative 
orbit of the bodies is nearly circular and has the earth in its plane, prove that the 
radii of the two constituents of Algol are as 100 : 92 and that the ratios of their 
radii to that of their relative orbit are equal to -171 and -160. If the radius of 
the sun be 430000 miles and its density be 1'444, taking water as the unit, prove 
that the density of either constituent of Algol (taking them to be of equal densities) 
is one-fourth that of water. The numbers are only approximate. 

[Maxwell Hall, Obsei-vatory, 1886.] 
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Ex, 2. »The brightness of a variable star undergoes a periodic series of changes 
in a period of T years. The brightness remains constant for mT years, then 
gradually diminishes to a minimum value, equal to 1 - F of the Tninn'TwiiTn , at 
which minimum it remains constant for nT years and then gradually rises to the 
original maximum. Show that these changes can be explained on the hypothesis 
that a dark satellite revolves round the star. Prove also that, if the relative orbit 
is circular, and the two stars are spherical, the ratio of the mean density of the 
double star to that of the sun is 

sin® r(l + fc)® cos® nir - (1 - fc)® cos® 

T®(1 + /:®)L cos® nTT - cos® niTT J ’ 
where B is the apparent diameter of the sun at its mean distance. [Math, T. 1893.] 

406. Three attracting Particles. The problem of deter- 
mining the relative motions of three or more attracting particles 
has not been generally solved. The various solutions in series 
which have as yet been obtained usually form the subjects of 
separate treatises, and are called the Lunar and Planetary theories. 
Laplace has however shown that there are some cases in which 
the problem can be accurately solved in finite terms*. 

407. Let the several particles be so arranged in a plane that 
the resultant accelerating force on each passes through the com- 
mon centre of gravity 0 of the system and that each resultant is 
proportional to the distance of the particle from that centre. It is 
then evident that if the proper common angular velocity be given 
to the system about 0, the centrifugal force on each . particle may 
be made to balance the attraction on that particle. The particles 
of the system will then move in circles round 0 with equal angular 
velocities, the lines joining them forming a figure always equal 
and similar to itself. Each particle also will describe a circle 
relatively to any other particle. 

Let us next enquire what conditions are necessary that the 
particles may so move that the figure formed by them is always 
similar to its original shape, but of varying size. Let the distances 

* Laplace’s discussion may be found in the sixth chapter of the tenth book of 
the Micanique Celeste. The proposition that the motion- when the particles are in 
a straight line is unstable was first established by Liouville, Acadbuiie des Sciences, 
1842, and Gonnaissance des Temps for 1845 published in 1842. His proof is 
different from that given in the text. The motion when the particles are at the 
corners of an equilateral triangle is discussed in the Proceedings of the London 
Mathematical Society, Feb. 1876. See also the author’s Eigid Dynamics, vol. i. 
Art. 286, and vol. ii. Art. 108. There is also a paper by A. G. Wythoff, On the 
Dynamical stability of a system of particles, Amsterdam Math. Soc. 1896. 
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of the particles from the centre of gravity 0 be r^, 
then have for each particle the equations 



We 


Since the figure is always similar, these equations are to be satisfied 
when ddjdt is the same for every particle, and r^, &c. have the 

rafios aj, aj, &c., where a^, ot^, &c., are some positive finite constant 
quantities. It immediately follows that the arrangement must be 
such that the F’s are in the same positive ratios and also the (x’s. 

Since the mutual attractions of the particles form a system 
of forces in equilibrium, the equivalent system m^F^, m,F^, &c. 
and miGi, &c. is also in equilibrium. The sum of the mo- 
ments, of the fr s about 0 must therefore be zero, which (since 
they are in the ratios otj, &c.) is impossible unless ea.ch G is zero. 

If also the initial conditions are such that both the radial 
velocities dr^(dt, &c. and the transverse velocities r^ddldt, &c., 
have the ratios Wi, &c., all the equations will be satisfied by 
assuming n, &c. to have the constant ratios &c. The 

motion of some one particle, say on,, is determined by the two polar 
equations of that particle. 

The lesult is, that if the particles_ mov'e so as to be always 
at the corners of a similar figure, that figure must be such that 
the resultant accelerating forces on the particles act towards the 
common centre of gravity 0 and are proportional to the distances 
from 0. This being true initially, the particles must be projected 
in directions making equal angles in the same sense with their 
distances from 0, with velocities proportional to those distances. 


408. The two arrangements. To deteronioie how three 
pQjOticles oniist be CLwcmgcd so that tho J^ovce on any one onay joclss 
through the coonmon centre of go'avity ; the law of force being the 
inverse Kth power of the distance. 

It is evident that tjie condition is satisfied when the three 
particles are arranged in a straight line. We have now to 
enquire if any other arrangement is possible. 

It IS a known theorem in attraction that if two given particles 
of masses M, m attract a third on', placed at distances p, r from 
them, with accelerating forces Mp, onr, the resultant passes through 
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the centre of gravity of M, m and therefore through that of all 
three. In order that the resultant of if/p'" and may also 
pass through the centre of gravity of M, m, it is evident that 
the ratio of Mjp'^ to mjr^ must be equal to the ratio Mp to mr. 
It immediately follows (except a:= — 1) that p=r. The three 
particles must therefore be at equal distances ; see also Art. 304. 

The result is that for three attracting particles there are 
only two possible arrangements ; (1) that in which the particles, 
however unequal their masses may be, are at the corners of an 
equilateral triangle, (2) that in which they are in the same straight 
line. 


It may also be shown that when the law of attraction is the 
inverse /cth, the arrangement at the Somers of an equilateral 

tHangle is stable when /I + /c 




>3 


3 — /c 


' 409. The line arrangement. Three mutually attracting 
'particles ivhose masses are M, m', m are placed in a straight line. 
It is required to determine the conditions that throughout their sub- 
sequent motion they may remain in a straight line. 

Let the law of attraction be the inverse «th power of the 
distance. Let M, to, be the two extreme particles, ni' being 
between the other two. Let a, b, c be the distances Mm, Mm!, 
m'm ; then a = h + c. 

A necessary condition is that the resultant accelerating forces 
on the. particles must be proportional to their distances from the 
centre of gravity 0 (Art. 407). We therefore have 
Mla'^ + m'lc'^ Ml¥ - to / c '‘ _ mja'^ + m'l¥ 

Ma •+ m'c ~ Mb — me ma + m'b 
where the numerators express the accelerating forces on the 
particles and the denominators are proportional to the distances 
from 0. 

The equalities (1) are equivalent to only one equation, for if 
we multiply the numerators and denominators of the three frac- 
tions by TO, m', — M respectively, the sum of the numerators and 
also that of the denominators are zero. Putting a = b(l+p), 
c = bp, we arrive at 

The left-hand side is negative whenp = 0 and positive when p is 
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infinitely large, the equation therefore has one real positive root, 
whatever positive values M, m', m may have. Putting = 1, the 
left side -becomes 1); since we may take M as the 

greater of the two extreme particles we see that the real positive 
value of p is less than imity, provided /c + 1 is positive. If a: + 1 
were negative the root would be greater than unity. 

Whatever the masses of the particles may be it follows that 
if they are so placed that their distances have the ratios given by 
this value of p, and their parallel velocities are proportional to 
their distances from 0, they will throughout their subsequent 
motion remain in a straight line. 

When the attraction follows the Newtonian law, the equation 
(2) becomes the quintic 

{M+m')p^ + (3if + %n')p* + (3if + m')p^ - {m! + 3m) p~ 

- + 3m) ^ + m') = 0. . .(3). 

The terms of this equation exhibit but one variation of sign, and 
there is therefore but one positive root. 

It may be shown in exactly the same way that in the general 
case, when k has any positive integral value, the equation (2) has 
only one positive root ; all the terms from 
positive, while those from p>^ to p^ are negative. 

410. When the positions of two of the masses are given, 
there are three possible cases ; according as the third is between 
the other two or on either side. Since the analytical expression 
for the law of the inverse square does not represent the attraction 
when the attracted particle passes through the centre of force. 
Art. 135; these three cases cannot be included in the same 
equation. We thus have three equations of the form (3), one 
for each arrangement. 

411. In the case of the sun, earth, and moon, M is very much 
greater than either m or m. Since p vanishes when m and u\l 
are zero, we infer that p is very small when m\M and m'jM are 
small. The equation (3) therefore gives = (m + m')/if, or, 
using the numerical values of m, m' and il/, p = 1 /1 00 nearly. 

If the moon were therefore placed at a distance from the 
earth one hundredth part of that of the sun, the three bodies 
might be projected so that they would always remain in a straight 
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line. The moon would'4hen be always full, but at that distance 
its light would be much diminished. This configuration of the 
sun, earth and moon however could not occur in nature because 
this state of steady motion is unstable. On the slightest dis- 
turbance the whole system would change and the particles would 
widely deviate from their former paths. 


4ia. Three mutually attracting particles whose masses are My m', ni describe 
circles round their common centre of gravity and are always in a straight line. 
Prove that if the force vary as any inverse power of the distance this state of motion 
is unstable. 


Reducing the particle M to rest -we take that point as the origin of coordinates. 
Let (r, 6) be the coordinates of m, (/, 6') those of m'. The particle m is acted on 
by {M+m)jr^ along the straight line mM, and m'/r'* in a direction paxallel to m'M. 
The polar equations of the motion of m are 


dV 

1 d 
r dt 


M+m 

^ \dt / ~ 

/ „ d6\ m' . ni' 
I r TT )= sm w + — 


m' 

cos w cos 

r'* R* 


R 



•where w, 0 are the angles at My m of the triangle formed by joining the particles 
and JR is the side mm'. In the same way the polar equations of the motion 
of m' are 

dt^ \dt 



where 0' is the external angle of the triangle at m'. In forming these equations 
the standard case is that in which O' >6 and r'<r. 




M-hvi' m . m 

cos w -i — - cos 0' 

r'* 


We shall now substitute in these equations r=a (l + r), e=nt+y; r' = 6 (l + y), 
0’ = nt + r], and reject all powers beyond the first of the small quantities x, y, g. 
Remembering that sin 0/r' = sin if>'lr -sin wjR we find after some reduction 
( ga _ ^2 _ ,cJB) r - 2n5?/ + m'/cBf + 0 . t; = 0, 

2ndx + (5^ + m'B) j/ + 0 . m'Bri= 0, 

vikAx + O .y + (5^-n^-KF)^-2nSr)=0y 

0 .x~ niAy + 2n5? + ( 8 ® + mA) 17 = 0 , 


where for brevity we have written S for djdty and c=a-b, 


(~- 


BJ-i 

f 1 


\CK+1 

a'^+V 

a ' 

^C<c+l 



M+m m' 

o/'-tr ^+1 ’ 


M+m 

jp - — _ + 
JjK+l 


m 

^1- 


The steady motion has been already found in Art. 409, but it may also be 
deduced from the first and third of the equations (1) and (2) by equating the 
constants. We thus find n®=R -m'R, n^—F-mA. 
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We notice that the constants E, F are positive. When k+ 1 is positive, it has 
been shown in Art, 409 that a > 6 > c, and therefore A,B&ndiE+F- 2n^ are positive. 
Lastly whatever k may be E + IP — is positive , 

To solve the four ecinations, we put x = Ge^^, y — He^^, 7 ]=Le^^. Sub- 

stKuting and eliminating the ratios G, H, K,L^e obtain a determinantal equation 
whose constituents are the coefficients of x, y, n, with X written for S. This 
determmant is of the eighth degree in X. To find its factors we must before 
^pansion make some necessary simplifications which we can only indicate here. 
We first add the f column to the x column and the i) column to the y column. 
The second column may now be divided by X. Multiplying the second column by 
2n and subtracting from the first, we see that X'-^- (/c- 3 ) jg another factor which 
we divide out. Subtracting the first row from the third and the second from the 
fourth, the first column acquires three zeros and the second column two. The 
determinant is now easily expanded and we have 

X- {X^- («■- 3) {(X^ + .C') (X®- C'/c-(/c + l)n^) + 47i2x2].=;0, 

where G=E + F~2n\ If /c>3, this equation gives a real positive value of X and 
the motion is therefore unstable. If k have any positive value G is positive, and 
the third factor has the product of its roots negative; one value of X® is real and 

posfilve.and the other real and negative. The motion is therefore unstable for all 
positive values of k. 

413 . Ex. 1 . Three mutually attracting particles are placed at rest in a 
straight line. Show that they will simultaneously impinge on each other if the 
initial distances apart are given by the value of p in the equation of the (2/f+l)th 
degree of Art. 409. [This equation expresses the condition that the distances 
between the particles are always in a constant ratio.] 

Ex. 2. Three unequal mutually attracting particles are placed at rest at tlie 
corners of an equilateral triangle and attract each other according to the inverse 
Tcth power of the distances. Prove that they will arrive simultaneously at the 
common centre of gravity. If the law of attraction is the inverse square, the time 

of transit is Jir where ^ is the sum of the masses and a the side of the 

initial triangle, Art. 131. 

414. A swarm of particles. Let us suppose that a comet 
is an aggregation of particles whose centre of gravity describes an 
elliptic orbit round the sun. The question arises, what are the 
conditmns that such ’a swarm could keep together*? Similar 
conditions must be satisfied in the case of a swarm consolidating 

xr, r comets was first suggested by Schiaparelli who proved 

that the disturbing force of the sun on a particle might be greater than the 
attraction of the comet. He thus obtained as a necessary condition of stability 
mfb > 2M/a . The subject was dynamically treated by Charlier and Luc Picart on 
the supposition of a circular trajectory. They arrived at the condition 
Bulletin de V Academia de S. Petersbourg, Annales de VObservatoire de Bordeaux, 
Tisserand, JJfec. Celeste, iv. The condition of stability was extended to the case of 
an elliptic trajectory by M. 0. Callandreau in the Bulletin Astronomique, 1896. The 
brief solutions here given of these problems are simplifications of their methods. 
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into a planet in obedience to the Nebular theory. The following 
example will illustrate the method of proceeding. 

We shall suppose the sun A to be fixed in space, Art. 399. 
Let B be the centre of the swarm, G any particle. Let r, 6 be 
the polar coordinates of B referred to A, and rj the coordinates 
of G referred to B as origin, the axis of ^ being the prolongation 
of AB. Let M be the mass of the suu. Supposing, as a first 
approximation, that the swarm is homogeneous and spherical, its 
attraction at an internal point 0 is pp, where p — BG. If m be 
the mass and b the radius of the swarm, ph = 


The equations of motion are, by Art, 227, 

(Brj 

d¥~ 


/dd'y 

1 d 


-M 

[dij 

77 dt ' 

V dt) 



■ p^ 


■V 


'd0\" 
dt 


+ 


1 d 


d6) 


Mt] 




,..( 1 ). 


These equations also apply to the motion of 'the particle at B, 
where | = 0, 17 — 0 , Hence when we expand in powers of 77 , 
all the terras independent of 77 must cancel out. We thus have 


d^ 

dt^ 

d^T} 

dt 


dr) dO 
dt dt 
d^dO 
dt dt 


d?e 


r + 2 ^ 


df 




2ilf^ . ^ 

/ 1*3 


Mrj 


-pr) 


.( 2 ). 


If the centre of gravity of the swarm describe a circle about 
the sun, we write ?’ = a, = The equations then become 


^'1 

dt^ 


d’^T) d^ 

2 ■+■ ^ + pr) 


2«^ + (^-3n»)f = 0 


df 


dt 


,(3). 


Putting ^ = A cos {pt + a), 77 = A sin {pt + a), we immediately ob- 
tain the determinantal equation 

— At -f 3?^‘■^) — /tt) — 4p^?i^ = 0 (4). 

The condition that the particles of the swarm should keep together 
is the same as the condition that the roots of this quadratic should 
be real and positive. The left-hand side is positive when = + 00 , 
and negative when = p and p- = p- The required condition 
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is therefore Art. 288. The condition that the swarm is 

stable is therefore p > 3 ^ • 

Unless therefore the density of the swarm exceed a certain 
quantity the swarm cannot he stable. If the mass of the sun were 
distributed throughout the sphere whose radius is such that the 
swarm is on the surface, the density of the swarm must be at 
least three times that of the sphere. 

The path of the particle G when describing either principal oscillation is 
(relatively to the axes Btj) an ellipse with its centre at B. Substituting the 
values of ij in the equations of motion and using the quadratic, we find 

B -2np’ ~4 ’ B^Bf “V 

Since /* lies between the values of p®, the first equation shows that AjBi and 
AJB^ have opposite signs, and accordingly the radical is negative. 

It follows that the oscillation which corresponds to the smaller value of p has 
tne major axis directed along B^, while in the other that axis is along Bt/. The 
particle also describes, the ellipses in opposite directions, in the former case the 
direction is the same as that of the swarm round tlie sun, in the latter, the 
opposite. 


If the centre of gravity of the swarm describe an ellipse of small eccentricity, 
we may obtain an approximate solution of the equations of motion. Assuming 
the expansions 0 = nt + 2e sin nt + 1 sin 2nt, 
h d0 


dt 


= 1 + 3e cos nt + 1- e® + 1 e® cos 2nt, 


it is evident that all the coefficients of the differential equations (2) can be at once 
expressed in terms of t, including all terms which contain e^. It is however 
unnecessary for our present purpose to write these at length. It is easy to see 
that the equations become 


drj ^ 

_ - 2n ^ (3 + 5,2) } ^ I 

+ =eYj 

ien COB nt~~ 2e.n^ sin lOcn^ cos nt^ + &c., 


sY— — 4:en cos nt ~ + 2e7t^ sin nt ^ + en ^ cos nt'/j + &c. 

As a first approximation we neglect eX, eY. Comparing the equations (6) and 
(3) we qpe at once that we shall have the quadratic 

{ p3 _ ^ (3 + 5,2) ) I ^2 _ ^ ^ I ,j2,2| _ 4^2„2 ^ Q (6) . 

Ihe condition that the sioarm is stable is then fjt,>n^ (3 + 5e-)" + 

It appears therefore that the gradual dissipation of a comet is more probable when 
the trajectory is elliptical than when it is circular. 
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As a second approximation, we substitute ^=J cos (pt + a), ij=E sin (jpt + a) in 
the expressions X and Y. By Art. 303 the only important terms are those which 
become magnified by the process of solution. These terms are of the form 
P cos {\t+L) where X=i3±?i or ^)±2n. Unless therefore the roots p, p' of the 
quadratic (6) or (4) are such that p=t_p' is nearly equal to n or 2n, the terms 
derived from X, Y remain respectively of the order e or e®. This relation between 
the roots cannot occur when e is sniall. 

415. Tisserand’s criterion*. When a comet describing a 
conic round the sun passes very near to a planet, such as Jupiter, 
its course is much disturbed. When it emerges from the sphere 
of perceptible influence of the planet, it may again be supposed' 
to describe a conic round the sun, but the elements of the new 
path may be very different from those of the old. 

Since Jacobi’s integral (Art. 255) holds throughout the motion, 
the elements of both the conics must satisfy that equation. 

Let (tto, ^o)> («i) k) be the semi- major axis and semi-latus rectum 
before and after passing through the sphere of influence of the 
planet. Let ii be the inclinations of the planes of the comet’s 
orbit to the plane of the planet’s motion. , 

Let the sun 0 be taken as the origin of coordinates, and let 
the axis of | pass through the planet P. Let r, p be the distances 
of the comet Q from 0 and P respectively and c = OP. Let M, 
m be the masses of the sun and planet, then, reducing the sun 
to rest (Art. 399), we regard the comet as acted on by the resultant 
attraction of the sun and planet together with a force mjc^ acting 
parallel to PO. The held of force is therefore defined by 

jj m 

r p ‘ 

We suppose that the planet P describes a circular orbit relatively 
to 0 with a constant angular velocity n, where = {M + m)/c^. 
The Jacobian integral takes the form 

IV"- - nA -f -f == C, 

T p 

Tisserand’s criterion may be found in his Note sur I’integrale de Jacobi, et 
sur son application d la thdorie des com^tes, Bulletin Astronomique, Tome vi. 
1889, also in his Mecanique Gdeste, Tome iv. 1896. M. 0. Callandreau’s addition 
is given in the second chapter of his Iiltude sur la th6orie des com&tes pdriodiques, 
Annales de VObservatoire de Paris, Memoires, 1892, Tome xx. There are also some 
investigations by H. A. Newton on the capture of comets by planets, especially 
Jupiter, American Journal of Science, vol. xlii. pages 183 and 482, 1891. 
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where V is the space velocity of the comet and A its angular 
momentum referred to a unit of mass. Since (Art, 333) 

^ ’ A = cos ^V(M), 

the integral becomes 


2af 


-fncos 




M\pa C^ 


• + 


1 

a h W COS 

aa. 


M 


m 



where ^o>Po> ^i,pi, are the values of p when the comet is respec- 
tively entering and leaving the sphere of influence of j;he planet. 
We obviously have po — pi, and since the comet does not stay long 
within the sphere, we may neglect ~ when multiplied by the 
very small quantity m/M. Writing then = M/o^ as a close 
approximation, Art. 341, we obtain the criterion 


1 ^ cos h _ _1_ COS 

2^0 c \/c '2ci/i c \/c 


416 . Tisserand uses this criterion to determine whether two 
comets both of which are known to have passed near Jupiter 
could be the same body. If the criterion is not satisfied by the 
known elements of the two comets, they cannot be the same body. 
If it is satisfied it is then worth while to examine' more thoroughly 
how much the elements of either body have been altered by the 
attraction of Jupiter. This must be done by using the method 
of the plapetary theory and is generally a laborious process. 

In Tisserand’s criterion the orbit of Jupiter is considered to be circular, which 
is not strictly correct. This defect has been corrected by M. 0. CaUandreau. 
Taking account only of the first power of the eccentricity he adds a small term 
containing that eccentricity as a factor. This term, unlike those in Tisserand’s 
criterion, depends on the manner in which the comet approaches Jupiter. 


417. StabiUty deduced feom Via Viva. The Jacobian integral has been 
used by G, W. Hill* to determine whether the moon could be indefinitely pulled 
away from the earth by the disturbing attraction of the sun. In such a problem 
as this, it is convenient to take the origin at the earth P and the moving axis of ? 
directed towards the sun 0. Reducing the earth to rest, the moon Q is acted on by 
(m+m')lp^ along QP and M/c^ parallel to OP. The Jacobian equation for relative 
motion, Art. 255 (3), takes the form 


p ?■ O'* 


G. W. Hill’s researches in the Lunar theory may be found in the American 
Journal of Mathematics, vol. i. 1878. 
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where p=PQ, r=OQ, c=OP and fi is the sum of the masses m, m' of the earth 
and moon. We treat the sun’s orbit as circular and put as a near approximation 
Mjc^ = n^‘ Since + this equation becomes 


Since the left-hand side is essentially positive it is clear that the moving particle Q 
can never cross the surface defined bij equating the right-hand side to zero, and can 
only move in those parts of space in which the right-hand side is positive. ’Art. 299. 

If the initial circumstances of the motion make C' negative, the right-hand 
side is always positive and the equation supplies no limits to the position of Q. 

The form of the surface when C is positive has been discussed by Hill. When 
G’ exceeds a certain quantity the surface has in general three separate sheets. 
The inner of these is smaller than the other two and surrounds the earth The 
second is also closed but surrounds the sun, the third is not closed. When the 
constants are adapted to the case of the moon, that satellite is found to be within 
the first sheet. It must therefore always remain there, and its distance from the 
earth can never exceed 110 equatorial radii. Thus the eccentncity of the earth’s 
orbit being neglected, toe have a rigorous demonstration of a stiperior limit to the 
radius vector of the moon. 


4ia. Ex. 1. If the moon Q move in the plane of motion of the earth P and 
if also the sun is so remote that we may put ^1 + ^^ when the left- 

hand side is expanded in powers of ?/c and ij/c, the bounding surface degenerates 
into the curve It is required to trace the forms of this curve for 

different positive values of C". 


The curve has two infinite branches tending to the asymptotes f n2^=(7". If 
C" is greater than the minimum value of + there is also an oval round 
the body S. If the particle Q is within the oval, jt cannot escape thence and its 
radius vector will have a superior limit. If the particle is beyond either of the 
infinite branches, it cannot cross them and the radius vector will have an inferior 
limit. The velocity at any point of the space between the oval and the infinite 
branches is imaginary. [Hill.] 

Ex. 2. A double star is formed by two equal constituents S, P whose orbits 
are circles. A third particle Q whose mass is infinitely small moves in the same 
plane and initially is at a distance from P on SP produced equal to half SP, 
starting with such velocity that it would have described a circular orbit about P if 
N had been absent. Show that the curve of no relative velocity is closed, and that 
the particle being initially within that curve cannot recede indefinitely from the 
attracting bodies S and P. 


This example is discussed by Coculesco in the Comptes Rendus, 1892. He also . 
refers to a memoir of M. de Haerdtl, 1890, where the revolution of Q round P is 
traced during two revolutions and it is shown that at the end of the third the 
particle is receding from A *. 


* Since writing the above the author has received Darwin’s memoir on Periodic 
Orbits, Acta Mathematica, xxi. in which the motion of a planet about a binary star 
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Theory of A-pses. 

419. When the law of force is a one-valued function of the 
distance, every apsidal radius vector must divide the orhit sym- 
metrically. 

Let 0 be the centre of force, A an apse (Art. 314). The 
argument rests on two propositions. 

(1) If two particles are projected from A with equal velocities, 
both perpendicularly to OA but in opposite directions, it is clear 
that (the force being always the same at the same distance from 0) 
t.he paths described must be symmetrical about OA. 

(2) If at any point of its path, the velocity of the particle 
were reversed in direction (without changing its magnitude), the 
particle would describe the same path but in a reverse direction. 

If then a particle describing an orbit arrive at an apse A, its 
subsequent path when reversed must be the same as its previous 
path. Hence OA divides the whole orbit symmetrically. 

We may notice that if the law of force were not one-valued, 
say F=ix[u±\/{u^~a;W^, where the apsidal distance 0A = a, the 
first proposition is not true, unless it is also given that the radical 
keeps one sign. 

420. There can he only two apsidal distances though there 
may he any number of apses. 

Let the particle after passing an apse A arrive at another 
apse B. Then since OB divides the orbit symmetrically, there 
must be a third apse G beyond B such that the angles AOB, 
BOO are equal and 00= OA. Since 00 divides the orbit sym- 
metrically, there is a fourth apse at JD, where 01)= OB and the 
angles BOO, GOD are equal. The apsidal distances are therefore 
alternately equal, and the angle contained at 0 by any two con- 
secutive apsidal distances is always the same. 

has been more thoroughly studied. TaMng a variety of initial conditions he has 
traced the subsequent paths of a particle of insignificant mass. Some of the 
paths thus presented to the eye have such unexpected and remarkable forms that 
the paper is full of interest. 
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4:21. Examples. Ex. 1. Show that an ellipse cannot be described about a 
centre of force whose attraction is a 
one-valued function of the distance 
unless that centre is situated on a 
principal diameter and is outside the 
evolute. 

By drawing all the tangents to one 
arc BE of the evolute we see that they 
cover the whole area of the quadrant 
AGB of the ellipse. It follows that a 
normal to the ellipse can be drawn 
through any point P situated in this 
quadrant, and this normal does not divide the ellipse symmetrically, unless P lies 
between JS and A or between P' and P. 

Ex. 2. If the path is an equiangular spiral and the central force a one-valued 
function of the distance, prove that the centre of force must be situated in 
the pole. 

Ex. 3. If a particle of mass m be attached to a fine elastic string of natural 
length a and modulus X, and lie with the string unstretched and one extremity 
fixed on a smooth horizontal plane ; prove that, if projected at right angles to the 
string- with velocity v, the string will just be doubled in length at its greatest 
extension if 3mt)®=4aX. [Coll. Ex.] 

Ex. 4. A particle is projected from an apse with a velocity v, prove that the 
apse will be an apocentre or a perieentre according as the velocity v is less or 
greater than that in a circle at the same distance. 


B 



422. The apsidal distances. To find the apsidal distances 
when F= fjbu^, and n is an integer. 

The equation of vis viva, viz. v^~ C —2 f Fdr, gives 
'du\“ 
fidj 




-+• It' 


0 + 


.( 1 ). 


Let V be the velocity at the initial distance R, j3 the angle of 
projection, then 

2fjb 


V^ = G+-- 

n 


1 \R 


h = VR sin /3 


.( 2 ). 


Thus both h and G are known quantities, at an apse u is a max- 
niin, and therefore duld6 = 0. The apsidal distances are therefore 
given by 

'duY 2/t , 


dry 

di 




de 




Jihi^ + G = 0 (A). 


If an equation is arranged in descending powers of the unknown 
quantity, we know by Descartes’ theorem that there cannot be 
more positive roots than variations of sign. The arrangement of 
the terms of equation (A) will depend on whether n -- 1 is greater 
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or less than 2 ; but, since there are only three terms, it is clear 
that in whatever order they are placed there cannot be more than 
two variations of sign. The equation cannot therefore have more 
than two positive roots. This is an analytical proof that there 
cannot he more than two real apsidal distances. 

423 . If n is a fraction, say n=p/q in its lowest terms, we write w=«)®; the 
indices of w are then integers and w and therefore u can have only two positive 
values. It is assumed that if q is an even integer the sign of F is given by some 
other considerations, for otherwise F. would not be a one- valued function of u. 

424. The propositions proved in Arts. 420 and 422 are not 
altogether the same. The complete curve found by integrating 
(A) may have several branches separated from each other so that 
the particle cannot pass from one to the other. In 420 it is 
proved that the actual branch described ca.nnot have more than 
two unequal apsidal distances. In 422 it is proved that when 
■F—yiC^ all the branches together cannot have more than two 
unequal apsidal distances. 

If the force be some other one-vAlued function of the distance 
the complete curve may have more than two unequal apsidal 
distances. 

( du\ ® 

^ J =A{u-a){u -h) {u - c) be the differential equation of 

an orbit, prove that the central force . is a one-valued function of the distance. 
Prove also that the curve has two branches and three unequal apsidal distances, 
and that either branch may be described if the initial conditions are suitable. See 
Arts. 309, 441. 

Ex. 2. If the central force is F =/*«”, where n>3 and the velocity is greater 
than that from infinity, prove that the apsidal distances lie between p and q, where 
(« — 1) p" 8 [This follows from a theorem in the theory of 

equations applied to equation (A) of Art. 422.] 

426. The apsidal angle. To find the apsidal angle when 
F— where 3, and the orbit is nearly circular. 

The equation of the path with these conditions has been found 
by continued approximation in Arts. 367 to 370. 

Taking the first approccimation, we see by referring to the 
equation (6) of those articles that dujdd is zero only when 
p6 -{• cL = inr, where i is any integer. These values of >6^ therefore 
determine the apses and the reciprocals of the two corresponding 
apsidal distances are c{l±M). The apsidal angle described 
between two consecutive apses is therefore tt/^, where p^ = Z-n. 


ART. 427.] 


THE APSIDAL ANGLE. 


273 


Taking the higher approximations, we use the equations (12) 
and (13) in the same way. The apsidal angle is therefore w/p, where 
p = V(3 - n) [1 - ^ (^^ - 2) (w + 1) M% 

The reciprocals of the apsidal distances are very nearly c (1 + M). 

427. There is another method of finding the apsidal angle which is founded 
on a direct integration of the equations of motion*. Beginning with 

d*U /I'M""® 

we have, as in Art. 422, 

h® f w"-! - + C ; 

\dej n-l * 

let u=a, be the reciprocals of the inner and outer apsidal distances. Since 
the right-hand side of the equation must vanish for each of these values of «, we have 

an-i - /tV-f C=0, 

n-1 


Eliminating h® and G we find 


/dd\a A= 

u®, 1 

/ “ A ’ 

a"-i, a®, 1 


6®, 1 


To find the apsidal angle we have to integrate the value of d6 from «s=6 to a. 

To simplify the limits we put a—c (1-f If), 6=sc (1-lf) and u=e (1-hJKa:) ; the 
limits of integration are then - 1 to -f 1. Also since the orbit is nearly circular, 
we suppose Jlf to be a small quantity. 

It now . becomes necessary to expand A in powers of M. This may be effected 
by using some simple properties of determinants. If we subtract the upper row 
from each of the other two, the determinant is practically reduced to a determinant 
of two rows. Noticing that 

(1 dt Jtf )**-! -{1 + = - (n - 1) M (a: T 1) {1 + CJf (a ± 1) 

■{•DM^{x^:i=x + l)+EM^ (a:®±a:®-f-®±l)-f & 0 .}, 

where C?=J(7i-2), 2)=:^ (n-2) (n-3), ^n-2) (n-3) (ji-4), we see that the 

new determinant is 

A = c*+i M® (n - 1) (a;® - 1) 1 1 -t- GJH (® -fl) -f &o., 2 •+ iif (« -f 1) 

Subtracting one row from the other and performing some evident simplifications, 
we find 

A=E2 (a:® - 1) {l + J {n^2)Mx + ^{n- 2) M® ((«- 4) a;®4.n- 6)}, 
where E® = 2c"+^ If® (n - 1) (n - 3). We thence deduce 

^ {1 - ^ (n - 2) («- 2) M® (2a;® - n-NB)}. 


* The method of finding the apsidal angle by a direct integration of the 

apsidal equation was first used by Bertrand, Gbmptes Bendm, vol. 77, 1873. An 
improved version was afterwards given by Darboux in his notes to the Gours de 
MScdnique by Despeyrous, 1886. 
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In the same way we find after some reductions 

M (m - 1) }i{l + (n - 2) (n - 8) M^}. 
Bememhering that du=cJlf da;, these give 

dd 1 1 f, n - 2 n-2 , .. „ J 

The integrations can he effected at sight by putting a;=sin^(>. Taking the 
limits to be 0= ±^7r to make the apses adjacent, we find that the apsidal angle is 

428. Closed orbits. An orbit is described about a centre 
of force whose attraction is a one-valued function of the distance. 
Prove that if the orbit is closed, for all initial conditions within 
certain defined limits, the law of force must be the inv&rse square 
or the direct distance. [Bertrand, Gomptes Eendus, vol. 77, 1873.] 

If the path is closed and re-entering it must admit of both 
a maximum and a minimum radius vector. The orbit therefore 
has two apsidal distances and must lie between the two circles 
which have these for radii and their centres at the centre of 
force. By varying the initial conditions we may widen or diminish 
the space between the circles, yet by the question the orbit is 
always to be closed so long as the radii of the circles remain 
finite. 

Representing the first approximation to the reciprocals of the 
radii by c (1 + M) the apsidal angle will be ir/p, where p can be 
expressed in some series of ascending powers of M. The orbit 
cannot be closed unless the apsidal angle is such that, after some 
multiple of it has been described, the particle is again at the 
same point of space and moving in the same way. Hence p must 
be a rational fraction for all values of M whether rational or not. 
The coefficients of all the powers of M must therefore be zero, 
while the term independent of if must be a rational fraction, 

When F = pu^ the series for p is (Art. 426) 

p = ^(3 - w) {1 - ^ (w - 2) (n + 1)M^ + &c.|. 

Since the coefficient of must be zero we see that n — 2 or — 1, 
i.e. the law of force must be the inverse square or the direct 
distance. In either case the condition that V(3 — n) should be a 
rational fraction is satisfied. 

If we take the most general form for the force, we have 
F=uf(u). We know by Art. 368 that the first term of the 
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series for p is, in general, a function of c, i.e. of the reciprocal of 
the mean radius. Since this can be varied arbitrarily the apsidal 
•angle cannot be commensurable with tt unless this first term, 
viz. c/'(c)//(c), is independent of c. Putting this equal to a 
constant m we find by an easy integration that /(c) = fic^. Hence 
j^=/AW,"‘+ 2 . The general case is therefore reduced to the special 
case already considered. 

•439. Classification of orbits. The force being it is required to 

classify the various forms of the orlit according to the nuniber of the apsidal 
distances *. We suppose g. to he positive and h not to he zero. 

Arranging the apsidal equation (A) (Art. 422) in descending powers of u, it 
takes one or other of the three following forms 
f dr\^ j„/du\^ 2g 

{H) (35) = C (A), 

n-1 ’ 

= /iV-" -f mh-1, 

according as n>3, n lies between 3 and 1, and nd. 

The two constants and h determine the energy and angular momentum of the 
particle, Art. 313. When these are given, we arrive, by integrating (A), at an 
equation of the form 0 + a=/(«). By varying the constant a we turn the curve 
round the origin without altering its form. It follows that when C and h are 
known, the orbit is detemiined in fonn but not in position. The curve thus found 
may have several branches which are not connected with each other. One point 
on the orbit must therefore also be given to determine the value of a and to distinguish 
the branch actually described by the particle. 

Any point on the curve being taken as the point of projection, we may regard v 
as the initial velocity. We thus have G—v^~ or G=v^+Va^, where is the 
velocity from infinity, and Fq the velocity to the origin. The first equation is to 
be used when Fj is finite, i.e. when «>1; the second when Fg is finite, i.e. when 
nc-l. See Art. 313. 

430. Case 1. Let the curve have but one apsidal distance. The right-hand 
.side of the apsidal equation (A) must change sign once as u varies from zero to 
infinity. Hence, when n>3, G is negative or zero, i.e. the velocity v is less than 
or equal to that from infinity ; when n lies between 3 and 1, C must be positive or 
zero, i.e. the velocity v is greater than or equal to that from infinity. Lastly we 
see from the third form of the equation (A) that when n < 1 the curve cannot have 
only one apsidal distance. 


* Korteweg, Sur les trajectoires decrites sous Vinfluence d’une force centrale, 
Archives NSerlandaises , vol. xix. 1884, discusses the forms of the orbits, the con- 
ditions of stability and the asymptotic circles. Greenhill, On the stability of 
orbits, Proc. Lond. Math. Soc. vol. xxii. 1888, treats of the asymptotic circles which 
can be described when F—gu^ for various values of n. 
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These conditions being satisfied, let M=a be the reciprocal of the apsidal 
distance, found by solving the equation (A). We then have 

where 0 (u) cannot change sign as u varies from 0 to ao . Since ^ (u) must have 
the same sign as the highest power of u, its sign is positive or negative according 
as or <3. 

We notice that if w is a fraction, say n=plq, we replace the factor u-'ahy w-h 
where u=w^, a=:b^', Art. 423. As in most cases the force F varies as some 
integral power of the distance, it will bo more oonvenient.to retain the form given 
above. 

Since the left-hand side of (2) is necessarily positive, the whole of the curve 
must lie inside the circle u=a if w>3^ and must lie outside that circle if n<3. 
Suppose the particle, as it moves round the centre of force, to have arrived at the 
apse. It will then begin to recede from the circle and must always continue to 
recede because dujdd is not again zero. The orbit has therefore two branches 
extending from the apse to the centre of force or to infinity according as «> or < 3. 
The apse is an apocentre in the first case and a pericentre (as in a hyperbola 
described about the inner focus) in the second case. 

The motion in the neighbourhood of the apse may be found by writing «=a+a; 
and retaining only the lowest powers of x. We then have 
{dxld9)^—4J.x‘, u-a=A0% 

where (a). The path is therefore such that the particle describes a finite 

angle 6 while it moves from «=« to «=«. Since dBldt=hu^ is fiinite, the. time of 
describing this finite angle is also finite. 


431. Caoes XX. and XXX. To find the conditions that there rnay he either two 
apsidal distances or none. The apsidal eqdation must have two positive roots or 
none. The condition for this is that the right-hand side of (A) must have the 
same sign when m=:0 and m=oo . 


First. Let n>3, this condition requires that C should be positive and not 
zero. The velocity at every point must therefore he greater than that from infinity. 

To distinguish the cases we find the max-min value M of the right-hand side 
by equating to zero its differential coefidcient. We thus find 



_?i- 1 

'n-3 ’ 


TaMng the second differential coefficient we find that M is a minimum when Ji>3 
and a maximum when n< 3. 


We notice that when u>3, the two terms of M have opposite signs and that 
we can make either predominate by giving h or C small values. Thus M may 
have any sign if the initial conditions are suitably chosen. The path may there- 
fore have either two apsidal distances or none; there will he two if M is negative 
and none if M is positive. If Jkf=0 the apsidal distances are equal. 

Secondly, let 3>n>l. The right-hand side of (A) cannot have the same sign 
when ^i=0 and w=co unless C is negative. The velocity at every point must there- 
fore he less than that from infinity. 


ART. 433.] CLASSIFICATION OF ORBITS. 


27T 


Writing as before 



we shall prove that M is necessarily positive and has zero for its least value. Then 
since the right-hand side of (A) is negative when m= 0 and w=oo and is equal to 
the positive quantity M for some intermediate value, there mugt be two apsidal 
distances which can be equal only when Jlf=0. 

To prove that M is positive, we notice that M is least when h is greatest. 
Since A=ursinj3 (Art. 313) this occurs when h=.vr, i.e. when the particle is 
projected perpendicularly to the radius vector. Substituting this value of h and 
remembering that' 0=v^-V-^, we can see by a simple differentiation that M is 
again least when that is, when the velocity is equal to that in a circle. 

This value of v is less than the velocity from infinity {n being < 3), and is there- 
fore admissible here. Substituting this value of v we find that the minimum 
value of M is zero. The value of M ip therefore positive and is zero only when 
the path is a circle. 

We^may also prove that the orbit has two apsidal distances by observing that 
since the velocity is insufiEioient to carry the particle to infinity, the orbit must 
have either an apocentre or must approach an asymptotic circle. In either case 
the apsidal equation has one positive root and therefore has another. 


Thirdly, let l>n. 
now have 


Since G=v^+ we notice that C must be positive. 




\-n ^ 


We 


we may prove in the same way as before that M is least when h—vr and 

and that then M= Fo“=0 by Art. 312. Thus M. is always positive 

1 — n 

and the curve has two apsidal distances which can be equal only in a circle. 

We verify this result by noticing that since an infinite velocity is required to 
carry the particle to infinity {n being <1, Art. 312), the orbit must have an 
apocentre or approach an asymptotic circle. The apsidal equation must therefore 
have two positive roots. 


432 . It follows from what precedes that the curve defined by tne apsidal 
equation (A) can be without an apse only when «>3. In that case the orbit 
extends from the centre of force to infinity. 

We arrive at the same result by noticing that if there is no apse, the velocity 
must be sufficient to carry the particle to infinity. If 1 > n this condition cannot be 
satisfied (Art. 312). If tc> 1 this condition requires C to be positive and it is 
evident that the second form of the apsidal equation has then a positive root. 

It also follows that there can be an asymptotic circle only when n>9. For if 
the orbit be ultimately circular the constant M must be zero, and this cannot 
happen when ^<3 unless the orbit is circular throughout. See also Art. 447. 


433. To find the motion when the orbit has two apsidal distances. If a, b be 
the reciprocals of these distances, the apsidal equation (A) takes the form 

={u-a){u-b)<p{ti), 
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where ^6(w) is positive or negative according as or <3. Since the left-hand 
side is necessarily positive we see that u cannot lie between the limits a and b if 
<f> (tt) is positive but must lie between them if ^ (m) is negative. The whole curve 
must therefore lie outside the annulus defined by the circles m= 6 if n> 3 j and 
must lie within that annulus if «< 3. 

It appears that when »>3 the full curve defined by the differential equation (A) 
contains two distinct branches, either of which can be described by the particle 
with the given energy and the given angular momentum h. These, being 
separated by the empty annulus, do not intersect, so that when the point of pro- 
jection is given the particular branch described by the particle is determined. We 
notice also that this branch has only one apsidal distance though the complete 
curve has two. 

When n<3 the path of the particle undulates between the two circles u=.a 
u=b, touching each alternately and being always concave to the centre of force. 

434. Case IV. To find the motiofi when the apsidal distances are equal. 
The apsidal equation novr takes the form 

h^{duldd)^={u-a)^<p{u). 

The motion as the particle approaches the circle «=« may be found by putting 
u—a+x and retaining only the lowest powers of x. We then have 

h^(dxld9f=^(a)x% u-a=Ae~‘^, 

where m^=:<f>{a)jh^. The particle therefore approaches the limiting circle in an 
asymptotic path and arrives at the circle only when 0=®. Since deidt (being 
ultimately equal to ha^) is finite, the time of describing an infinite number of revo- 
lutions round the centre of force is infinite. 

The conditions that the right-hand side of the apsidal equation (A) may have, 
a square factor and be positive are (1) the coefficients of the highest and lowest 
powers must be positive, and (2) we must have llf=0, Art, 431. If n>3, C must 
be positive, i.e. the velocity at every point must be greater than that frcm infinity. 
If m<3'the coefficient of the highest power of u is negative, and there can he no 
asymptotic circle. (See also Art. 432.) 


435. When n>Z and it is known that the path has an apse, we may prove 
that that apse is a pericentre or apocentre according as the velocity of projection is 
greater or less than the velocity in a circle at the same distance. Let v be the 
velocity of the particle, Fg the velocity in a circle at the same distance r, F, the 
velocity from infinity; then (Art. 313) 


F2: 


_ ‘2g 1 

n-l ’ 


F,2=- 




.( 1 ), 


v^~V^^=:--:^(n-S)V-j‘+C (2). 

If r=r^ represent any apsidal distance, we have at that apse v"lp=F’, Vj‘lr-^=F. 
At a pericentre the orbit lies outside the circle of radius hence p>-r^ and 
At an apocentre the orbit lies inside the circle and v^c V^. 

It follows by inspection of (2) that at a pericentre both sides of that equation 
are positive, and, since Fj decreases when r increases, both sides must continue to 
be positive as the particle recedes from the origin. The particle also cannot arrive 
at a second apse, for this requires the left side to become negative. In the same 
way at an apocentre the two sides of (2) are negative and must continue to be 
negative as the particle approaches the origin. The conclusion is that the velocity 
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at any point is greater or less than that in a circle at the same distance according as 
the path has apericentre or apocentre. 

It follows also that the path described cannot have both a pericentre and an 
apocentre. 

436 . The following table sums up the possible orbits when F=^im^. 

7i>3, v^Vj {one apsidal distance, path inside the circle, 

v>Fi (two apsidal distances, path inside or outside both circles 
M negative } according as v is < or > Fg. 

v>V^ (no apsidal distance, the path extends from the centre of force 
M positive ( to infinity. 

v> Fj (an asymptotic circle, approached from within or from without 
, M=0 \ according as v is < or >F 2 . 

3>«>-l, v>Vi {one apsidal distance, path outside the circle. 

«<Fi {two apsidal distances, path between the circles. 

l>n, v<Vi {two apsidal distances, path between the circles. 

Here Fg is the velocity in a circle at the distance of the point of projection. 

Ex. When the force F=/*u” is repulsive show that the path, if not rectilinear, 
has a pericentre with branches stretching to infinity. 

437 . The motion in the neighbourhood of the origin is found by retaining the 
highest powers only of u. We thus have by (A), Art. 429, 

(S) “'■’(al) 

according as w>3 or <3, where The first alternative gives after 

integration, supposing the particle to be approaching the origin, 

7’P~ro^= -~i9, r^-rf‘=-Bqt, 

where p=l{n-S), g = |E(«+™l); showing that the particle (except when n=B) 
describes a finite angle in a finite time when the radial distance decreases from 
7'=r„ to zero. 

The negative sign in the second alternative shows that, when n<3, the particle 
cannot reach the origin unless h—0, i.e. unless the path is a radius vector. 

438 . The motion at an infinite distance from the origin is found by retaining 
the lowest powers only of u. We then have 



according as n> or <1, The negative sign in the second alternative shows that 
when n<l the curve can have no branches which extend to infinity. 

When C is positive, i.e. when the velocity v of projection is greater than that 
from infinity, the first alternative leads to 

h{u-u^=z - e>JC, r-rf^=tjC, 

showing that when the particle travels from r=rQ to infinity it describes a finite 
angle 6 round the origin, and that the time is infinite. The path therefore tends 
to a rectilinear asymptote whose distance from the origin is - dd ldu=:hlsf G. 

If however CsrO, i.e. the velocity v of projection is equal to that from infinity, 
the lowest existing power of u in the apsidal equation (A) is or We 
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then have 


(dry ..fduy 
\Tt) 


according as n>3 or n<3 but >1. The first alternative shows that (except when 
fe=0) there are no branches leading to infinity. The second alternative, i.e. «<3, 
gives, supposing the particle to recede from the origin, 

r1~rA—Tint 


r^~rQ’i=Bqt, 


where (n q=i{n+l). These equations show that as 

the particle proceeds from r=r, to infinity it describes a finite angle in an infinite 
time. The path tends to a rectilinear asymptote at an infinite distance from the 
origin. 

the orbits. Eeferring to Art. 436 we see that when n>3 
the orbit extends to the origin or to infinity except when the particle is approaching 
an asymptotic circle. The existence of such a circle depends on the equality of the 
factors of the right-hand side of the apsidal equation, and a slight change in the 
cons ants O, h may render the factors .unequal or imaginary. In either case the 
new path will lead the particle either to the centre of force or to infinity. Such 
orbits viaij be called unstable. 

^ Wh^ n<3 and the velocity of projection less than that from infinity, th^ path 
IS restricted to lie between the two circles u = a, u=b, and the values of a and b 
depend on the constants <7 and h. Any slight disturbance will alter the values of 
if orbit will still be restricted to lie between two circles 

t ough the radii will not be exactly the same as before. Such orbits may be called 
stable. 

^ 440. Ex. Prove that any small decrease of the angular momentum h or 
increase of the enerp JC will widen the annulus within which the particle 

moves ; that is, will incr^se the oscillation of the particle on each side of the 
central line. 

441. Apsidal boundaries when F^f(u). When the law of force contains 
several terms the argument becomes more complicated. Let F=2A^u'^, then 

Transposing the terms, the apsidal equation is 

(S)‘= 22 «->- W + C (E), 

= (u-a^} (u-a^) ...(u-aj^(u), 

where ... are positive quantities arranged in descending order, and d> (u) 

contains all the factors which do not vanish, between n=0 and u=ao . The factor 
<p (u) keeps one sign, viz. that of the highest power of u. 

Let us divide the plane of motion into annular portions by circles whose 
common centre is at the centre of force and whose radii are the reciprocals of a,, 
Uj, &o. ^ Then- since (du/dd)^ changes sign when u passes any one of these 
oundanes, it is clear that the curve defined by the differential equation (B) can 
have branches only in the alternate annuli, the intervening ones being vacant. The 
space between «=ai and u=co being occupied or vacant according as d>{u) is 
positive or negative. ^ ' 
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If the initial position of the particle lie between any two contiguous circles, 
the subse^Luent path is restricted to lie between these circles and touches each 
alternately. If the initial position lie outside the greatest circle or inside the 
least, the subsequent path must also lie outside or inside these circles and must 
therefore extend to infinity or to the centre of force. 

442. Next, let some of the factors of the apsidal equation be equal, say 

(I?) = (S) = 0 . («), 

wbere / (tt) has been written for the remaining factors. To determine the motion 
in the neighbourhood of the circle ti=a, we write u=a + x and retain only, the 
lowest powers of x. We then have, supposing to>2, 



■vvliere B^=f{a) 0(a), and K=^(m-2). The case in which m==2 is discussed in 
A.rt. 434. We see that the circle u—a is asymptotic. The particle arrives at the 
circle after describing an infinite number of revolutions round the centre of force 
and at the end of ah infinite time. 

443 . Let us trace the surface of revolution whose abscissa is r and ordinate 
js=Fr^ and let the ordinate ^ be perpendicular to the plane of motion of the 
particle. We notice that this surface is independent of the initial conditions and 
that its form depends solely on the laio of force. 

It is easy to see that the ordinate z corresponding to any value of r represents 
tlie square of the angular momentum in a circular orbit described with radius r. 
It will therefore be useful also to trace the plane whose ordinate is z=h\ where h is 
tlie angular momentum of the path described. 

By describing circles whose radii are the abscissas of the maximum and 
minimum ordinates of the surface, we may divide the plane of motion into 
annular portions in which the function z=Fi^ is alternately increasing or decreas- 
ing outwards from the centre . of force. These we may call the ascending or de- 
scending portions of the surface. 

444 . If r represent any apsidal distance, we have at the corresponding apse 
v'-^Ip=F and v^hjr; hence 1fi=Fpr^. At a pericentre the orbit lies outside the 
circle of radius r, hence p>r, and the angular momentum h of the path must be 
greater than that in a circle of radius r. In the same way, at an apocentre the 
orbit lies inside the circle, and the angular momentum h is less than that in a 
circle of radius r. 

Beferring to the surface z—Fi^, we see that a pericentral distance r—OA must 
have an ordinate AA' less than that of the plane z=h?,'&viA an apocentral distance 
OJB must have an ordinate BB' greater than that of the plane. It immediately 
follows that i{ A, B are the pericentre and apocentre of the same path, both the 
jpoints A', B', cannot lie on the same descending portion of the surface. This con- 
clusion does not apply it A, B are the pericentre and apocentre of different branches 
of the complete curve; (Art. 441). 

We infer from this result that an annular space on the plane of motion. (Art. 
443) in which Fi^ decreases outwards has this element of instability, viz. that a 
jpath having both a pericentre and an apocentre cannot be described within the space. 
If the path have a pericentre the particle will leave the space on its outer margin; 
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if an apocentre it will move out of the space on its inner boundary. We see also 
that when the particle has left the annular space it must proceed to infinity or to 
the centre of force, unless it come into some other external annular space in which 
has increased sufficiently to exceed the of its own path or into some internal 
space in which Fr® has become less than h^. 


445. We may also deduce this result very simply from the radial resolution. 

As the particle approaches and passes an apocentre r increases to a maximum and 
decreases, hence drjdt .changes sign from positive to negative and dV/dt® is 
negative. In^ the same way, when the particle passes a pericentre, dh/dfi is 
positive. It immediately follows that at an apocentre Fr»>h^ and at a pericentre 
Fr^ch^. ^ 


44«. If the orbit have an asymptotic circle r=o, the angular momentum 7i 
must be equal to that in a circle of that radius. Hence the asymptotic circle must 
be the projection of some one of the intersections of the surface z^Fi^ with the nlane 
z=h^‘, (Art. 443). 

As the asymptotic circle is itself an apocentre or pericentre, it follows, as in 
Art. 445, that when the particle is approaching the circle from within h^-Fi^h 
negative and ultimately zero. Hence Fr® is decreasing outwards. When the 
particle is approaching the circle from without W-Fr^ is positive and ultimately 
zero, hence Fr® is increasing inwards. In either case it follows that <mly those 
intersections which lie on a descending portion of the surface z=Fi^ can correspond 
to asymptotic circles. 

As each descending portion of the Surface can have only one intersection with 
he plane z~h\ there cannot be more asymptotic circles than descending branches. 

There may be fewer asymptotic circles than descending branches because two 
conditions are necessary that an asymptotic circle of given radius r=a should 
exist; (1) the angular momentum must be equal to that in the circle, and (2) the 
constant C must be such that the velocity at a distance r=a is equal to that in the 
circle, i.e. v^la—F. 

447. As an example, consider the force F=uu\ If n>3, the surface z=Fi^ 
has only a descending portion, there can therefore be one and only one asymptotic 
circle. Also the path described cannot have both an apocentre and a pericentre 
ough different branches of the same curve may have one an apocentre and another 
a pericentre. See Arts, 444, 446, 436. If n<3, the surface 2 =Fr® has only an 
ascending portion. Hence there cannot be an asymptotic circle, but the path can 
xiav6 both an apocentre and a pericentre* 

44S. Fx. Discuss the properties of the surface Z=Fr-v\ where the 
velocity v is a known function of r given in Art. 441. Prove that (1) the abscissm 
of its max- min ordinates are the same as those of the surface z=Fr^, so that the 
ascending and descending portions of each correspond (Art. 443); (2) each 
asyinptotic circle must be one of the intersections of the surface with the plane of 
motion; (3) conversely, if at any intersection we also have that intersection 
IS an asymptotic circle. 

The first result follows from To prove the second and third we 
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notice that whenE'=0, the velocity is equal to that in a circle; and when 2 = the 
angular momentum is equal to that in a circle. 


448. lixamples. Ex. 1. Find the law of force with the lowest index of u 
such that an orbit can be described having two given asymptotic circles whose 
radii are the reciprocals of a and b, and find the path. Find also the conditions of 
projection that the path may be described. 

Referring to Art. 441 we see that the right-hand side of the ar>sTdal equation (B) 
must be /a (« - a)® {u - b)\ We then find 

F= fiv? (u -a) (u — b) (2u -a~b)+ 
and the angular momentum at projection must be ^fjf. 

Ex. 2. Let F=fm^ {(u-a) (3M-a- b)-i-cM}, where F is the central force. If 
the conditions of projection are such that h^—nc and the velocity v when u=a is 

v^=:fica% show that the path is ^ — ^=(tanhd)®, where ck^= 2 (a-b). Show also 

that the curve has two infinite branches tending to the same asymptotic circle 
u=a, with an apse at a distance 1/b. 


Ex. 3. A particle arrives at an apse distant r from the centre of force with a 
velocity v equal to that in a circle at the distance r. If the velocity be reversed in 
direction, will the particle describe the same path in a reverse order or will it 
travel along the circle? See Art. 419. 


At such an apse the radips of curvature p of the path must be equal to r. But 


since -=u 
P 


dPu 


at any apse this requires that 


The apsidal equation 


(B) of Art. 441 must therefore have equal roots, and the apse is at the extremity of 
a path with an asymptotic circle. The particle therefore can never arrive at such 
an apse in any finite time (Art. 442). 

If the particle be projected from a point on the asymptotic circle with the 
given values of v and h it may be said to describe either orbit, for the deviation of 
one from the other is indefinitely small at the end of any finite time. 


Boussinesq, Gomptea Eendua, vol. 84, 1877, considers the circular motion to be a 
singular integral of the differential equation. Korteweg and GreenhUl have also 
discussed this problem. 


On the law of force hy which a conic is described. 

460. Newton's theorem*. An orbit is described by a 
particle about a centre of force G whose law is known: it is 
required to find the law of force by which the same orbit can be 
described about another centre of force 0. 

* Newton’s theorem is given in Prop. vn. Cor. 3 of the second section of the 
first book of the Principia. The application to the motion of a particle in a circle 
acted on by a force parallel to a fixed direction follows in the next proposition. 
Sir W. R. Hamilton’s paper, giving the law F=fji.rlp^, is in the third volume of the 
Proceedings of the Irish Academy, 1846. Villarceau in the Gonnaissanco des Temps 
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Let F, F' be the forces of attraction tending respectively 
to G and 0. Let GY, OZ be the 
perpendiculars on the tangents 
at any point P ; GP = r, OP = r'. 

Then since sin CPF =(7F/r, we 
have / 

p T ’ , GY^ \ J 

"^'~p.GY^' 

C- 1 m h'V F' h'^ r' /GYy 

Similarly F = . 



Similarly 


If we draw (7G^ parallel to OP, the triangles OPZ and (7(jF 
are similar, and 

qz _GY 

OP" GG' F * 

If then F is given as a function of r, the law of force F' tending 
to any assumed point 0 is also known, when we have deduced 
GO as a function of r and r' from the geometrical properties of 
the curve. 

Remembering that the area A = \ht, we see that the' periodic 
times in which the whole curve is described about G and 0 
respectively are inversely as the arbitrary constants h and h'. 
By choCsing these properly we can make the ratio of the periodic 
times have any ratio we please. 

We also notice that if the time of describing any arc PQ is ' 
known when the central force tends to G, the area POQ is 
known. Now the area POQ differs from this by a rectilinear 

for 1852, •using Cartesian coordinates, arrived at two possible laws of force. 
Afterwards Darboux and Halphen investigated two laws equivalent to these, and 
proved that there is no other law in which the central force is a function only of 
the coordinates of its point of application. Their results may be found in vol. 84 
of the Comptes Rendus, 1877. The investigations of Darboux were reproduced by 
him at somewhat greater length in his notes to the Gours de MScanique by 
Despeyrous, 1884. There is a third paper by Glaisher in vol. 39 of the Monthly 
Notices of the Astronomical Society, 1878, who also gives the expression {ijrisjy) 
for the periodic time. Darboux uses chiefly polar coordinates, while Halphen 
employs C .-tesian, beginning, with the general differential equation of all conics: 
Glaisher simplifies the arguments by frequently using geometrical methods. 
There is also a paper by S. Hirayama of Tokyo in Gould’s Astronomical Journal, 
1889. 
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figure whose area can therefore be found. Hence the area POQ 
and therefore the time of describing the same arc PQ when the 
central force tends to 0 can be found. 


451. Suppose the orbit is a conic, then the force tending to 
the centre G is F=jjbr, and h = ^//ji,.ah. It immediately follows 

fl/2 (iQs 

that the force tending to any point 0 is F' = . -p~ . If, for 

example, 0 is a focus, it is a known geometrical property of a 
conic that G lies on the auxiliary circle and that therefore GQ — a. 
We then have F' = g'Jr'^, where h'^ = {/¥/ a. 


462. Pa.rallel forces. To find the force parallel to a given 
straight line by which a conic can be described. See Art. 323. 

Let the point 0 be at an infinite distance, then in Newton’s 
formula PO and (7(r remain parallel to the given straight line 
throughout the motion. Also the length r' — OP is constant. 
The required law of force is therefore F' GG^, where fjb is 
some constant. 


If the direction PO of the force at P cut the diameter con- 
jugate to GG in N, we have GG .PN = b'^, where b' is the semi- 
diameter parallel to GG. The law of force may therefore also be 
written F' = A jPN^, where A = gb'^. 

To find the constant g, we notice that in any central orbit, 
the velocity being v = hfp, the component of the velocity per- 
pendicular to the radius vector r' is hjr'. In our case when the 
force acts parallel to a given straight line this component is con- 
stant. Kepreseiiting this transverse velocity by F, the Newtonian 


formula of Art. 451 becomes F' = 


Z' 

a‘¥ 


GG\ 


463. Hamilton's formula. A particle describes a conic 
about a centre of force situated at any point 0. It is required to 
find the law of force. Taking the same notation as in Newton’s 
theorem, we let F, F' be the forces tending respectively to the 
centre G and the point 0. Then (Art. 450) 

F' h'^OP/GYy 7, ^ nv 7/7 

F~h^GP[0ZJ’ F-g-GP, h-fg.ab. . 

It is a geometrical property of a conic that, if p and 'cs are the 
perpendiculars drawn from P and the centre G on the polar line 
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It follows that the law of force tending to 0 is 


/^NS . . 

j /, where p and r' vary from point to point of the 
curve and h', a, h and ot are constant. 


If we write the Hamiltonian expression for the force in the form 

P'=: fr'lp^, we see that the angular momentum h'=\/fjb\abj^^, where 
as before -sr is the perpendicular from the centre on the polar line. 

From this we easily deduce the periodic time in an elliptic 
orbit. Kemembering that the whole area is Trah, the formula 
A — ^h't gives as the time of describing a complete ellipse 


'- — J 


454. To 'find the time of describing any portion of the ellipse 
with Hamilton's law , of force. The coordinates of any point P 
referred to an origin at the centre of force 0 with axes parallel 
to the principal diameters are 

x = a cos —f y = b sin cf) — g, ^ 

where (jj is the eccentric angle of P and f g the coordinates of 
the centre of force referred to the centre of the curve. Then, if 
h be the angular momentum, 

hdt = xdy — ydcc — {gb —fb cos <j> — ga sin <^) dtf), 
ht = abj> —fb sin <j) + ga cos <j) — ga, 
where the time is measured from the passage through the apse 
from which <j> is measured. This, if required, can be expressed 
in terms of os and y, 

ht = db(f> —fy Ago: — ga. 

This result can be deduced at once from the formula A = ^ht, by- 
equating A to the excess of the area of the sector AGP (viz. ^ab(p) 
over the sum of the triangles AGO, OGP. 


* The following is a short analytical proof: Let the conic be Ja;^-hJSy^=l and 
let /, g be the coordinates of 0. The polar line of 0 and the tangent at P are 
respectively Af^+Bg7] = l, Ax^+B 7 j 7 ] = l. 


The perpendiculars from P and 0, viz. p and OZ, are therefore 


_ 1 - Afx - Bgy 


s/iAx^+Bif) ' 


The perpendiculars from the centre, viz. cr and CY, are found 
numerators by unity. It follows that plOZ= lalGY. 


by replacing the 
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The time of describing an arc of a hyperbola or parabola may 
be found by proceeding as in Arts. 848, 349. 

465. BacampleB. Ex. 1. Deduce from Hamilton’s expression (i) the 
central force to the focus of a conic, and (2) that to the centre. [In the latter 
case zsr and p are both infinite but their ratio is unity.] 

Bx. 2. A particle describes an ellipse whose centre is C under the action of a 
centre' of force E situated at a point It in the major axis. If the tangent at JP cut 
the major axis in T, prove that the force F varies as BF . {CTjRTf. 


456 . The Hamiltonian expression for the force may be put 
into two different forms. 


we have the form (Art. 453). 

Secondly. Let OJ., OB be two tangents drawn to the conic 
from the centre of force 0, and let PL = a, PM—^, PN'=y, 
these being the three perpendiculars drawn from any point P on 
the sides of the triangle OAB. By a property of conics we have 
a/Q = where « is a constant for the same conic. The central 
force may therefore be expressed in either of the forms 


F = fjb 


OP -OP 

pj^^"\pL.PMr 


[y = 


Each of these expressions is a one- valued function of the 
position of P though their values are not necessarily equal except 
at points on the orbit. 


We may suppose either of these laws to be extended to all 
points of the plane of motion and enquire what would be the 
path for any given conditions of projection. These problems will 
be considered in turn. 


457. The conic being given in its general form referred to any rectangular 
axes, viz., Ax^ + 2Oxy+By^ + 2Dx+^Ey + G::=0, 

the two Hamiltonian expressions for the force to the origin may be put into 
li?Ar „ h^Ar 


the forms 


F= 


F-. 


{Dx+Ey + (ax^ + 2yxy +py^)^ 

where a = D^-AO, y=DE - CG, ^=E^-BG, and A is the discriminant. 

To prove this we notice that the polar line of the origin is Dx+Ey + G=0, so 
that the ratio of the perpendiculars from the centre x, y and from the point P is 

•m Dx-i^Ey + G 
p ~ Dx+Ey->rG' 

If we refer the e<j,uation of the conic to the centre as origin, it becomes 

A 

Ax^ + 2Cxy -i-By^— ~ DS — Ey — G — — _ (js * 
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Turning the axes round the origin let this become 

A'x^+BY= -Bx~Ey- G, 

where by the theory of invariants A'B'=AB-CP and A' + B'=A+B. Since the 

conic is now referred to its principal diameters, we have . 

A B 

It immediately follows by substituting in Art. 453 that 

J,2A r 

\pj^~ ’ [Dx+Ey + (?)*' 

Since the equation of the conic may be written in the form 

G {Ax^ + 2 Gxy +By^) + {Dx+Ey + Gf=: {Dx + Ey)^, 

the expression just obtained for the force F may be put by a simple substitution 
into the second form. ' 

The straight lines ax^+2yxy-i-^y^=:0, when real, pass through the origin and 
make Dx+Ey + (?=0. They therefore meet the curve at the points where the polar 
line of the origin cuts it, i.e. these straight lines are the tangents drawn from the 
centre of force to the conic. 


458. In the same way we may express J? as a function of the coordinates 
X, y in a variety of different forms each of which gives the same magnitude for 
the force when the particle lies on the given conic. When these expressions for 
the force are generalized and supposed to hold at all points of space, they are not 
always one-valued functions of "the coordinates. A law which gives several 
different values for the force at the same point may be set aside as altogether 
improbable. 

For example, we might deduce from Hamilton’s law an expression for F in 
terms of r alone. To do this we find the distance p of any point P'on the orbit 
from the polar line of the origin 0 in terms of the distance r of P from 0. But 
there are four points on the conic at the same distance r from the origin and each 
of these is, in general, at a different distance from the polar line. The espression 
for the central force F as a function of r only will therefore have four values for 
each value of r. 


458. The First law of force. Supposing the first form of the Hamiltonian 
law of force to be extended to all points of the plane, we put P’=^ , where r is the 


distance of any point P from a fixed centre of force 0, and p is the perpendicular 
from P on an arbitrary straight line fixed in space. It is supposed that p is positive 
when P and the origin are on the same side of the given straight line. 


We shall now prove that, if a particle be projected from any. point P in any 
direction PT, with any velocity V, the path is a conic having 0, and the given 
straight line, for pole and polar. 

This follows from the results of Art. 453. It is obvious that we can describe a 
conic to satisfy (1) the three conditions that it shall pass through P, touch PT and 
have such a radius of curvature that V^lp is equal to the normal force at P, (2) the 
two conditions that the polar line of 0 shall be the given straight line. We may. 
also prove that this conic is a real conic. This being so, the conic must be the 
path. 
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We may however obtain a proof independent of Art. 453 by integrating the 
equation of motion. Let the origin be at the centre of force, and the given 
straight line be parallel to the axis of a; at a distance c, then p =c-r sin 0. 

We have ^^+u=— ~ ^ ^ ^ ^ 

dd^ hhi^ ft® (wp)® ft® (cu — sin ^)® ’ 

To integrate this, put cu= sin fl + cu'; 

dV r_ 

This is the differential equation of the path of a particle acted on by a central 
force F=/ar/c®. Thi? path is known to be a conic having its centre at the origin, 
Art. 325; 

c%'®=A' cos®d+2(7' cos sin 5 +B' sin®^ ( 1 ). 

The polar equation of the required orbit is therefore 

{cu - Sin 6)'^— A' cos® d + 2C' cos 6 einB+B' sin® 0, 
which when written in Cartesian coordinates becomes 


{c-y)^=A’aP + 2C'xy-^-S'y^ .,(2). 

Writing this equation in the form Ky‘^=a^ where a, y3 are the factors of the right- 
hand side, it is obvious that the polar line of the origin is the given straight line 


y = c. 

When the conic is given in the form (2), the constant .ft is given by ~zs.A'B' - O'®. 

To prove this we notice that ft represents the angular momentum of both orbits. 
We have therefore by Art. 326 7i®c®/ja=ffl'®il>'®, where a', ¥ are the semi-axes of the 
conic (1). We know by the theory of conics that A'B' - G'^=cl*'la'^b^, the result 
therefore follows at once. 


When the conic is given in the general form of Art. 457, we find t^=A 



Since the central force is not a function of r only, it is not conservative and the 
velocity cannot be found without a knowledge of the path. In such cases we use 
the formula v — hl{OZ), see the figure of Art. 450. 


460. To classify the paths according to the sign of p, the law of force being 
F=ix.rjp^. 

Let p be positive ; the force is attractive and the orbit concave to O at all points 
on the side of the given straight line nearest to the centre of force and the con- 
trary at all points on the far side. When a- conic outs the polar line of a point 0, 
the part of the curve nearest to 0 is convex; hence the orbit does not cut the polar 
line. It also follows that the orbit may be an ellipse or hyperbola on the side near 
0, but must be a hyperbola on the far side. 

Let fjL be negative; the force is repulsive and the orbit convex to 0 on the near 
side of the polar line while the contrary holds on the far side. The conic may be 
an ellipse or a hyperbola. By drawing a figure we see that the polar line must out 
the conic though, in the case of a hyperbola, the path may be the other branch. ^ 


4.61. Bxamples. Ex. 1. The conic Ax^+2Gxy + By^+2cy-c^=0 is de- 

^ ULV 

scribed by a particle under the action of a central force tending to the 

origin, where p—c-jj is the distance of the particle from the -given straight line 
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y=c. The conio must have the form given if the polar line of the origin is to be 
y=c. Prove that 

(1) + (2) -(i\\ 

m (4) (B + l)W=|»»+(^„g + iy, 

(6) -CA.=|*.y+(c§+).)«|. 

From these equations, when the path is known, we can find the angular momentum 
h and the two components of velocity; conversely we can deduce the path when 
the circumstances of projection are given. 

These equations follow from the preceding propositions. An independent 
proof may be obtained by differentiating the equation of the conic twice and 
writing for d?ocldt^, d'^jdt^ their values -fiyjp^. We thus obtain three 

equations which may be transformed into those given above by simple processes. 

Ex, 2. Prove that the conic described is an ellipse, parabola or hyperbola 
according as p. {2p~c)lp^—p'^ is positive, zero or negative, where p is the distance 
of the point of projection from the polar line and p' the resolved initial velocity. 

Ex. 3. If Ax^ + 2Cxy + By^ + 2Dx + 2Ey + G = 0 is the conic described, show 


that the periodic time in an ellipse is T=-^ I", 

Ex. 4. A particle is acted on by a central force tending to the 

origin where r is the radius vector and p the distance from a fixed straight line. 
Prove that the equation of the path is c/r=sind+/(^), where c/r=/((9) is the 
polar equation of the path when the force tending to the origin is F=/ir»-2/c” 
both orbits being described with the same aiigular momentum h. 


462. The second law 



0 


459. The result is that the 
lines OA, OB. 


of force. Supposing the second form of the 
Hamiltonian law of force to be extended to all 
points of the plane of motion, we put 

E= 0^ 

(PL . PJf)t ’ 

where PL, PM are the perpendiculars from any 
point P on two fixed straight lines OA, OB, drawn 
through the centre of force 0; Art. 456. 

The form of the path may be obtained by 
following either of the methods described in Art. 
path is always a conic touching the given straight 


If the force at any point P given by this formula is to be a function of the 
position of P only, it should be supposed to keep one sign throughout each of the 
triangular 'spaces formed by the given straight lines OA, OB (supposed to be real), 
though that sign may be different in different triangles. In any triangle in which 
the sign is negative only the convex portions of the conic can be described, while 
the concave portions are alone possible when the sign is positive. The force is 
infinite when the particle arrives at either of the straight lines OA, OB and the 
path becomes discontinuous. 


If we suppose the magnitude alone of the force to be given by the formula, the 
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sign being taken at pleasure, arcs of both, parts of each conic could be described 
by giving F the proper sign. 

463. Examples. Ex. 1. If the trilinear equation of the conic is 

prove that Ti^— - Avck^ 8 where v — 6 is the angle at the corner of the 

triangle occupied by the central force, and c is the perpendicular from the centre 
of force 0 on the polar line AB. The negative sign shows (what is indeed obvious 
from the figure) that the force is repulsive on the side of the polar line nearest to 
the centre of force, i.e. /u. is negative. 

Ex. 2. A particle is projected from the point P with a velocity V and the 
tangent GFH intersects the given straight lines OA, OB in G and if. Prove that 
the areal equation of the path, referred to the triangle OGH, is 

where l=GP, m=HP, A is the area of the triangle, and the radius of curvature p 
of the path at P is given by V^jp=F sin GPO. It follows that the conic is 
inscribed or escribed according as F is positive or negative, i.e. according as the 
force is attractive or repulsive. 

464. There are no other laws of force besides 

OP OP 

'^PN^ *’(PI,.PM)^’ 

which, being a one-valued function of the coordinates (except as regards sign), are 
such that a conic will be described with any initial conditions. 

To prove this consider two conics intersecting in the four points A,B, 0, J), 
which it is convenient to take as real. It follows from Hamilton’s theorem that 
for points on any one conic the force to a given point 0 must be F=/jLrl;p'^. Hence 
if the force is to be one-valued, i.e. the same at the same point of space for all 
paths through that point, we must have at each of the four points A, B, <7, D, 
p^lfjL= where p, p' are the perpendiculars on the two polar lines of 0. 

We now require the following geometrical theorem*. If two conics intersect 
in four points A, B, G, D and the ratios of the perpendiculars from each of these 
points on the polar lines of a point 0 are equal, then either the polar lines are 
coincident or two common tangents (real or imaginary) can be drawn from 0. 

In the former case the common law of force for the two conics is given by the 
first form of F, in the latter ease by the second form. 

* Let the conics be, see Art. 457, 

ax^ + 2yxy — (Dx + Ey + G}"^, 

a'x^ + 2y'xy + ={D'x + E'y - 1 - G')^. 

Since Dx + Ey + G = 0, E'x + E'y + G' = Q are the polar lines of the origin, we 
must have at the points of intersection 

ax^ -t- 2yxy + 13?/^ = m {a'x^ -1- 2y'xy + ^'y ^) . 

This quadratic equation gives only two values of yjx for the same, value of m. 
The equation cannot therefore be satisfied at four points unless either a, /3, y are 
respectively proportional to a', /3', 7 ', or the four points lie on two straight lines 
(say OAB, 0GB) passing through 0. In the former case the two conics have a 
pair of common tangents, in the latter the polar line of 0 is common to the two 
conics. This common polar line can be constructed by dividing OAB, OGD har- 
monically in E,F' and then joining EF. 


292 


SINGULAR POINTS. [CHAP. YI. 


Singular Points in Central Orbits. 

466. Singular Points. It has already been pointed out in 
Art. 100 that cases present themselves in our mathematical pro- 
cesses in which either the force, the velocity or both become 
infinite. Such infinite quantities do not occur in nature and if 
we limit ourselves to problems which have a direct application 
to natural phenomena these are only matters of curiosity. Never- 
theless it is useful to consider them because they call our attention 
to peculiarities in the analysis which we might otherwise pass 
over. The utility of such a discussion is perhaps shown by the 
differences of opinion which exist regarding the subsequent path 
, of a particle on arriving at a singular point*. . 


466. Points of infinite Force. Let us suppose that a 
particle P, describing an orbit about a centre of force 0, an’ives 
at a point B where the tangent passes through the centre of force 
and therefore coincides with the radius vector. At first sight we 
might suppose that the particle would move along the straight 
line BO and proceed in a direct line to the centre of force. But 
this is not necessarily the case. ^ 

Supposing B to be at a finite distance from 0 and the cuiwature 
to be finite, we see from the equations (Art. 306) 


p r’ ~ p’ dt^r’ 

that both V and F are infinite at the point B. We .shall also 
suppose that when the particle passes on the force changes its 
direction and reduces the velocity again to a finite quantity. 

At the same time the component of the velocity perpendicular 


to the radius vector OP, viz. rdOjdt, remains finite however near 
the particle approaches B. Since there is no force to destroy this 
transverse velocity, the particle must cross the straight line OB 
and proceed to describe an arc on the opposite side. 


The singularity of the motion when the particle describes a circle about an 
external centre of force is discussed in Frost’s Neicton, 1854 and 1863. The same 
result is independently arrived at by Sylvester in the Phil. Mag. 1866. Other 
cases are considered by Asaph Hall in the Messenger of Mathematics, 1874. There 
are several papers also in the Bulletin de la Societe Mathematique de France, such 
as Gascheau in vol. x. 1881, and Lecornu in vol. xxii. 
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467. To simplify the argument, let us suppose that the 
particle describes a circle about a centre of force 0 external to 
the circumference. By Art. 321, the circumstances of the motion 
are given by 


^^2 = ^ ^ 



where & is the length of each of the tangents OB, OB' drawn from 
0 to the circle. 

Describe a second circle having a radius equal to that of the 
given circle and touching OB at B on the opposite side. If a 
second particle, properly projected along the second circle, arrive 
at B simultaneously with the given particle P, -but moving in 
the opposite direction, both the velocity v and the transverse 
velocity h/r of the two particles will be equal and opposite each 
to each. 

If the velocity of the second particle be reversed. Art. 419, it 
will retrace its former path in a reverse order and this must be 
also the subsequent path of the particle P. 

The particle will therefore describe in succession a series of 
arcs of equal circles. The points of discontinuity at which the 
particle changes from one circle to the next lie on a circle whose 
centre is 0 and radius OB — b, and the successive arcs are alter- 
nately concave and convex to the centre of force. The particle 
will thus continually move round the centre of force in the same 
direction in an undulating orbit, but the curve will not be re- 
entering after one circuit unless the angle BOB' is a submultiple 
of four right angles. 

The same arguments will apply to other orbits. When a 
conic is described about an external centre of force 0 as ex- 
plained in Art. 462, the particle by a proper projection can be 
made to describe either of the arcs contained between the 
tangents drawn from 0. On arriving at the point of contact B, 
it will cross the tangent and describe an arc of a conic equal to- 
the undescribed arc of the original conic. 


468. The particle arrives at the centre of force. When' the particle P 
arrives at the centre of force in a finite time, the determination of the subsequent 
path presents some other peculiarities. 

Taking first the Newtonian case in which the particle describes a circle about a 
■centre of force 0 on its circumference, we notice that the transverse velocity hjr (as 
well as the velocity v) becomes infinite at 0. To understand how the particle can 
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have an infinite velocity in a direction perpendicular to what is ultimately a 
tangent to the path, we observe that, since 2a^=r\ the transverse velocity /t/r is 
infinitely less than the tangential velocity ft/p. 

When the particle has passed through the origin, the central force, changing 
its direction, reduces the velocity again to a finite quantity. Meantime the 
transverse velocity carries the particle across the tangent to the circle. By the 
same reasoning as before, the subsequent path is an equal circle which touches the 
original circle at the centre of force. On arriving a second time at the centre of 
force, the particle returns to the original circle, and so on continually. 

469. One peculiarity of this case is that the radius vector of the particle 
while describing the second circle moves round the centre of force in the opposite 
direction to that in the first circle. Let P, P' be two positions of the particle, 
equidistant from the centre of force, just before and just after passing through 
that point. The transverse velocity being unaltered the moments of the velocity 
at P and P' taken in the same direction round 0 are equal and opposite. Since 
this moment is r^ddldt, it follows that at the point of discontinuity h changes 
its sign. 

470. When the particle moves in an equiangular spiral about a centre of 
force whose law is the inverse cube, it describes an infinite number of continually 
decreasing circuits and arrives at the centre of force at the end of a finite time, 
Art. 319. The subsequent path is another equiangular spiral, Art. 357, having 
the same angle. To determine its position we consider the conditions of motion 
at the point of junction. 

Let us construct a second equiangular spiral obtained from the first by 
producing each radius vector PO backwards through the origin 0 to an equal 
distance OP'. If two particles P, P' describe these spirals so as to arrive simul- 
taneously at the centre of force 0, the particles are always in the same straight 
line with 0, and at equal distances from it. Their'radial and transverse velocities 
are also always equal and opposite each to each. If the velocity of P' be reversed, 
it will retrace its former path in a reverse order, and this must therefore be the 
subsequent path of P. 

On passing the centre of force the particle will recede from 'the origin and 
describe the spiral above constructed. We notice also that the radius vector of 
the particle moves round the centre of force in the opposite direction to that in 
the first spiral. 

471. Limiting Problems. We may sometimes simplify the discussion of 
some singularities by replacing the dynamical problem by another more general 
one of which the given problem is a limiting case. But the use of the method 
requires some discrimination. Por example the motion of a particle attracted by 
a centre of force at a point 0 whose law of force is the inverse cube, may in some 
cases be regarded as a limit of the motion when the particle is constrained to 
move in a smooth fixed plane and is attracted by an equal centre of force situated 
at a point G outside the plane, where CO is perpendicular to the plane and is equal 
to some small quantity c. The method requires that the limiting motion should 
be the same whether we put the radius vector r=0 first and then c = 0, or c = 0 first 
and then r=0. We know by the principles of the differential calculus that the 
order in which the variables r and c assume their limiting values is not always a 
matter of indifference. 
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The component of force in the direction of the radius vector PO is nrl{r^+c^)'^ 
when the centre of force is at C, and is jit/r® when the centre is at 0. As long as 
the particle is at a finite distance from, the origin, these components are sub- 
stantially the same, but when the particle is in the immediate neighbourhood of 0, 
the former is /xr/c^ and therefore zero when the particle passes through O, while 
the latter is infinite. 

In the former case, though the orbit at a distance from 0 is very nearly an 
equiangular spiral, it becomes elliptical in the neighbourhood of 0. The force is 
not sufficient to draw the particle into the centre ; the path has a pericentre and 
the particle retires again to an infinite distance. See also Art. 322, 

472. Bxamples. Ex. 1. A particle describes one branch of the spiral r0= a 
under the action of a centre of force in the origin (Art. 358). Show that after 
passing through the centre of force it will describe another spiral of the same 
kind, obtained from the first by producing each radius vector backwards through 
the origin to an equal distance. 

Since the tangent to the curve is ultimately perpendicular to the radius vector, 
the two branches of the spiral may have a common tangent, and it might therefore 
be supposed that the particle would describe the second branch. But this argu- 
ment requires that the particle should not pass through the origin, so that the 
radial velocity drjdt (which is known to be constant) has its direction altered with- 
out any change in the direction of the force. 

Ex. 2. A particle describes an epicycloid with the centre of force in the centre 
of the fixed circle (Art. 322). Supposing the force to become repulsive when the 
particle enters that circle, show that the path on passing the cusp is a hypocycloid. 

Kepler's Problem. 

473 . A particle describes an ellipse about a centre of force in 
one focus, it is required to express in series the two anomalies and 
the radius vector in terms of the time. 

If we require only the first few terms of the series it is 
convenient to start from the equations 

= 1 + e cost; (1), 

where v is the true anomaly. Eliminating r, we have 

= (1 — 4- &c.) (1 — 2e cos v + Se® cos® v — &c.) 

= 1 — 20 cos V 4- cos 2v 4- &c- 

Remembering that v — 6 — a, where a is the longitude of the apse 
nearest to the centre of force, we have 

nt + e = 6 —2e sin (d — «) + f e® sin 2 (^ — a) 4- &c (2), 


where 
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We notice that when the planet makes a complete revolution, 
B increases by 27r and that the corresponding increment of t is 
27rjn. It follows immediately that n represents the mean angular 
velocity, the piean being taken with regard to the time- see 
Art. 341. 

The equation (2) may be extended to higher powers of e, and 
therefore when e is small it may be used to determine the time 
of describing any angle 6. 

474 . To find 6 in terms of t, we reverse the series. Writing 
it in the form • 

d = + € + 2e sin (d — a) — f sin 2 (d - a), 

we have as a first approximation 

6 — nt + G I 

a second approximation gives 

6 = nt + e + 2e sin (nt + e — a). 

Writing Vo~nt+ e --a, a, third approximation gives 

(9 — a = sin (vo + 2e sin Vo) ~ sin 2vo ; 

.'. B — nt + e + 2e sin (wi + e - a) + fe® sin 2 4- e - a). . .(3), 

and so on, the labour of effecting the successive approximations 
increasing at each step. As the eccentricity of the earth’s orbit 
is about l/60th it is obvious however that the terms become 
rapidly evanescent, 

475 , For the sake of clearness we recapitulate the meaning 
of the letters in the important equation we have just investigated; 
6 is the true longitude of the planet measured from any axis of 
X in the plane of the orbit ; a is the longitude of the apse nearest 
the centre of force or origin ; n is the mean angular velocity, the 
mean being taken with regard to time for one complete revolution; 
6 is a constant whose magnitude depends on the instant from 
which the time t is measured. 

/ To define the epoch e. Let a particle Po move round the 
centre of force in such a manner that its longitude is given by 
the equation do = nt + €. It follows that this planet moves with 
a uniform angular velocity n and has therefore the same periodic 
time as the true planet P, When the radius vector of the particle 
Po passes through an apse B^ — a and therefore nt + e — a is an 
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integral multiple of tt. It immediately follows from (2) that 
0z=nt + 6. Hence the radii vectores of the two planets coincide 
when the true planet passes through either apse. The definition 
of Po may be shortly summed up thus. 

Let an imaginary planet move round the centre of force with 
a uniform angular velocity in the same period as the true planet 
and let their radii vectores coincide at one apse and therefore at the 
other. This planet is called the Dynamical Mean Planet. Its 
longitude at the time t — d is the constant e and is called the epoch. 

476 . To express the mean anomaly and radius vector in terms 
of the time. 

Since both the mean and true planets cross the nearer apse at 
the time given by oit + € = a, the mean anomaly may be repre- 
sented by m = nt-\- e. If u be the eccentric anomaly we have by 
Art. 342, 

u = m-\-e sin u. 

Proceeding as before we have for the three first approximations, 
u = m, ‘U = m + e sin m, 

■u = m -f e sin (m + e sin m) 

— 1n + esirLm + ^e^sm2m (4). 

Again, as in Art. 343, 

r = a — ex = a — ae cos u 
= a — ae cos {m ■+- e sin m) 

= a{l — e cos m -l- (1 — cos 2m)} — .i — (5). 

The series for the longitude and radius vector are given here only to the second 
power of the eccentricity. Laplace in the Mecanique Celeste (page 207) and 
Delaunay in his Theorie de la Lime (vol. i. pages 19 and 65) give the series up to 
the sixth power. Stone has continued the expansion up to the seventh power in 
the Astronomical Notices, 1896 (vol. lvi. page 110). Glaisher has given the 
expansion of the eccentric anomaly up to the eighth power in the Astronomical 
Notices, 1877 (vol. xxxvn. page 445). 

477 . When the eccentricity e is very nearly equal to unity, as in the case of 
some comets, the formulae giving the relations between t and v must be modified. 
Starting as before (Art. 473) from the equations 

r^^=,g{fxa{l-e‘^)}, ^ = 1 + e cos v, 


we put the perihelion distance a (1 - e) = p. 


t 



{l + e)-dv 
(1 + e oosi’)'-^' 
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Let {l-e)l{l + e)=f and put tan J v = a: for the sake of brevity ; 

. / /^(1 + g) -. Al + a;^) dx 

JP" ~ j (l+/a:2)2 

When V is given this formula determines the time t measured from perihelion. 
If / is small the term independent of / is the one requiring the most arithmetical 
calculation and this can be abbreviated by using the tables constructed for that 
purpose ; see Art. 349. Conversely -when t is given and v is required the same 
tables give a' first approximate value of x. Eepresenting this by tanjw, it is 
usual to expand the correction v-u in terms of w in a series ascending in powers 
of /. For these formulje we refer the reader to Watson’s Astronomy and Gauss, 
Theoria, &c. 


4i'78. When the eccentric anomaly is given, the true and mean anomalies and 
the radius vector are expressed by the equations 

. V /1+A, u ' 

m=M-esmM, tan^ss^j— tan^ (1)» 

j'=a~ea;=a(l-e cosw) (2). 

When any one of the other quantities is taken as the independent variable, the 
corresponding equations can be deduced from these in the form of series. Two 
methods are used to find the general term of these series. First we may have 
recourse to Lagrange’s theorem, viz., when 

y =z + x<p{y), f {y)~f (?) + S ^ ^ {{<i> {=i)Yf («) }, 


where 2ji = l . 2 . 3 ...i, and the S implies summation from i~l to oo . By the 
second method the general term is expressed by a definite integral which is usually 
a Bessel’s function. 


479. Xiagrange’s fheorem. To express the eccentric anomaly u and the 
radius vector r in terms of the time. 

Since tt=?n.+e sin u, we have by Lagrange’s theorem 

- r , (sm m)\ 

Li dm'~^ 


The expansion of (sin m)' in cosines of multiple angles when i is even and in sines 
when i is odd is given in books on trigonometry ; (see Hobson’s Trigonometry, Art. 
52). The {i - l)th differential is always a series of sines and is easily seen to be 

i(i-l) 

2*~^■^^J^(sinm)*=^*~^sin^^?^~ i(i - 2)‘“^sin(i - 2)m+ — ^(f- 4)*~^sin(i - 4)r)i-&c. 

In the same way, expanding cos u by Lagrange’s theorem, i. e. writing /(y) = cos y, 
we find 

r . 

--1= -ecosM= - ecoam + h-:^ , - 7-. (smm)‘'*‘S 
a Li dwr ~^ ' ' 


where as before 2 implies summation from i=l to oo . 

480. Bessel’s functions. We shall now briefly examine the second method 
by which we express the general term in a definite integral. We know by Fourier’s 
theorem that we can expand any function (m) in a series of the form 
(p {vi)=Aq+Aj cos vi+ ... +Ai cos im+ ... 

, + J5 j sin m +...+ Bi sin im + ... , 


Bessel’s functions. 
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which holds for all values of m from -t to +7r. If also <p{m) is a periodic 
function having the period ^v, the expansion will hold for all values of m. If 
(p (m) does not change sign with m we may omit the second line of the expansion, 
while if it does change sign with m, we omit the first line. 

To find Ai we use Fourier’s rule ; multiply both sides by cos ivi and integrate 
from 7?i= - TT to + TT. Remembering that 

Jcos ivi cos i'm dm=0, /cos im sin i'vi dvi=0, 

I " im dm= ^sin^ imdvi — T, 

we find 

j(p {m) cos im dm=TrAi , j(p {m) dm = 27rAo . 

Similarly multiplying by sin ivi and integrating between the same limits, we find 
j^) (m) sin im dm = irBi. 

481. To expand u-vi=e sin u in a series of sines of multiples of m. We put 
ti - 7)1 = SRj sin im; ■ 

TrBi = J(u - 7?i) sin im dm, 
the limits being m= - t to tt. Integrating by parts, 

TriBi= - (u-m) cosim+jeosim [du-dm). 

The integrated part is zero, for u and m are equal when «= We thus have 
7rzBj=/cos imdu- joosimdm. 

The second integral is zero ; substituting for m its value in terms of u, 
%iB{=jQOS i (u - e sin u) du. 

This definite integral when taken between the limits 0 and t is written 7rJi(7e). 
We have 

7t=7?i + SjBi sin 7771, iBi=2Ji{ie). 


482. The series thus obtained is convergent, for 

r da . du . . f d'^u . . , 

Tri^Bi= I — dsm 77)i=-r- sintTn.- I dm. 

* j dm dm J dm^ 

The integrated part vanishes at both the limits m= ±7r. Also 

dhi - e sin u 

It = 771+ 6 sin tt, -r—„ = r . — „ „ .3 1 

drn^ (1-6 cos uy^ 

and since c<l, it is clear that d^uldm- has a numerical maximum value ; let this 
be 7c. Since sinm<l, it follows that vi^Bi is numerically <2kT. The series is 
therefore at least as convergent as S l/i". 

483. To compare the two expansions of u-m. In the Lagrangian series the 

terms are collected according to the powers of e, the coefficient of e’ being a series 
of the sines of multiple angles. In the series with Bessel’s functions the terms 
are arranged according to the multiple angles, the coefficient of sin im being a 
sei’ies of powers of 6. , 

The series for u - m is really a double series containing both trigonometrical 
terms of the form sin im and also powers of 6. If the terms are collected and 
arranged according to the multiple angles, it follows from what precedes, that each 
coefficient B^ is a convergent series, and tliat the series of coefficients B^, B^, 
also form a convergent series, provided the eccentricity e is less than unity. 

But if the series is arranged according to the powers of e, the positive and 
negative terms are added together in a different way. It may then be that the 
series of coefficients of e, ef &c. are only made convergent by more limited values 
of 6. The condition of couvergency is given in Art. 488. 
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484. The expression for Bi may be written 

7riBi=jco8iu . {1- •|i®c^sin2jt + &c.} dM+Jsiniu . {ie sin m - &c.} dtt. 

If we expand sin^u, sin^u, &o. in cosines of multiple angles and remember that 
Jcosmcosi'«d«=0j we see that every term in the first integral will be zero in 
which the power of e is less than i. A similar remark applies to the second 
integral. Hence the lowest potoer of e which accompanies the term sin im is eK 

486. To express rla=l-e cos u in a series of cosines of multiples of m, we put 
- e cos it + SAf cos tw ; 

'3rAj= -ejcositeos imtiTw, 

where the limits of integration are m= — Trto tt. Integrating by parts to change 
dm into du, we have 

TzAi = - e cos ii sin im - ej sin im sin udu. 

The integrated part vanishes between the limits. Writing m=u — eBuiu, the 
integral becomes 

triAi fijsih i(u-~e sin u) sin udu 

=Je Jcos {(i + 1) u~ie sinw} du- Je Jcos {(i-l)u-ie sinu} du; 

.*. iAi=e {^, 4.1 (ie) - t7j_j {ie ) }. i 

Similarly 27rAo = - cjcos udm= - ejcos u , (1, - e cos u) du. 

Integrating between limits u^ - tt to tt, we find Ao=Je 2 . 

r/a=l + 1 e® + SA, cos ini. 


486. That this series is oonvergi it may be proved in the same way as before. 
We have 

.... fdcoBU , . fd^ cos u 

1 - -dcos zm=ze / — cosimdm, 

by integrating by parts. Since u = m + e sin u, we find by differentiation 
cos u e~ cos u 

“dm 2 - has obviously a maximum value, say k. Then since 

cos ijud, TTi^Aj is numerically less than 27rke, and the series is at least as con- 
vergent as Sl/i^. . 


487. Examples. Ex. 1. Prove cos ku= SA j cos im, sin /cu= SRj sin im, 
where iAi=K (ie) — (f^)}, iJ5{=x (ie) +Ji+^ (ie)} and k is not e(iual to 

unity, and the summations extend from i=l to oo . Also <7_,i(.'c) = (-!)" (a:).. 

Since A_„ ( - a:)= A,j (x), these series may be written 


1 „ T ... cos im 

- cos KU=SAj-_,f (le) — : — , 


^ . .. ■.:> T f \ sin im 

— sin atw — (tc') — ; — , 


where S implies summation from i = — oo to -t- oo , and the term (f^)/*, when 
i=0, is - ie or 0 according as k ie equal or unequal to unity (Art. 485). 

Since the Cartesian coordinates, referred to the centre of the ellipse, are 
■^—adosu, ?/=6sinu, we deduce the expansions of these in terms of the mean 
anomaly by putting k= 1 . 

Ex. 2. Prove that alr—l + 2^Ji {ie) cos im, where the summation extends fron? 
i = 1 to 00 . 

This follows from a[r=duldm ; see Arts. 343, 481. 
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Ex. 3. Prove that ?; =m + 20^ sin im, where 


^ _ 2 y'ljl - e^) cos i (w - e sin -it) 

Tri Jo 1“ ^ cos li 
r+TT 

Proceeding as before we find 7riCi= I oos hn {dv - dm) •, substituting for dvjdu, 


the result follows. Also by integrating again by parts, we can prove that this 
series is at least as convergent as 2"l/i-. This integral is given by Poisson in the 
Comaissance des Temps, 1825, 1836. See also Laplace, vol. v. and Lefort, Liouville’s 
Journal, 1846. See also Art. 343. 


Ex. 4. Prove the expansions 

^ (u - It) = X sin It + 1 sin 2it + ^ X^ sin 3?t + . . . 

4 (tt-u)= -Xsinw + ^X2sin2u-§X'*sin,3D- ... 

where 1+7(1^^^) ’ [Laplace.] 

In tan^t; = ,atan where iJ.^={l + e)l{l~e), substitute the exponential values of 
the tangents, solve for and take logarithms ; the results follow easily. 

Ex. 5. Show that + 22 {1 + ’’ Ji}- - sin iv where 2 implies sum- 

mation from i= 1 to 00 , 

XVe have from the geometrical meaning of at, r sin u = 5 sin « (Art. 342), 


Ay(l-e®)sina; 


iH-ecosu 


- -= -J(l-e^)-^ log (l-lecoso;) 


edv ' 

^edi> “ 1-1-XV 


Expand, substitute in a)i = u - e sin at, remembering the theorem in Ex. 3, the result 
follows. This is Tisserand’s proof of Laplace’s theorem, Mec. O^Zeste, page 223. 


488. Convergency of the series for r and 0. Laplace was the first to prove 
that the expansions of the radius vector and true anomaly in terms of the time 
and in powers of the eccentricity are not convergent for all values of the eccen- 
tricity less than unity (see Arts. 474, 476). He showed by a difficult and long 
process that the condition necessary fol’ the convergence of both series is that the 
eccentricity should be less than -66195. iHec. Celeste, Tome v. Supplement, p. 516. 

,This important result was afterwards confirmed by Cauchy, Exercises d' Analyse, 
&o. An account is also given by Moigno in his Dijferential Calculus. The whole 
argument was put on a better foundation by Eouche in a memoir on Lagrange’s 
series in the Journal Poly technique, Tome xxii. The process was afterwards 
further simplified by Hermite in his Gours d la Eaculte des Sciences, Paris 1886. 
In these investigations the test of convergency requires the use of the complex 
variable. The latter part of the method of Eouche may be found in Tisserand, 
Mec. Celeste, Art. 100, and is also given here. 


489. The theorem arrived at may be briefly stated., Having given the 
equation z=m + x(j){z) we have (1) to distinguish which root we expand in powers 
of X, (2) to determine the test of convergency. It is shown that if a contour 
exist enclosing the complex point 2 =a?a, such that at every point of the boundary the 
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modulus of is less tlian unity, the. given equation has but one root within 

the area and the Lagrangian expansion for that root is convergent*. 

To apply this theorem to Kepler’s problem we put 0 (z) = sin« and let x repre- 
sent the eccentricity of the ellipse, Art. 478. 

We measure a real length OA=m from an assumed origin 0, and with A for 
centre describe a circle with an arbitrary radius r. Representing the complex line 
OP by z, the Lagrangian series will be convergent if r can be so chosen that the 

£C fl ITt ^ 

modulus of is less than unity for all positions of P on the circle. Since 

z~m 

(mod)2of (f>{^+vi)=<p{^+vi) 
z=m+re^'^, 


where e is the base of Napier’s logarithms, we have 

fmodl^ of —Y^y {m+re^'')sm{m+re~^’^) 

) 0 ~\r) ^ei^-ei 

1 /x\^ 

“ 2 Vr ] (2risin -cos(2wi-i-2r cos ff)} 

= (^’■®'“''+^"^'®“'')^-cos2(m+rco8d)}. 


* If / {x) be a continudus one- valued function over the area of a circular contour 
whose centre iax=a, then Cauchy’s theorem asserts that / (a:) can be expanded by 
Taylor’s theorem in a convergent series of powers of a; - a for all points within the 
contour ; (see Forsyth’s Theonj of Functions, Art. 26). 

When z=m+X(p (z), the Lagrangian expansion of z, or \f/ {z), in powers of x is 
a transformation, term for term, of Taylor’s, and we may use Cauchy’s theorem, 
provided z, or f {z), is one-valued. 

If z have two values for the same value of x, the equation F (z) = z -m - x<j> (z) = 0 
(regarded as an equation to find 2 when x is given) has two roots. To determine 
whether this is so, we use another theorem of Cauchy’s (see Burnside and Panton, 
Theory of Equations). 

We measure OA=m from the assumed. origin 0 and with A for centre describe 
a circle of radius r. Let a point P describe this circle once, then by Cauchy’s 
theorem if logP ( 2 ) is increased by 2mri, the equation F {z) has n roots within the 
contour. Hermite writes 

log P (s) = log (a - ?ji) -h log . 

(1) The equation z~m=0 has but one root and that root lies within the 
contour, hence as P moves round, log (z - m) is increased by 2Ti. 

(2) If the modulus of is less than unity at all points of the circle 

z — m 

the value of log(l-M), (being the same on departing from and arriving again at 
any point of the contour) increases by zero when P moves round the contour. 

It follows that log F{z) increases by 2'/ri when P makes one circuit, that is the 

equation z = m+X(f>{z) has but one root within the contour if the modulus of 
is less than unity at all points on the circumference. 
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SOS 


Now, putting + ^ see that the first term of this ex- 

pression continually increases from « = 1, or 0=0 to v = co, and is therefore 
greatest when d=-\ir. The least value of the second term is zero. The modulus 
• X 

is therefore less than - - {e>-+e-^). The Lagrangian series is therefore convergent 
for all values of the eccentricity a: less than 2?7(e’'-t-e-’‘). 

To find the maximum value of this function of t, we eg^uate its differential 
coefficient to zero. This gives 

F=e’-(r-l)-e-r(,-M) = 0. 

Since dVjdT is positive for all values of r this equation has but one positive 
root, and this root lies between 1 and 2. Using the value of e’’ given by the 
equation F=0, we find that the maximum value of the eccentricity is 
which reduces to ‘66. 



CHAPTEE YU. 


MOTIOlSr m THREE DIMENSIONS. 


The four elementary resolutions and moving axes. 


490. The Cartesian equations. The equations of motion 
of a particle in three dimensions may be written in a variety of 
forms all of which are much used. 


The Cartesian forms of these equations are 

^ ^—7 


(A). 


where x, y, z are the coordinates of the particle and X, F, Z the 
components of the accelerating forces on the particle. These 
equations are commonly used with rectangular axes, hut it is 
obvious that they hold for oblique axes also, provided X, Y, Z are 
obtained by oblique resolution. 


491. The Cylindrical equations. From these we may 
deduce the cylindrical or semi-polar forms of the equations. Let 
the coordinates of the particle P be p, <^, z, where p, ^ are the 
polar coordinates in the plane of xy of the projection N of the 
particle P on that plane, arid z~PN. By referring to Art. 35 
we see that the first two of the equations (A) change by resolu 
tion into the first two of the following equations (B), while th< 
third remains unaltered. We have 


d^p 

dP ^ 


My 


\dt) r ' 

p dt V dt } 


Q, 





where P , Q are the components of the accelerating forces respec- 
tively along and perpendicular to the radius vector p. 
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492. Principle of angular momentum. Since the 
moments of the components P and Z about the axis of z are 
zero, the moment of the whole acceleration about the axis of is 
equal to Qp. In the same way the moment of the velocity about 
Oz is equal to the moment of its component perpendicular to 
the plane FOz, and this is p^d^ldt. Introducing the mass m of 
the particle as a factor, the second of the equations (B) may be 
written in the form 

d /moment of \ /moment of\ 
dt Vmomentum/ V forces ) * 

The moments may be taken about any straight line which is fixed 
in space, such a line being here represented by the axis of z. The 
moment of the momentum is also called the angular momentum 
of the particle (Arts. 79, 260). 

When the forces have no moment about a fixed straight line the 
angular momentum about that straight line is constant throughout 
the motion. 


493. The polar equations. We may immediately deduce 
from the semi-polar form (B), the polar 
equations (C). Let r, 6, ^ be the pplar co- 
ordinates of P, where r = OP, d is the 
angle OP makes with the axis Oz, and 
the angle the plane FOz makes with , the 
plane xOz. 

Since OP = r is the radius vector cor- 
responding to the coordinates ON = NP~z, we see by Art, 35 
that the accelerations 



d^p 

d¥ 


and 


d^z 

df 


are equal to 


dV 

dP 



and 


r dt 



Hence the whole acceleration of P is the resultant of 

(1) along OP in the direction in which r is 
^ ' df \dt J 

measured ; 

(2) i ^ perpendicular to OP, in the plane zOP, taken 

positively in the direction in which 6 is measured ; 



(3) p ill i'ii® direction of the perpendicular drawn from 
P on Oz, i.e. parallel to jV’O ; 

p M I'O plane zOP in the direc- 

tion in which <j> increases. 


If M, S, T are the components of the acceleration of the 
particle respectively in the directions of (1) the radius vector OP, 
(2) the perpendicular to OP in the plane of zOP, and (3) the per- 
pendicular to the plane zOP, taken positively when they act in 
the directions in which r, 6, ^ are respectively increasing, we have 



We notice that p = r sin 0. 

484. Ex. If V be the velocity, show that the radial acceleration is 

496. Reducing a plane to rest. Referring to the semi- 
polar equations (B), we notice that if we transfer the term 
p {d(l>fdty to the right-hand side of the first equation and include 
it among the impressed accelerating forces, the first and third 
equations become the same as the Qartesian equations of motion 
of a particle moving in a fixed plane zOP (Art. 31), while the 
, second equation determines the motion perpendicular to that 
plane. We may therefore replace the first and third resolutions 
hy any of the other forms which have been proved to he equivalent 
to them. Art. 38. 


For example, if we replace these two resolutions by their 
polar forms (Art. 36) we obtain at once the equations (C). 

The process of regarding p (d^/dt'y as an impressed accelerating 
force acting at P and tending from the axis of z is sometimes 
called reducing the plane zOP to rest See Arts. 197, 257. 
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496. The intrinsic equations. To find the intrinsic equa- 
tions of Tnotion, due to the tangential and normal resolutions. * 

Let P, P' be the positions of the particle at the times t,t + dt\ 
v + dv the velocities in those positions, cZ-vjlr the angle between 
■fche tangents. 

In the time dt, the component of velocity along the tangent 
a,t P has increased from to (w + dv) cos d'^. Writing unity for 
cos d'ylr, the acceleration along the tangent, i.e. the rate of increase 
of the velocity, is dvjdt. 

The component of velocity along the radius of curvature at P 
has increased from zero to {v + dv) sin d-^, which in the limit is 
V d^. The acceleration along the radius of curvature is therefore 
or which is the same thing v'^jp. 

The osculating plane by definition contains two consecutive 
tangents. The component of velocity perpendicular to that plane 
is zero and remains zero. The acceleration along the perpendicular 
to the osculating plane, i.e. the binormal, is therefore zero. 

If F and G are the component accelerations measured posi- 
tively in the directions of the arc s, the radius of curvature p 
and H the component perpendicular to the osculating plane, the 
equations of motion are 

v^ = I, - = ff, 0 = 5 (D). 

as p 


407. Shoio that the solution of the equations of motion of a particle in polar 
coordinates can he reduced to integrations when the work function has the form 

77=/- M + . 

h J.2 ^ J.2 3133^2 Q » 

lohere fi (r), (9) and /.j {g>) are arbitrary functions. 

The third of the equations (0) gives, with this form of V, the mass being unity, 

df, {<P) 1 


It ^ t) = ’ 

l(r2sin2^gy=/3(^)+^ 


■(!)- 


The second of the .equations (0) gives 


r dt\ dt ) 


■ ram 6 cos 6 


/ d<f)\^ _ 
\ dt / ” 


2 dU{B) 1 2 / 3 ( 0 ) cosg 


rdd r 


7-2 sin^ 6 


Substituting for d0/dt, we obtain 




ain^0 


+/o(0)+.B .....{2). 
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The equation of via viva is 

+ (8). 

After substituting from (1) and (2) this becorhes 
fdrV 2B 

U) +lV=2/,(r) + 2(7 (4). 

These are the first integrals of the equations of motion. Since the variables 
Me separable in all the equations, they can be reduced to integrations. Substitut- 
ing for dt from (4) in (2), that equation gives 6 in terms of r. Substituting again 
in (1), we find tj) in terms of t. Lastly (4) determines t in terms of r. 


498. Moving’ axes. To find the equations of motion of a 
particle ref erred to rectangular axes, which move about the origin 
0 in an arbitrary ma/nn&r. 


Let us suppose that the moving axes Ox, Oy, Oz are turning 
^ round some instantaneous axis 01 

with an angular velocity which vp'e 
may call d. Let 9^, 9^ be the 
components of 9 about the instant- 
aneous positions of Ox, Oy^ Oz. Then 
in the- figure represents the rate at 
which any point in the circular arc 
yOz is moving along that arc, 9^ is 
the rate at which any point of the 
circular arc zOx is moving along the arc, and so on. 



Let us represent by the symbol V any directed quantity or 
vector such as a force, a velocity, or an acceleration. Let Vy, 
Vz h® its components with regard to the moving axes. 

Let 0^, Oy, 0^ be three rectangular axes fixed in space and 
let Yx, Vs be the components of the same vector along these 
axes. Let a, /3, y be the angles the axis Of makes with Ox, Ov, 
Oz. Then ^ 


^3 = 

■ ^3 = 
dt 


dVs. , dV, 


dt 


- cos yS + ''-jf cos 7 


Let the arbitrary axis of f coincide with Oz at the time t, i.e. let 
the moving axis be passing through the fixed axis. Then a = ^tt. 
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y3 = ^-TT, 7 = 0. Hence 


dV.^dV^ 

dt dt 


r da. p. ^ 

^di~ 


Now da/dt is the angular rate at which the axis Ox is separating 
from a fixed line 0^ momentarily coincident with Oz, hence 
dajdt = d 2 ‘ Similarly = - (9i. Substituting 


dV,^dY, 
dt dt 


-V,d, + Vy9,. 


Similarly 


dt dt 
dV.^_^dYy 
dt dt 


-Yyd, + YA, 


-YA + VJs 


When the moving axes momentarily coincide with the fixed 
axes, the components of the vector Y are equal, each to each, 
i.e. y^=Fi, Yy = Y^, Yz = Yi, As the moving axes pass on, 
this equality ceases to exist. The rates of increase of the 
components relatively to the moving axes are dYatjdt, dYyjdt, 
dYzIdt', while the rates of increase relative to the fixed axes 
are dY^/dt, dY^/dt, dY,/dt. The relations which exist between 
these rates of increase are given by the equations just investigated. 


499. If the vector F is the radius vector of a moving point 
P, the components Yx, Yy, Yz are the Cartesian coordinates oi P , 
and the rates of increase are the component velocities. If the 
vector F is the velocity of P, the rates of increase are the com- 
ponent accelerations. 

Let then x, y, z be the coordinates of a point P ; u, v, w the 
components of its velocity in space ; X, Y, Z the components of 
its accelerations. Then 

w = ^ — x6^ -1- y6x, ^ ~ Xt~ • 


500 . If the origin of coordinates is also in motion these equations require 
some slight modification. Let p, q, r be the resolTed parts of the velocity of the 
origin in the directions of the axes. In order that «, v, w may represent the 
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resolved velocities of the particle P in space (i.e, referred to an origin fixed in 

’’ *0 the expressions given for «, v, w in Art. 

499. These additions having been made, u, v, w represent the component space 
velocities of P, and the expressions for the space accelerations Z, Y, Z are the same 
as those given above. See Art. 227. 

moving axes is more fully given in the author’s treatise on 
mgtd j^namics. The demonstration here given of the fundamental theorem is 
founded on a method used by Prof. Slesser in the Quarterly Journal, 1858. 
Another simple proof is given in the chapter on moving axes at the beginning of 
vol. n. of lihe treatise just referred to. 


SOI. ^ moving field of force. When the field of force is fixed relatively to 
axes moving about a fixed origin we may obtain the equation corresponding to that 
of vis viva. 

If T be the semi vis viva, -we know tha.t dTJdt is equal to the sum of the virtual 
moments of the forces divided by dt. Hence, the mass being unity, 
dT 

-^-=Xu-i-Yv + Zw 

=Xx' + Yy' + Zz' + $^{xY-yX) + 

If Ai, Ag, 4 g are the angular momenta about the axes (Art. 492), 

Ai=:yw-zv, A^z=m-~xw, A^^xv—yu, 
and, taking moments about the axes, 

dAfdt=iyZ~zY, dA^ldt=zX~xZ, 

The equation of vis viva therefore becomes 


dA^jdt=xY-yX. 


^-6 ^^2 o ^^3 dU 

dt ^ dt ^ dt dt ~ dt * 

where U is a function of the coordinates y, z only. If 6 ^, 62 , 63 are constant, 
this, when mtegrated, reduces to the equation of Art. 266. 

SOa. JE^. 1 . Show how to deduce the polar forms (0), Art. 493, from the 
equations for moving axes. 

Let the moving axes be represented-by 0^, Or,, Of. Let the axis of f move so 
as always to coincide with the radius vector OP ; let Ov be always perpendicular to 
the plane zOF. The angular velocity dd/dt of the radius vector may therefore be 
represented hy e^-deidt about Or,. The plane zOP has an angular velocity d<f>ldt 
about Oz and this may be resolved into d^^coB ed<pldt and d 3 =sin ed<pldt. Also 

the coordinates of P are ^=r, 9 ;= 0, ^-= 0 . 

It immediately foUows from the equations of moving axes that u=zdrldt, v=e.r 
w- -y-- Substituting these in the expressions for X, Y, Z we obtain the com- 
ponents of acceleration already written at length in Art. 493. 

Ex. 2. If («2^272). (ttsPsYs) are the direction cosines of a system of 

orthogonal axes moving about the origin, prove that 

where 6 ^ is positive when the rotation is from the first axis to the second. 

To prove this we notice that 6 ^ measures the rate at which the axis of v is 
separating from the position of the axis of ^ at the time t. Hence -dM is the 
cosine of the angle the new axis of y makes with the old axis of a;. 
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Ex. 3. A particle is describing an orbit about a centre of force which varies 
as any function of the distance, and is acted on by a disturbing force which is 
always perpendicular to the plane of the instantaneous orbit and is inversely pro- 
portional to the distance of the particle from the centre of force. Prove that the 
plane of the instantaneous orbit revolves uniformly round its instantaneous axis. 

[Math. Tripos, I860.] 


Lagrange's Equations. 


503. Lagrange has given a general theorem by which we can 
■form the equations of motion of a particle, or of a system of 
particles, in any kind of coordinates*. 

The expression “coordinate” is here used in a generalized 
sense. Any quantities are called the coordinates of a •particle, 
or of a system of particles, which determine the position of that 
particle or system in space. 

In using Lagrange’s equations, it will be found convenient 
to represent by some special symbols, such as accents, all total 
differential coefficients with regard to the time; thus x', x” 
represent respectively dx\dt and d^xfdt^. 


504. Lemma. Let L be a function of any mriahles x, y, dso., 
‘ their velocities x', f, <&c., and the time t. If we express x, y, &c. 
as functions of some independent variables 6, (f), So. and the time 
t, say 

x=f(t,d,<j),Sc.), y-F{t,d,j>,Sc,), z = Sg (1), 

then will 


d dL 

dL 

/d dL 

dL\ 

dx 

/d dL 

(W\ 

dt dd' 

dd 

dx 

dxj 


Vdi dy' 

dy) 


Representing partial differential coefficients by suffixes, we 
have by differentiating (1), 

x' + fed' + &c (2). 

Since 6 enters into the expression L through both x, y, &c. and 
their velocities x' , y' , &c. while 6' enters only through x , y , &c.. 


* The Lagrangian equations are of the greatest importance in the higher 
dynamics and are usually studied as a part of Rigid Dynamics. We give here only 
such theorems as may be of use in the rest of this treatise. The application of 
the method to impulses, to the cases in which the geometrical equations contain 
the differential coefficients of the coordinates, the use of indeterminate multipliers, 
the Hamiltonian function, dsc., are regarded as a part of the higher dynamics. 
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we have the partial differential coefficients 

dL dL dec dL dx' , 

de~ dx de'^dx' dd 

dL dL dx' . 




where in each case the &c. represents the corresponding terms for 
y, -2^, &c. 


7 / 

By differentiating (2) we see that =fs 

do 


dx 

Td' 


Hence 


dL dL\ dx 
dt dd' dd \dt dx' dx ) dd 
dL (d „ dsd\ 


+ 


dx' \dt^^ dd) 


+ &c. 
+ &c. 


.(5). 


By differentiating /fl totally with regard to t, we have 
~fet +feBd' + &c 


.( 6 ). 


The right-hand side of this equation is seen by differentiating (2) 

dtx/ 

to be equal to ^ . It therefore follows that all the tefms in the 
second line of (5) vanish. The lemma has therefore been proved. 


505. By using this lemma we may deduce Lagrange’s equations 
from the Cartesian equations of motion. For the sake of generality, 
let there be any number of particles, of any masses m^, &c., 
and let their coordinates be (x^, y^, z)), {x^, y^, z^), &;c. Let T be 
the semi vis viva of the system, then 


2T=Xm,{x'^ + y'^ + z'^) ( 7 ). 

Let U be the work function of the impressed forces, then 17 is a 
function of the coordinates only. Let By, B^ be the com- 
ponents of any forces of constraint which act on the typical 
particle m, ^W^e have as many Cartesian equations of motion of 
the form 


mx — 


dU 


Bf, 


■ B, 


. dU ^ „ dU 

as there are particles. 

The particles may be free or connected together, or constrained 
by curves and surfaces, but after using all the given geometrical 
relations, the position of the system may be made to depend on 
some indejyendent auxiliary quantities or coordinates. Let these 
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"be 5 writing L~T+U,we have for the particle m, 

±dL_dL__d , dU ^ 
dtdoo' dx~dt'^ 


with similar forms for y and a Hence using the lemma, 

dtdff dd ^[r^TB^^y-de'^^^dd) 


where X implies summation for all the particles. 

The right-hand side of this equation (after multiplication 
by is the virtual moment of the forces of constraint for a 
geometrical displacement hd. This by the principle of virtual 
work is known to be zero. 


Since the variations of the coordinates x, y, &o. due to the displacement dd are 
deduced from the partial differential coeldoients dxjdd, dyjdQ, &o., t not varying, 
the displacement given to the system is one consistent -with the geometrical relations 
as they exist at the instant of time t. 

Taking the various kinds of forces of constraint it has been proved in Art. 248 
that the virtual moment of each for such a displacement is zero. Consider the 
case of a particle constrained to rest on a curve or surface, the virtual moment is 
zero for any displacement tangential to the instantaneous position of the curve or 
surface. The restriction that the geometrical equations must not contain the time 
explicitly is not necessary in Lagrange^s equations. 

If some of the particles are connected together so as to form a rigid body, the 
mutual actions and reactions of the molecules are equal. Their virtual moments 
destroy each other because each pair of particles remain at a constant distance 
from each other. The Lagrangian equations may therefore he applied to rigid 
bodies. 


606. The Lagrangian equations of motion . qxq therefore 


: 0, &c. = 0 (9). 


dtd& dd dtdcf>' 64 

The function L = T+U and is therefore the sum of the kinetic 
energy and the work function. If we use the function T" to repre- 
sent the potential energy, we have, by definition, 17 + k" equal to 
a constant. We then put L^T- V, so that L is the difference 
between the kinetic arid potential energies. Substituting these 
values for L, and remembering that U and ¥ are functions of the 
coordinates and not of their velocities, we may also write the 


Xiagrangian equations in the two typical forms 

d dT dT _dU (10) 

dtW~de^W^ dtdd' de'^dB 

where 9 stands for any one of the coordinates. It should be 
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noticed that in these equations, all the differential coefficients are 
partial, except those with regard to t. 

The function L is sometimes called the Lagrangian function. 
We see that when once it has been found, all the dynamical 
equations, free from all unknown reactions, can he deduced hy 
simple differentiation. 


507. Virtual moment of the effective forces. If we substitute for L in 
the lemma of Art. 604 the value of T given by (7) we have 


£ ^ 
dt dd' 




+ my" 


dd 



( 11 ). 


The right-hand side (after multiplication by SO) is the sum of the virtual moments 
of the effective forces mx", my", &c. It follows therefore that the Lagrangian 
expression on the left-hand side (after multiplication hy 50) represents the sum of the 
virtual moments of the effective forces, when expressed in terms of the generalized 
coordinates 6, <p, <&c. 


In the same way writing T for the arbitrary function L in (4), we have by (7) 

dT f ,dx dy „ ] 

d6’~^ -jmr ^ + &c.j. . 

The left-hand side (after multiplication hy 50) therefore represents the sum of the 
virtual moments of the momenta of the several particles of the system for the displace- 
ment 50. It is often called the generalized 0 component of the momentum. 


508. mieaniner of the lemma. The fundamental equation represented by 
the lemma has been deduced from the principles of the differential calculus without 
reference to any mechanical theorem. 

Analytically, it expresses the fact that i^he Lagrangian operator symbolized by 

A — ~ ^ ^ 

.^^~dO~diW' 

follows the same law as the differential coefficient djdO, i.e. 


A.L = A^L 




which may also be written 


ro+^^^-io+-- 


A^L. 50 = A,,L.5x-\-AyL.5y-^ 

where 50, 5x, 5y, &c. are any small arbitrary variations 
geometrical relations which hold at the time t. 


consistent with the 


If we interpret the lemma dynamically (Art. 506), the equation asserts that the 
moments of the effective and impressed forces for a displacement 
50 has the same value whatever changes are made in the coordinates. 


509. Working rule. 

writing down the equation of 


When we solve a dynamical problem we begin by 
vis viva, viz. 1=11+0. 


It appears that when we have done this, Lagrange’s method enables us to write 
down all the equations of motion of the second order by performing certain 
differentiations on the quantities on each side of the equation (Art. 506). 


THE FUNCTION T. 


315 


ART. 511.] 

We shall presently show that before performing these differentiations, we may 
remove certain factors from one side to the other by making a change in the 
independent variable t ; Art. 624. 

610. The function T. We have assumed that the Cartesian 
coordinates x, y, z of every particle of the system can be expressed 
in terms of the generalized coordinates B, (f), &c. by means of 
equations of the form 

‘x=f{t,d, (f>, &c.).. (!)• 

these equations may contain t, but not 6*, (f>\ &c. (Art. SOI?). In 
choosing therefore the Lagrangian coordinates, we see that they 
must he such that the Cartesian coordinates of every particle could 
he expressed if required in terms of them hy means of equations 
which may contain the time, hut do not contain differential co- 
efficients with regard to the time. 

Differentiating the geometrical equations (1) as in Art. 504 


=/« + fed' 2/' = &c (2), 

and substituting in the expression for the vis viva 

2T = tm (7)^ 


given in Art. 506, we observe that 2!r takes the form 

2T - + . . . + B^B' 4- + . . . + (7, 

where the coefficients An, &c., Bi, B^, &c., and C are functions of 
t, B, <j), &c. 

In most dynamical problems, the geometrical equations do not 
contain the time explicitly, i.e. t does not enter into the equations 
(1) except implicitly through B, (f>, &c. The term/* will therefore 
be absent from the equation (2), Art. 504. Hence x'^ y', z' are 
homogeneous functions of B', ff, &c. of the first order. When 
substituted in (7), we find that 2T is a homogeneous function of 
6', 4>', <&c. of the second order, viz. 

where An, Aia, &c. are functions of the coordinates B, (f>, &c. but 
not of t. • 

51,1. ZSxampleB of Xiagrarage’s equations. Ex. Two particles, of masses 
M, m, are connected by a light rod, of length 1. The first A is constrained to move 
along a smooth fixed horizontal wire, while the other B is free to oscillate in the 
vertical plane under the action of gravity. It is required to find the motion. . 

To fix the positions of both the particles in space, we require two coordinates, 
say, the distance f of the point A from some origin 0 and the inclination d of AB 
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to the vertical. The Cartesian coordinates of Rarethena;=^+Zsin0anaj/=Zco8t>. 

The semi vis viva and work functions are then 

T = J + J w { (^' + Z cos ^0')2 + (i gin 

6 ^' 6 ' + ( 1 )^ 


' U=mglcoa6 

Substituting in the Lagrangian equations, 

d dT dT_dU 
dt d^' df d^ ’ dt dd' ~ Us ’ 


.( 2 ). 


we have 


{{M+m)^' +ml cos 6d'\ = Q 


These give 


^ {ml cos e^' + mm'] + ml sin d|'d'= - mgl sin d 


(Ar+Jra)^' + 7reZcos(9d'=A, cosdf'+Zd"= -^sind .(3), 

where A is a constant of integration. Eliminating we have 

(ibr+ m sin2 d) d'd" + m sin; 6 oosde' . 6'^= (M+m) sin dd'. 

This gives by integration 

(lf+msin2d)d'2=:G+^(Jlf+»i)cosd (4). 

^ ^In this way the velocities f and d' have been found in terms of the coordinates 

the^!.^nTi,^Ti^ Lagrangian equations, but we might have replaced 

second by the equation of vis viva, viz. T= J7+ 0. Eliminating ^ by the help 

It i S a* result (4) without 

any further mtegrations. \ 

613. Ex. 1. The four elementary forms for the acceleration of a point follow 
given'Tn 1^4^^’’“”^"’' Eor example, let us deduce the polar form 

We notice that the components of velocity of P along the radius vector and 
perpen^cular to it, are respectively r' and rd', while that perpendicular to the 
plane zOP is r sin e<p'. Since these three directions are orthogonal, we have. 

2T=m (r'2 + r^d'^ + r® sin^ . 

Substituting in the Lagrangian equation 

i_^_^_dU 
dtd^' l^~d^' 

where f in turn stands for r, d, we obtain 

(mr') - m {rd '^ + r sin^ d0'2) = ^ , 

^ {mr^') - mr^ sin d cos e^'^=~ , 
which evidently reduce to the forms given in Art. 493. 
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Ex. 2. To deduce the accelerations for moving axes from Lagrange’s equations 
when the component velocities are known. 

We have given by Art. 499, 

u=x' -yd^-^zd^, v=y' -zdi + xds, io=z' -xd^ + ydi. 


Also T=i{u^+v^ + w‘^), 

the mass of the particle being unity. Since x' enters into the expression for T 
only through u, while x enters through both v and lo, we have 

“ du dx'~^' dx ~ dv dx"^ dw dx~^ ^ 


The Lagrangian equation 
becomes 


d ^ 

dt dx' dx ~ dx 

n /I tr 

-r — v9«+lD6n = X. 
dt ® 


Ex. 3. To deduce the equation of vis viva from Lagrange's equations. 
Multiplying the Lagrangian equations 


dt d6'. dd d6 ’ dt d<p' d<p d(j> ’ 
by B', <P', &o. respectively and adding the results, we have 



where S implies summation for aU the coordinates. 

If the geometrical equations do not contain the time explicitly, T is a homo- 

dT 

geneous function of d', <f}', * 0 ., Art. 510, and by Euler’s theorem S0' ■^,=2T. Also 
since T and U are not functions of t. 


dt 


:S 



+e" 


dT\ 

dd')' 


dt dd 


Substituting in the expression given above, we have 


dt dt ~ dt ' 


.-. T=U+G, 


where C is an arbitrary constant, usually called the constant of vis viva. 

Ex. 4. The position of a moving point is determined by the radii 1/J, Ijnj, 1/f 
of the three spheres which pass through it and touch three fixed rectangular 
coordinate planes at the origin. Eind the component velocities u, v, w of the point 
in the directions of the outward normals of the spheres, and prove that the com- 
ponent accelerations in the same directions axe dujdt + v {gu ~^v)~w {^w - fit), and 
two similar expressions. [Coll. Ex. 1896.] 

Writing D = + + ^ we deduce from the equations of the spheres that 

x = 2^ID, &c. Noticing that the spheres are orthogonal, we find, by resolving the 
velocities x', y', z' along them, w= v= ~yv'h> w==~z^'l^. Hence 

T=^{u^+v‘^+w'^)=‘i + v'^ + n 

Also the acceleration along the ? axis is dUjudt or -\l)dVm. Substituting in 
the Lagrangian formula ^ ™ " “‘5' 

also be deduced from the formulas of Arts. 499, 502, Ex. 2. 
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613. To apply the Lagrangian equations to determine the 
small oscillations of a. system of particles about a position of 
equilibHum, when the geometrical equations do not contain the time 
ewplicitly. 

Let ^the system have n coordinates and let these be 6, 0, &c. 
Let their values in the position of equilibrium be a, /9, &c., and at 
any time t, let d = a-{-ai, (f>=z^ + y^ fee. 

The vis viva being a homogeneous function of <f)', &c. (Art. 
510), we have 

2T = + 2Qd'cf>' + Rcf>'^ + &c., 

where P, Q, &c. are functions of 6, <f>, &c. When we substitute 
6 — a + x, &c. and reject all powers of the small quantities above 
the second, this reduces to an expression of the forip 

2P ^ A.-yiX ^ -f- '^Aj^'y + A^^y'^ 4- &c. (1)^ 

where the coefficients are constant, and are known functions of 
a,, yS, &c. 

The work function P is a function of 6, <f>, &c. and when 
expanded takes the form 

2 P = 2 Pq + 2BiX + 252^ + &;c. + B^x^ + 2Bi^y + &c.. . .(2). 

We assume that these expansions are possible. 

Since the system is in equilibrium in the position defined by 
x~0, y = 0, &c., we have by the principle of virtual work, 
dU . dU ^ „ 

dx dn -^1 = 0, ^2 = 0, &c (3). 


If the position of equilibrium is not known beforehand, the values 
of a, &;c. may be obtained by solving the n equations (3). 

To find the equations of motion we substitute in the n 
Lagrangian equations typified by 

dd^_(^_dU 

dt dx' dx dx ‘ 

Since the expansion for T does not contain the coordinates x 

y, &c we have dT/dx = 0, dTIdy = 0, &c. The equation (4) there- 
lore becomes 

Ai,x''^ + A,,y" + Ajs^" + &c. = B^x + B,,y + B,s2 + fee.) 

A^^x'-j- A,^y" + A23/' + &c. = Bj^x + B^j + B^z + &c. i . . . (5). 

&c. = &c. 
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To solve the equations (5) we follow the rules given in Art. 

292. Let any principal oscillation he represented by 

x—Q- sin {pt + a), y — H sin {pt + a), &c. (6), 

where G, H, &c. are constants. We find by an easy substitution 

( + -Sia) AT + . . . = O'! 

(A.i2p“ + -512) G + {AsaP^ + ^ 22 ) .ff+... = 0> (7). 

&c, = oj 

Eliminating the ratios G : JS : &c., the n values of p® are given 
by the Lagrangian equation 

A.iip® + 5ii, Ai2P® + -5i2, &c. =0 (8). 

Ai 2 p“ + j5i2, A^p^ + B^, &c. 

&c, &c. &c. 

614 . It is shown in the higher dynamics that, because the 
vis viva 2T is necessarily positive for all real values of of, y', &c., 
the values of p® given by this determinantal equation are real. 

If all the roots are positive the values of p are real, and the 
system of particles then oscillates about the position of equi- 
librium. If any or all the values of p® are negative, some or all 
the values of p take the form ± V- 1- The corresponding 
trigonometrical terms in (6) become exponential and the system 
does not oscillate. See Art. 120. f. 

616. If a value of p^ is zero p has two equal zero values, and 
the corresponding term in (6) takes the form A + Bt. In such 
a case the coordinate may become large and the system will then 
depart so far from the position of equilibrium that it will be 
necessary to take account of the small terms in (1) and (2) of 
higher orders than the second. 

616. Rule. When applying Lagrange’s equations to any 
special case of oscillation about a position of equilibrium we begin 
by writing down the expressions for the vis viva and work function 
for the system in its displaced position, and express these in the 
quadratic forms (1) and (2) (Art. 513). If the whole motion is 
required we follow in each special case the process described in 
the general investigation. But if, as usually happens, only the 
periods are required, we omit the intervening steps and deduce 
the determinant (8) immediately from the expansions (1), (2). 
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To help the memory, we notice that, if we drop the accents in 
the expression for T, the determinant (8) is the discriminant of the 
quadric Tp^ + U. 


517 . To apply Lagrange's equations to determine the initial 
motion of a system. 

The method has been already explained in Art. 282. The 
Lagrangian equations give the values of 6", (f)", &;c. in the initial 
position without introducing the unknown reactions. Differen- 
_ tiating the Lagrangian equations of Art. 506 we obtain 6"', <b"\ 
&c., and any higher differential coefficients. 

If X, y, z are the Cartesian coordinates of any point P of the 
system, we have by Art. 510, 

^ =/i <f>> &c.), y =/2 (e, (fi^ &c.), ^ = &c., 

and therefore by differentiation the initial values of x', tX;', &;c., 
y', y", &c., /, &c. may be found. The initial radius of durvature 
follows from the formulae of the differential calculus, Ar t. 280. 

518 . Let, for example, the initial acceleratioTis he required 
when the system starts from -rest The initial position being P * a 

&c. we put, as in Art. hlZ, 6 = ol + x, j> = ^ + y, &c. Since 
the system starts from rest, the velocities x', 'y', &;o. are small and 
we can make the expansions (1) and (2) as before. Since the 
initial position is not one of equilibrium, we no longer have Pj = 0 
p 2 = 0, &c. Retaining only the lowest powers of x, y, &ci which 
occur in the equations of motion, we have 

AnOj + + &c. = Pj 1 • 

•^12^ “h + &C. = Pg j . 

&C. = &C.J 

These determine the initial accelerations of the coordinates and 
therefore the component accelerations of every point of the system. 

^ 610 . Ex. 1. Let as apply the Lagrangian equations to find the small oscilla- 
tions of the two particles described in Art. 511, 

The quantities (9 represent the deviations of the rod from its position of 
equilibrium. The vis viva and work function expressed in quadratic forms are 
(M+m) + mU'e' + U=mgl (1 - J g^). 

The determinant is the discriminant of 

Tp^+U=l(M-hm) + mlp^^d + g) ; 

I (M + m)p^, mlp^ I =0. 

I mlp'^, ml(lp^-g) | 
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One principal motion is given by 

P^-'l ~]jf ’ ^-Gsm(pt + a), d=:Hsm{pt + a). 

The other is determined by p2=0; this implies that one coordinate takes the form 
'A + JBt. It is evident that the rod could be so projected along the horizontal wire 
that ^ has this form while 6=0. 

The student should apply Lagrange’s equations to the problems on small oscil- 
lations and initial motions already considered in the chapter on motion in two 
dimensions. He will thus be able to form a comparison of the advantages of the 
different methods. 

JEx. 2. Three uniform rods AB, BG, CD have lengths 2a, 2h, 2a and masses 
HI, m', m. They are hinged together at B and G, and at A, D are small smooth 
rings which are free to move along a fixed fine horizontal bar. The rods hang in 
equilibrium, forming with the bar a vertical rectangle. When a slight symmetrical 
displacement is given, the period of a small oscillation is given by 47nap2_3|^ (m-t-m'). 
Find also the periods when the displacement is unsymmetrieal. [Coll. Ex. 1897.] 

Ex. 3. Two equal strings AG, BG have their ends at the fixed points A, B, on 
the same horizontal line, and at G a heavy particle is attached. Erom G a string 
GJD hangs down with a second heavy particle at H. Find the periods of the three 
small oscillations. [The two periods of the oscillations perpendicular to the verti- 
cal plane through A and B are given in Art. 300, Ex. 1.] 

520. Solution of Lagrange^s Equations. Our success 
in obtaining the first integrals of the Lagrangian equations will 
greatly depend on the choice of coordinates. When the position 
of the system is determined by only one coordinate, the equation 
of vis viva is the first integral, and this is sufficient to determine 
the motion. 

When there are two or more coordinates, integrals can be 
found only in special cases. The general problem of the solution 
of the Lagrangian equations is too great a subject to be attempted 
here. It is sufficient to state a few elementary rules which may 
assist the student. 

521. We should, if possible, so choose the coordinates that some 
one of them is absent from the expression for the work function TJ. 
For example, if there be any direction such that the component 
of the impressed forces is zero throughout the motion, we should 
take the axis of z in that direction and let z be one of the co- 
ordinates. Again if the moment of the forces about some straight 
line fixed in space, say Oz, is always zero, the angle ^ which the 
plane POz makes vyith xOz will be a suitable coordinate. In that 
case dUld(f) = 0 and U is independent of (/>. These, or similar. 
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mechanical considerations generally enable us to make a proper 
choice. ^ ^ 

Let 9 be the coordinate absent from the work function, then 
if 6 IS also ohsentfrom the expression for T, though the differential 
coefficient 6 is present, the Lagrangian equation 

d dT dT dV ■ dT 

dtdO' dd ~ dO ecomes ^,~A, 

where A is the constant of integration. Thus a first integral, 

different from that of vis viva, has been found. 

522, IiionTiUe’s integral. LiouviUe has given an integral of Lagrange’s 
equations which has the advantage of great simplicity when it can be applied 
This may be found in vol. xi. of his Journal, 1846 ; the following is a slight modi, 
fication of his method. 

Let us suppose that the vis viva has the form 

2T=M {Pd’^+Qfp'^ + R^'^ + SiG.) (1)^ 

requires that the co^ 

efficient P should he a function of e only, while Q, R, dx., are not functions of 6, 
We notice that M may be a function of all or any of the coordinates, and Q, R, &c, 
unctions of any except 6. It is also necessary that the impressed forces should be 
such that the work function U has the form 

M(U+C)=:Fi{e) + F((f), <fec.) ,,,,.(2), 

where G is the constant in the equation of vis viva, 

’ ( 3 ). 

We shall now prove that lohen these conditions are satisfied, a first integral is 

+ A (4). 

We first put then f is a function of ^ only and we may temporarily 

take g>, ^p, &c. as the coordinates. We now have 

T — ^ M (f + Q<p''^ + &c.) =U+C, 

'and the Lagrangian equation for ^ is 

Using the equation 6i vis viva, this takes the form 

Substituliiig on the lieht-hand side from (2) and mnlliplpng by f, wo have 

Returning to the coordinate 6, ive have the integral (4), 

^ When the inhial conditions are given, the value of C can be found by introduc- 
ing these conditions into the equation of vis viva. If a solution is required for all 


liouville’s integral. 


323 


ART. 524 .] 


initial conditions C is arbitrary and in that case the condition (2) requires that 
both MX] and M should have the general form indicated on the right-hand of that 
equation. If 

ill (U+ C)=l\ (e) + No {(P) + &c., 

and Q, R, &c. are respectively functions of &c. only, it is evident that the 
method supplies all the first integrals. 

Ex. If ilJ=/i(0)+/o(0), MU =F^{e) + F„ {</)), integrate 

the Lagrangian equations by Liomille's method. The integrals are 


{d) -f CJ\ (e) + , ^M^Q4>'^=F., (<f>) + CJ\ {<p) +d^, 

adding these and using the equation of vis viva -sve see that Ai+A^=0. The paths 
are then given by 

jPdd _ s,fQdcp _J2dt 
J(F^ + Cf^ + A,) J{F., + Gf„+A'^ M * 

Multiplying these by and adding, the time is found by 

/j(i\ + CJi + Aj) Mj{F.2 + Ct.2+A^) 

■where all the variables have been separated. 


-=J2dt, 


523. Jacobi’s integral. If T be a homogeneous function of the coordinates 
6, (p, &c. of n dimensions and U a homogeneous function of the same coordinates 
of - (n-l-2) dimensions, then one integral is 

d^^, + <p ^f + &G. = (n + 2) Ct + A, 

where 0 is^the constant of vis viva and A an arbitrary constant. 

To prove this, we multiply the Lagrangian equations by d, 4>, &o. and add the 
products. Remembering Euler’s theorem on homogeneous functions, we have 

e^/~ + &G.=nT~{n + 2)U. 

dt dd 


The left-hand side is the same as 



dT 


d0‘ 


-, + &c. ]-2T 


since T is a homogeneous function of d', cp', &c. of two dimensions. Remembering 
that T-U=C,vre have ~ jd ={n + 2) G. 


Ex, A free system of particles moves under the influence of their mutual 
attractions, the law of force being the inverse cube; show that Zinr'^ = A+Bt + Gt'^ 
where r is the distance of the particle m from the origin. 

[Vorlesimgen fiber Dynamih.'] 


Some developments of these results are given in the first volume of the author’s 
treatise on Rigid Dynamics. 


624. Change of the independent variable. It is sometimes useful to be able 
to change the independent variable in Lagrange's equations from t to some other 
quantity t so that dr ^Pdt, where P is any function of the coordinates. 

We suppose that the geometrical equations do not contain the time explicitly, 
so that T is a homogeneous function of the form 

T= i A A^oO'cp' -1- k A.,2!p'- + (!)■ 
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Let suffixes applied to the coordinates mean differentiations with regard to t 
just as accents denote differentiations with regard to t. Then 

0' = P^j, &Q. 

Consider how any one of Lagrange’s equations, say, 
d (IT dT __dU 

dt d<f>' d(p~^ (^)j 

is affected by the change of t. Let us write 



Supposing that P is a function of the coordinates only, not of O', <j>', cfec., we have 

djT 

+ . . . = (A 12^1 + + . . . ) P= ^ , 

a0i 

d<j> 2 d0 +--U d4> =^‘^(p‘j- 

The Lagrangian equation therefore becomes after a slight reduction 

* A i 

dr d(p^ d(p~ F d<p'^P 'd^ W- 

If we use the equation of vis viva, viz. r= U+C, and notice that T=PT„ the 
right-hand side of this equation becomes — ~ ^ . The typical Lagrangian form 
therefore takes the form 

± ^ U+G 

dr d94]^ d0 ~ 'dip P~ (®)* 

We notice that though T=PT„ they are differently expressed. To obtain the 
partial differential coefficients of 2'a, the quantities 6', p'. Sea. must be replaced by 
P9i, Pp^, (fee. before differentiation. 

Suppose for example that the equation of vis viva (Art. 509) is 
T=M{^Ae'^- + &o.} = V+G, 

and that we wish to remove the factor M before deducing the Lagrangian equations. 
Changing the independent variable so that dr^Pdt, we deduce the Lagrangian 
equations by operating on 

2’2=MP{|A0i3 + &<3,|^ U2=— . 

Choosing il/P=l, we have 

l\=\Ae^-{-&(i., G^z=M{U+G). 

The factor ill has thus been transferred from the expression for the vis viva to 
the work function. Here ill is a function of the coordinates only. 

We may now change the suffixes into accents if we remember that the differen- 
tiations are to be taken with regard to r instead of t. This difference is of no 
importance if we require only the paths of the particles and not their positions at 
any time. If the time also be required, we add the equation dt=AIdT. 

Coordinates. The Lagrangian equations are much sim- 
puned when the expression for T can be put into the form 

(P6'‘^-|- Qp'~ + &c.), 

where the products B'p', cCv. are absent. We shall now prove that this will be the 
case when the coordinates of the particle are the parameters of svstems of curves 
or surfaces at right angles. 
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Let the equations of three systems of surfaces which intersect at right 

angles be f-y{x, y, z) = pi, /s {•'^i Ui ^) = P- 2 > /sK !/> ^)=P3 

where Pi, p^, p., are three constants or parameters whose values determine which 
surface of each system is taken. These parameters may be regarded as the co- 
ordinates of the point of intersection of the three surfaces. 

Such coordinates are called sometimes orthogonal coordinates and sometimes 
curvilinear coordinates. Their theory was given by Lam 6 in his Legons sur les 
coordonnees curvilignes, 1859. In what follows we adopt his notation as far as 
possible. 

As an example of orthogonal coordinates we call to mind a system of confocal 
ellipsoids and hyperboloids of one and two sheets, the lengths of the major axes 
be in g usually taken as the parameters. These are called elliptic coordinates. We 
may also notice that all the coordinates in common ^^se, whether Cartesian, cylindrical 
or polar, are orthogonal. In the first the point is defined as the intersection of 
three orthogonal planes, in the second we use a cylinder cut by two planes, and in 
the third a sphere cut by a right cone and a plane. 

Let {a-y, hi, be the direction cosines of a normal to the surface whose 
parameter is pi , then 

^^^hiiy^ ■ ""^^hi dz • 

+(!?) - 

Let dsi be an elementary arc of the intersection of the two surfaces p^, PaJ then 
dsj is also an elementary length measured along the normal to the surface pj . As 
we travel along this arc x, y, z and p^ vary, while pj, ps are constant. Hence 

aidx + hidy + Cidz — dpilhi (4). 

But the left side is the sum of the projections of dx, dy, dz on the normal and^ is 
therefore dSj^; hence dSi^dpilhj. It follows that the component of velocity 

along the normal to the surface pi is -yj = ^ ^ . In the same way the components 

of velocity normal to the other two surfaces may be found, and since these are at 
right angles, 






+ Jf2P-2 




( 5 ), 


where accents denote differential coefficients. 

In order to use this expression, it will be necessary to express hi, h^, h^, in 
terms of the new coordinates Pi, Pai Pa- To effect this we solve the equations ( 1 ) 
and determine x, y, 2 as functions of pj, pq, P 3 ; finally substituting these values in 
the expressions (3) for hi, h^, h^. This is sometimes a lengthy process. 


Motion on a Gurve. 

526. Fixed Curves. To find the motion of a particle on a 
smooth curve fixed in space. 

To find the velocity, we resolve the forces along the tangent 
to the curve. If F be the component of the impressed forces 
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X, F, Z, this gives as in Art. 181, 
dv ' 


mv 


ds 




_[_ y _j_ y 
ds ds~^ ds' 


If Z7be the work function,- i^=cZt//c? 5 , and we have 

U +G, 

which is the equation of vis viva. 

To find the pressure, we resolve in any two directions which 
may suit the problem under consideration. Supposing that we 
choose the radius of curvature and binormal, we have 


y = G + R^, 0 = H + R.2, 

where G, H are the components of the impressed forces; R^, R., 
the corresponding components of the pressure on the particle. 

These equations show that the pressure of the particle on the 
-curve is the resultant of two forces, (1) the statical pressure due 
to the forces urging the particle against the curve, (2) the centri- 
fugal force acting in the direction opposite to that in which 
p is measured, Art. 183. 


627. Ex. 1. A plane is dra^vn tlirougli the tangent at P making an angle i 
with the osculating plane. If p' be the radius of the circle of closest contact to 

the curve in this plane, then = ff' + P' where G' and R' are the components of 
the impressed accelerating force and of the pressure respectively. 

This follows from the theorem on curves p'<,o^i=p, corresponding to Meunier’s 

theorem on surfaces. 

Ex. 2. A helix is placed with its axis vertical, and a bead slides on it under 
the action of gravity. Find the motion and 
pressure. 

Let a be the radius of the cylinder, a the 
inclination of the tangent to the horizon. 
Drawing PL perpendicular to the axis of z, the 
radius of curvature is a length measured along 
PL equal to a sec^ a. If PT is the tangent, the 
osculating plane is LPT. If the helix is smooth 
we have 

2 cos2 a _ Pj 
« VI ' 

T> 

0 : 



v‘^— -2gz+ C, 


see that C=2gh. Since v— 
descending that height is cosec a sj2hfg 


P., 

= (7C0sa + — . 

m 

If the particle start from rest at a height h, 
dsidt and (fe sin a = ds, we find that the time of 
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If the helix is rough, the friction is + R ^) . Supposing that the coefficient 

of friction is (U=tan a, the resolution along the tangent becomes 

V ■^= -g sJ{v*cos^a. + a^g^)-, 


writing oos a = ^ for brevity, we find 


/: 




s sin 2a 


V + a^g^) -ag a 


+ C. 


To integrate this we multiply the numerator and denominator of the fraction 
on the left-hand side by the denominator with the minus sign changed. We 
then find 


, , „ ,, A o o o\> ag + J{v*QOS^ a+a^g-) s sin 2a _ 

log [v"^ cos a -1- cos- a -1- a^g '^) } = -- - + 


To find G we require the initial value of v. If this were zero the particle would 
remain at rest because /a=tan o. 


Ex. 3. A rough- helical tube of pitch a and radius a is placed so as to have 
its axis vertical and the coefficient of friction is tan a cos e. An extended flexible 
string which just fits the tube is placed in it: shoAV that when the string has fallen 
through a vertical distance ma its velocity is {ag sec o sinh 2/a)^, where g. is 
determined by the equation 

eot|etanh^=tanh(/rsine-Fi77icoaasin2e). [Math. Tripos, 1886.] 

Ex. 4. Two small rings Of masses m, m! can slide freely on two wires each of 
which is a helix of pitch p, the axes being coincident and the principal normals 
common ; the rings repel one another with a force equal to gmm'r when they are at 
a distance r from one another. Prove that if <p be the angle the plane through one 
ring and the axis makes with the plane through the other ring and the axis, the time 

in which (p increases from a to /3 is - 2 jB cos (p + C}~^ d<p, where 

A — 2\ *1 — TTiTT — > B = ^A, 

and a, h are the radii of the cylinders on which the helices are drawn. 

[Coll. Ex. 1896.] 


528. Moving curves. EJx. 1. A particle P is constrained to move on the 
plane curve z=f{x), which rotates about a straight 
line Oz in its plane with an angular veloeity w. 

It is required to form the equations of motion. 

Applying to P an acceleration vPx tending 
from the axis of rotation, we treat the curve as 
if it were fixed. Art. 495. Taking the tangential 
and normal resolutions, we have 

dv F .. G , R 

V — = — -1- w.'c cos \p, - - = Bin \p + — , 

ds m p m ni 

where v is the velocity of the particle relatively to the cumje, i//the angle the tangent 
at P makes with the axis of x, and p is the radius of curvature. Also F and G are 
the components of the impressed forces along the tangent and radius of curvature 
at P. 

We may replace the first of these equations by the integral of vis viva, viz. 
mv ‘^ = I {Fds + muPx dx) . 
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The second equation then gives the component B of pressure in the plane of the 
curve. The component B' of pressure perpendicular to the plane of the curve 
is given by 

where H is the eorrespondmg component of the impressed force, and /r is the 
distance of the particle from the axis of rotation. 


Ex. 2. 


viva then gives 


A circular wire is constrained to turn round a vertical tangent Oz with 
^ uniform angular velocity w. A heavy smooth 
bead, starting from the highest point A without 
any velocity relative to the curve, descends under 
the action of gravity. Find the velocity and 
pressure. 

Let C be the centre, OC=a‘, let P be the 
particle, the angle ACP = e, v = adeidt. We re- 
duce the plane to rest by applying to P an accele- 
rating force measured by u^x, where a: = a+asin 0,. 
and acting parallel to 00. The equation of vis 



iv^=g{a-aco8e) + u^ ] xdx\ 

J ® 


ir B 

—=g cos 0-u^x sin d-f — , 

a Ml’ 


.-. (a-acos^)-t-wV(2sind-f sih2(9). 

The components B, B' of the pressure on the particle respectively alone PC and 
perpendicular to the plane are given by , 

I d , „ . B' 

X dt • 

The latter equation reduces to B' =:2m(ov cos d. 

Ex. 3, Two small rings of masses m, in', (m>m') are capable of sliding on a 
smooth circular wire of radius a, whose vertical diameter is fixed, the rings being 
below the centre and connected by a light string of length a ^2: prove that if the 
wire is made to rotate round the vertical diameter with an angular velocity 
f 2g ^ 

m-m' \ ’ equilibrium on opposite sides of the 

vertical diameter, the radius through the ring m being inclined at an angle 60° to 

mm' V3-1 


the vertical. Show also that the tension of the string is 


■ff- 


t' V2 

[Coll, Ex. 1897.] 

Ex. 4. A smooth circular cone of angle 2a has its axis vertical and its vertex 
pierced with a small hole, downwards. A mass M hangs at rest by a string which 
passes through the vertex and a mass m attached to the upper extremity describes 
a horizontal circle on the inner surface of the cone. Find the time T of a complete 
revolution, and prove that small oscillations about the steady motion take place in 
the time T cosec a { (M-t- m)ISm}K j-Ooii. Ex. 1896.] 

Ex. 5. A smooth plane revolves with uniform angular velocity w about a fixed 
vertical axis which intersects it in the point 0, at which a heavy particle is placed 
at rest. Show that during the subsequent motion v^=p-^w^ + 2gz; where ^ is the 
depth of the particle below 0, p its distance from the axis and v the speed with 
which the path is traced on the plane. ,, gj. jggg ^ 
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529. A case of free motion with two centres of force. Ex. 1. A particle F, 
of unit viass, is constrained to move along an elliptic wire loithout inertia which can 
turn freely about its major axis. The particle is acted on by tioo centres of force, 
situated in the foci S, H, lohich attract according to the law of the inverse square. 
Prove that the pressure on the curve is zero in certain cases. 

We take the major axis as the axis of s and the origin at the centre. Let w he 
the angular velocity of the wire. Representing the distance of the particle F from 
the major axis by y, the component R' of pressure on the particle perpendicular to 
the plane of the curve is given by 

1 , 9 N -n, 

y dt 

But since the wire is without inertia, i.e. without mass, the wire moves so that 
the pressure R' bn it is zero, Art. 267. We therefore have throughout the motion 

y^w=B, 


where B is the constant of angular momentum about the axis of rotation. 

Let the distances of the particle from the foci S, JT be r^, rj; and let the central 
forces be fijr-f, 

To find the motion in the plane zOP, we apply to F an acceleration 
tending from the major axis, and then treat the curve as if it were fixed. We 
notice that the particle could freely describe the ellipse under any one of the forces 
M 2 /'’ 2 S if properly projected; see Arts. 333, 323. It immediately 

follows that if all the three forces act simultaneously, the pressure on the particle 
will be a constant miiltiple of the curvature, Art. 272. 


The pressure will be zero,’ if the square of the velocity of projection is equal 
to the sum of the squares of the velocities when the particle describes the curve 
freely under each force separately; Art. 273. We find therefore that if be the 
velocity relatively to the curve, the pressure is zero, if 


— 1^1 




If V be the resultant velocity of the particle in space, we have v^=vf + tiFy^. Hence 






-R2 


5^ 


When the pressure is zero, the wire may be removed and the particle describes 
its path freely in space under the action of the two given centres of force. The 
general path under all circumstances of projection has not been found. If the 
particle is projected along the tangent to any ellipse having 8, H for foci with a 
velocity lohose component in the pkrne of the ellipse is v^, and whose component 
perpendicular to the plane is v' = uy = Bly, it ivill continue to describe the ellipse 
freely, mobile the ellipse itself moves round the straight line SH with a variable 
angular velocity x — Bly'^. 

Ex. 2, If the particle is also acted on by a third centre of force situated at the 
centre and attracting according to the direct distance, prove that the pressure on 
the revolving wire is zero in certain cases. 
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530. Ex. A particle P of unit mass moves on a smooth curve which is con- 
strained to turn about a fixed axis loith an angular velocity w. It is required to 
find the relative motion. 


Let the axis of rotation be the axis of s and let the axes of x, y be fixed to the 
curve and rotate round Oz with the angular velocity w. Let us refer the motion to 
these moving axes. Since 0i = O, ^2 = 0, the equations of Art. 499 become 

V* X? \ 


-tr , -D 

dt 

where JS^, jRg are the components of 

u, V, w, , 


dy 

V = -f:-\-XC>}) 
dt 

dz 
w = — 

dt I 


( 1 ). 


the pressure on the particle. Eliminating 


d^x 


dm 


a^-X+Ii, + <.^-x-i-^y + 2x 
^=:Y + It, + cntyy^x-2x 


dt 

dx 

dt 


dt^ 


~Z + B^ 


( 2 ). 


The resultant of the two accelerating forces Ai = w^a!, l\=:uity is a force tending 
directly from the axis of rotation and whose magnitude is Fi = wV, where r is the 
distance of the particle P from .the axis. 


The resultant P^oi the two forces X^=:ydcaldt, ^ 2 = ~ aidwjdt is = -rdw/dt, 
and it acts perpendicularly to the plane containing the axis of rotation and the 
particle in the direction in which the angular velocity w is measured. 

To find the resultant Pg of the forces Xj = 2wdy/d!t, ^ 3 =: - 2(j)dxldt, we notice 
that the component along the tangent to the curve, viz. A'^d.-c/ds + Y.^dylds, is zero. 
The resultant acts perpendicularly to the given curve, and may be compounded with 
and included in the reaction. When only the motion of the particle is required, 
the force Pg may be omitted. 

Reasoning as in Art. 197, we see that the equations of motion (2) become the 
same as if the particle were moving on a fixed curve, provided we impress on the 
particle (in addition to given forces X, Y, Z) two accelerating forces, viz. (1) a force 
1 * 1 — (ah' and ('2) a force F^= ~ vdcaldt. 

The process of including the two forces Pj, F^ among the impressed forces is 
sometimes called reducing the curve to rest. 

The curve having been reduced to rest, the velocity of the particle relatively to 
the curve is found either by the equation of vis viva or by resolving along the 
tangent. We find 


where U represents the 
reduces to 


^i;2=C+ 17+ 



work function. If the angular velocity is 


uniform, this 


Ju2=C+U+.JcoV. 

The velocity thus found is the velocity relative to the curve. The actual velocity 
m space is the resultant of velocity v and the velocity ur of the point of the curve 
instantaneously occupied by the particle. 
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531. The„ pressure of the fixed curve on the particle is not the same as the 
actual pressure of the moving curve. Representing the first by R' and the second 
by jR, we see that R' is the resultant of R and the two forces Xs^'iwdyldt, ' 
Vgzs -2<adxjdt. We may compound these two forces into a single force Fg. We 
project the moving curve on a plane perpendicular to the axis of rotation. IfP' 
be the projection of P, dxjdt and dyjdt are the component velocities of P. The 
resultant is then evidently F3=2wu' where v' is the velocity of P' relatively both 
to the curve and its projection. The direction of Fg is perpendicular not only to 
the given curve but also to its projection. The components along and perpendicular 
to the radius vector are +2wrd0/d!t and -2wdr/dt. 

532, Ex. A small bead slides on a smooth circular ring of radius a. which 

is made to revolve about a vertical axis passing through its centre with uniform 
angular velocity w, the plane of the ring being inclined at a constant angle a to the 
horizontal plane. Show that the law of angular motion of the bead on the ring is 
the same as that of a bead on the ring of radius a/sin a revolving round a vertical 
diameter with angular velocity w sin a. [Coll. Ex.] 


533. A changing curve. A head of unit mass moves on a smooth Oui've 
ivhose fom is changing in any given manner. It is required to find the motion. 

Let the eq^uations of the curve be. written in the form 

x~fi{d, t), ^)> t) (1)) 

where 6 is an auxiliary variable. We may regard the position of the particle at 
any given time t as defined by some value of 6. Our object is to find 6 in terms of 
the time. 


Let us use Lagrange’s equations. We have 

r=iS(//+/j)2 (2), 

where 2 implies summation for all the coordinates, and partial difierential coeffi- 
cients are indicated by suffixes. The Lagrangian equation is 


d dT dT _ dU 

dt dO' dd ~ ~d0 


( 3 ) ; 

(4) . 


This is a differential equation of the second order from which d may be found. 

The three components of the pressure on the particle in the directions of the 
axes may be found by differentiating the equations (1). If X, Y, Z, be the com- 
ponents of the impressed forces ; R^, R.^, Pg those of the pressure, the Cartesian 
equations of motion are 

Since the pressure must be perpendicular to the tangent to the instantaneous 
position of the curve, we do not necessarily require all these equations, though it 
may be convenient to use them. 


634. Ex. A helix is constrained to turn about its axis Oz, which is vertical, 
with a uniform angular velocity w. Find the motion of a particle of unit mass 
descending on it under the action of gravity. • 

Let the axes OA, OB move with the curve and let OA make an angle wt with 
some axis of x fixed in space. Let the angle AON =9. See the figure of 
Art. 527. 
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The equations of the helix referred to axes fixed in space are 

.■r = aeofi (04-wt), y = asm{e + ut), z=afftana; 

2r = a:'2+?/'2+2'2^a2{(^' + w)2 + tan2ad'2}. 

Substituting in Lagrange’s equation, we find after a little reduction 
ad" = -(/sin a cos a, 

which admits of easy integration. It should be noticed that this result is inde- 
pendent of the angular velocity of the guiding curve, provided only it is constant. 
A similar result holds for any curve on a right circular cylinder turning uniformly 
about its axis. 

To find the pressure of the helix on the particle we use cylindrical coordinates, 
Art. 491. Let P, R be the components of the pressure, then since in the helix 
'p=a, ^ = d + wt, we find by substitution 

P=''-a (d'-)-u}2, Q = ad", Z - g = at&n ad". 

These show that the pressure on the particle is equivalent to a sustaining force 
g COB a acting perpendicularly to the osculating plane together with the radial 
pressure P. 


Motion 071 a Surface. 


535. Any Surfkce. To find the motion of a pa 7 'ticle on a 
fixed surface. 

Let P be the position of the particle at the time t, Pt) a 

tangent to the path, P^ a normal to 
the surface, and P^ that tangent to 
the surface which is perpendicular to* 
the path. Let P(7 be the radius of 
curvature of the path, PA the bi- 
normal, then PA, PG lie in the plane 
1^. Let X be the angle GP^. 

Let X, I, ^ be the resolved impressed forces parallel to 
any axes x, y, z fixed in space. Let the equation of the surface 
be/(«,2/, 5) = 0. 

The resolved accelerations of the particle in the directions 
PA, Py, PG are known to be zero, vdvjds and v^Jp respectively. 
Art. 496. Hence resolving in the direction Py, 



ds ds^ ds^ ds’ 

which if U be the work function at once reduces to 

^771V^=U+G 

This is the equation of vis viva. 
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Let R be the pressure of the constraining surface on the 
particle measured positively inwards. Then resolving along 
the normal, 

jj- p 

COS y = ±1 + Jti, 

P 

where E is the component of the impressed forces. If p' be the 
radius of curvature of the normal section of the surface 
made by a plane through the tangent to the path, it is proved 
in solid geometry that p = p'cos%. We therefore have 

=ir + i2 ..(2). 

P 

536 . If a, b are the radii of curvature of the principal sections of the surface 
at P, (p the angle the tangent to the path makes with the section a, we have by 
Euler’s theorem 

1 cos^ sin^ 0 

Let Vo be the resolved velocities of the particle along the tangents to the 
principal sections, then Vi=v cos <p and sin <p. The equation (2) then takes 
the form .. 

537. If the forces are conservative, the velocity of the particle 
is given by the equation (1) in terms of its coordinates at any 
instant and of the initial conditions. To determine the velocity 
at any point we do not require to know the path by which the 
particle arrived at that point (Art. 181). 

The pressure R is given by (2) in terms of the velocity at 
that point, the normal component of force and the radius of 
curvature of the normal section of the surface through the 
tangent. The pressure, is therefore also independent of the path. 
The whole energy G being given, the pressure depends on the 
position of the particle and the direction of motion. 

The equation (2) shows that the acceleration of the particle 
normal to the surface is v^/ p. It is therefore independent of the 
position of the osculating plane but depends on the direction of 
motion. 

538. To find the path of the particle we resolve in some 
third direction. Choosing the direction P^, we have 

— sin Y = P Wh 

P 


ri 
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where F is the component of the impressed force along- that 
tangent to the surface which is perpendicular to the path. This 
may also be written in the forms 


— T-tanY = J, -~ 


where p" is the radius of curvature of the projection of the path 
on the tangent plane. It is also called the geodesic radius of 
curvature; 

539. Geodesic path. If the only impressed forces acting 
on the particle are normal to the surface, F==0, and the third 
equation shows that either sin;!^ = 0 or that the path is a straight 
me. The path is therefore necessarily a geodesic line. 

If the surface is rough, the friction acts opposite to the 
direction of motion^ and F would still be zero. So also if the 
particle moves in a resisting medium the resistance is opposite to 
the direction of motion. Generally we conclude that the path of 
a particle on a rough surface in a resisting medium when acted on 
by forces normal to the surface is a geodesic. 

Conversely , if idle path is a geodesic line we must have sin v = 0 
and therefore F=0. The component of the impressed force tan- 
gential to the surface must then also he tangential to the path. 

640. To find the radius of curvature of the path and the 
position of the osculating plane when the position and direction of 
motion of the particle are given. 

To effect this we use the two equations 

, sm^cf> _cosY 
P p' a h p ‘ 

The particle being in a given position, F-, a and h are known. 

mce 0 is the angle the direction of motion makes with the 
principal section whose radius of curvature is a, we have 

cos <j!) + 5 sin 

where A and B are the given components of impressed force 
along the tangents to the principal sections. Thus the values of 
both sin xlp and cos xip follow at once. 
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541. Motion on a surface of revolution. When the 
surface on which the particle moms is one of revolution, it is 
generally more convenient to use cylindrical coordinates. 

Let the axis of figure be the axis of z and let ^ be the 
distance of the particle P from that axis. Let the equation of 
the surface be z =f (^). Let U be the work function, and let the 
mass' be unity. The equation of motion obtained by resolving 
perpendicularly to the plane zOP is 




dU_ 


( 1 ). 


We have also the equation of vis viva 

+ + ( 2 ), 


which, by using the equation of the surface, may be written in 
the form 

+ ( 8 ). 

Here accents denote differentiations with regard to the time. 


By solving (1) and (3) we determine the two coordinates f, <p> 
in terms of the time. 


In certain cases the solution can be effected. The equation 
(1) gives 

Let the impressed forces be such that 

r-U = F.(<P) + F,{l^) O)' 

where J\, are arbitrary functions. We then have 


Substituting this value of </>' in (3) we find 

|i + (I)} =F,{t:^)+or-A (6). 

Since . 2 ; is a known function of the variables in this equation 
are separable. The determination of as a function of t has 
therefore been reduced to integration. The differential equation 
of the path is found by dividing (5) by (6). It is evident that 
here also the variables are separable. 
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Since the expression for the vis viva, given in (3), can be 
written in the form 

where P is a function of ^ only, this solution is an example of 
Liouville s method of solving Lagrange’s equations ; Art. 522. 

542. ^ Motion on a sphere. When the surface on which 
the particle moves is a sphere, we may use polar coordinates, the 
centre being the origin. The equations corresponding to (1) and 
(3) of Art. 541 are found by putting |=;sin^, where I is the 
radius ; we then have 


These admit of integration when U. expressed in polar coordinates 
has the form ’ 

^iTa?dU=F^{r,cp) + F,{r,d). 

The resulting integrals are 

kP = F, (I, e) + G%m^e - a r 


of « ^ surface 

f™ i“ semi-vertical angle is a, under the action of a 

ep sive force imjr from the axisj the angular momentum of the particle about 

[Math. Tripos, 1897.] 

Eesolve along the generator and take moments about the axis, thus avoiding 
naL lef o°th integration that the path lies on a plane 

Lgle of the conT"' asymptotes is therefore equal to the 

arf-T 2. A particle P moves on a sphere of radius I under the action both of 
S the^nkl'' from a vertical diametral plane taken 

to inteeration^ I^ih ® determination of the motion can be reduced 

axis !f r rs projected horizontally from the extremity of the 

axis of ir, show that when next moving horizontally, it is in a lower positiom 

infinite straight line AB at right angles and the intensity of which is inversely 
thTvTloX from fi f 1 

the V locity from infinity from a point P at a distance a from the nearest point 0 
IfeVoP ' p' T r. inclined at an angle a to the 

fs O Mat if T °^ritre of which 

reaches the line 'ip ^ugle a, and that it 
reaches the line AB in the time sec a/J/,, where /x is the absolute force. 

[Math. Tripos, I860.] 
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Ex. 4. A particle moves on a spherical surface of unit radius, its position 
being determined by its polar distance 6 and its longitude (/>. If the tangential 
acceleration is always in the meridian, and sin^ cot 0 =«, prove that 

its value is (1 + vP) [u + . 

Prove also that the law of force perpendicular to the equatorial plane under 

I.- i- XI. 1. • 1 cos2<* sin^A . 

which the sphero-conic -T- 5-5 = -t- can be described is that of the inverse 

sin^ d sim a sm® 0 

cube of the distance. [Math. Tripos, 1893.] 

Ex. 5. A particle moves on a smooth helicoid, z = a^, under the action of a 
force /ir per unit mass directed at each point along the generator inwards, ?• being 
the distance from the axis of z. The particle is projected along the surface 
perpendicularly to the generator at a point where the tangent plane makes an 
angle a with the plane of xy, its velocity of projection being a/Jfx. Prove that the 
equation of the projection of its path on the plane of xy is 

1 + a?jr^ = Bec*a {cosh ( 0 /cos a) [Math. Tripos, 1896.] 


644. Cylinders. Ex. 1. A particle moves on a rough circular cylinder 
under the action of no external forces. Prove that the space described in time t is 
a sec® a . 




( ix"V‘ cos^ cti\ 

- log (1-1- - — — — j where the particle has initially a velocity F in a direc- 
tion making an angle a with the transverse plane of the cylinder. 

[Math. Tripos, 1888.] 

Ex. 2. A heavy particle moves on a rough vertical circular cylinder and is 
projected horizontally with a velocity F, Prove that at the point where the path 
cuts the generator at an angle 0 , the velocity v is given by 


aylv'^ sin® (p — agjV^ + 2fi.\og (cot <^-f cosec ^), 
and that the azimuthal angle 6 and vertical descent z are age=jv^d(l) and 
gz = jv^ cot ^d<p, the limits being <p=^ir to <p. [Math. Tripos, 1888.] 

The cylindrical equations of motion give 

^ [v sin 0 )= - - sin® ^ (v cos <p) = g--v^ sin® <p cos (p. 

(it Cl dt Oj 

First eliminating dt and putting ?; = l/i£) we obtain the first result. Secondly 
eliminating /x we obtain the others. 

Ex. 3. A smooth cylinder whose cross section is a cardioid is placed with its 
generators inclined at an angle a to the vertical and having the generator through 
the cusp in its highest position, and a particle is projected from the cusp line with 
velocity F along the inner surface of the cylinder inclined at an angle /3 to the 

generator; show that it will leave the surface if 'sin ®/3 ’ 

breadth of any section through the cusp. [Math. Tripos, 1887.] 


545 . String on a surface. Ex. 1. A string, one end of which is fastened 
at a point of the surface of a smooth circular cylinder whose axis is vertical, winds 
round the cylinder for part of its length, and terminates in a straight portion of 
length c at the end of which a particle is tied. Show that when the particle is 
projected in the direction horizontal and perpendicular to the string it begins to 
rise or fall according as the velocity is greater or less than sin a [gc sec a)^ ; a being 
the angle at which the string cuts the generators. 
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Prove also that during the ensuing motion ^ ^{r^w) + au 3 ^= 0 ; r being at any 

time the length of the projection of the straight portion of the string on a 
horizontal plane, w the angular velocity of the vertical plane drawn through the 
string and a the radius of the cylinder. [Coll. Ex. 1895.] 

Ex. 2. A string is wound round a vertical cylinder of radius a in the form of 
a given helix, the inclination to the horizon being i. The upper end is attached to 
a fixed point on the cylinder, and the lower, a portion of the string of length 
I sec i having been unwound, has a material particle attached to it which is also in 
contact with a rough horizontal plane, the coefficient of friction being n. 
Supposing a horizontal velocity V perpendicular to the free portion of the string 
to be applied to the particle so as to tend to wind the string on the cylinder, 
determine the motion and prove that the particle wiU leave the plane after the 
projection of the unwound portion of the string upon the plane has described 
an angle 

2fi tan i 2fj.V^ tan^^ i - gl tan i + ga ' [MS'*!!- T. I860.] 

Ex. 3. A fine string of length I is fastened to a point A of a smooth cylinder 
of radius a, and, being wound round the cylinder, has a particle of given mass 
attached to the free end. Show that, if the particle is projected in any direction, 
it will, so long as the string is tight and some portion of it remains wound on the 
cylinder, describe a geodesic line on the surface 

"I g 1 

+ Jx^ + y‘^-a^)=a, 

where the axis of the cylinder is the axis of z, and the axis of x is the radius 
through A. 

Show also that the particle cannot be so projected that the string shall not slip 
on the cylinder, except when the path lies in the plane of the circular section of 
the cylinder drawn through A. [Math. Tripos, 1893.] 

646. OausB' coordinates. The motion of a particle on a surface may also 
be investigated by using the geodesic polar coordinates of Gauss. In this method 
every surface has a geometry of its own, in which all the lines under consideration 
are drawn on the surface. The geodesics on the surface correspond to straight 
lines on a plane, and the properties of the figures are discussed by reasoning 
analogous to that of two dimensions. 

Let 0 be any origin, p the length of the geodesic drawn from 0 to any moving 
point P . Let w be the angle OP makes with some fixed geodesic Ox. Let 0 P' be 
a neighbouring geodesic, PL the perpendicular to OP'. Then in the limit LP' = dp, 
PL = Pdu. The theorem that OP=^OL is proved in Salmon’s Solid Geometry, 
Art. 394, edition of 1882. The quantity P is a function of p and w, whose form 
depends on the particular surface under consideration. On a plane P=p, and on 
a sphere of radius a, P=a am pja. On an ellipsoid when the origin 0 is at an 
umbilicus, P=y cosec w, where w is the angle the geodesic OP makes with the arc 
containing the four umbilici. The difficulty of finding the value of P for any 
surface prevents this method from coming into general use. 

The vis viva 2T of a particle of unit mass is given by 
r=i(p'2 + PV=^), 

where accents as usual denote differential coefficients with regard to the time. 
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Let U be the work function ; F, G the accelerations at P along and perpendicular 
to the geodesic radius vector OP. We have by Lagrange’s theorems, 


d dT_ 
dt dp' dp 

dt dci}' d(t) du 



=PG-, 


F=p"-F 


dp ‘ 


.(!)• 


0 = 4-J,(PV)-^-^ 


FdV 


dll) 


Since 


dP__dP , dP , 
.dt ~ dp '^ '^du 


this reduces to 


dP „ dP , , 
G=Pu3 -h w ^ + 2 u p 

dp 


du 


( 2 ). 


647. We viay also arrive at these results xoithout using Lagrange’s equations. 
Let M, V be the component velocities of P along and perpendicular to the tangent 
PT at P to the geodesic OP. Let P'T' be the projection of the tangent to OP' on 
the tangent plane at P. Since the tangent planes at P, P' make an indefinitely 
small angle with each other the component velocities at P along and perpendicular 
to P'T' are u+dxi and v + dv. If dd be the angle PT makes with P'T', the accele- 
rations along and perpendicular to PT are (as in Art. 225), 


_ (fit d9 

F=: V - , 

dt dt ’ 



H" u 


dt ' 


Nowm=/, v = Pw',, and by a theorem proved in Salmon’s Solid Geometry, Art. 
dP 

292, dd~-y-'dw. We therefore have 
dp 

/7P /7 /IP 

F=p"-Pu'^^^, G=L^Pu')^p'u'f^. 

These reduce to the same forms as before. 


548. F,t. A particle P, constrained to move on an ellipsoid, is attached to 
an umbilicus by a string of given length, which also lies on the surface. Prove 
that the particle describes a geodesic circle with a uniform velocity V, and that the 
angular velocity of the string about the umbilicus is Fsinw/y. Prove also that 
the accelerating tension is cosily, where is the angle the tangent at P to the 
string makes with the axis of ?/. 


549. Developable surfacea. When the surface on which the particle moves 
is developable, we may sometimes fix the position of the particle by using the edge 
as a curve of reference. Let s be the are of the edge measured from some fixed 
point A to a point Q such that the tangent at Q passes through P. Let QP=.u 
measured positively in the same direction as s. We then have 

'y-=-;7S “H-n/.' + .s )“. 

P“ 

The form of the surface being given, the radius of curvature p of the edge at 
Q is known as a function of s. When U is given as a function of u and s the 
Lagrangian method supplies two equations to find the coordinates u and s, 

Ex. A heavy particle moves on a developable surface whose edge is a helix 
with its axis vertical. Obtain two integrals by which s' and u' may always be 
found in terms of u and s. Show also that if the particle is projected along a 
tangent to the helix, it will continue to describe that tangent. 
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Motion of a heavy particle on a surface of revolution. 

560. To find the motion of a heavy particle on a surface of 
revolution the axis of which is vertical. 

Let the axis of z be the axis of the surface and let z be 
measured upwards. The velocity v is then given by 

v^- = 2g{h~z) ( 1 ), 

where ^ is a constant depending on the initial conditions. Let 
the plane z = hhQ called the level of no velocity. 

Let ^ .be the distance of the particle P from the axis of figure, 
and the angle the plane zOP makes with the plane zOx. Then 



where mA is the constant angular momentum and its value is 
known when the initial values of ^ and dtfijdt are given; Art. 492. 
The velocity v at any point being given by (1), the angular mo- 
mentum A must lie between zero and v^. It is the former when 
the particle is moving in the plane zOP and the latter when 
moving horizontally. The particle therefore can occupy only 
those points of the surface at which v^>A, i.e. those points at 
which 2g Qi — z^ > A^. If then wfe describe the cubic surface 

»ti 

(h-z)^^=A^/2g ( 3 ), 

the ^ of the particle for any value of z must be greater than the 
corresponding ^ of the cubic surface. 

This cubic divides the given surface of revolution into zones, 
separated by horizontal circles, and the particle can move only in 
those zones which are more remote from the axis of figure than 
the corresponding portions of the cubic. The zone actually moved 
in is determined by the point of projection. The particle moves 
round the axis of figure and must continue to ascend or to descend 
until it arrives at a point at which the vertical velocity can be 
zero, that is, until it reaches one of the boundaries of the zone. 

If the particle is projected horizontally it is on the boundary 
of two zones. It will move on that neighbouring zone which is 
the more remote from the axis than the corresponding portion of 
the cubic. If the cubic touch the surface of revolution, the 
particle is situated on an evanescent zone and will then describe 
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a horizontal circle. The path is stable or unstable according as 
the neighbouring zones a.re less or more remote from the axis of 
figure than the cubic surface. 

551. Ex. A ’particle is projected horizontally loith a velocity V at a point 
loliose coordinates are z. Will it rise or fall? 

If niR be the pressure on the particle, the angle the radius of curvatiu'e 
mates with the vertical, we see by resolving vertically, that the particle if inside 
and i/' < -Jr will rise or fall according as J? cos f is greater or less than g. 

To find It we resolve along the normal to the surface. Since the particle is 
moving along that principal section whose radius of curvature is the normal n, 
we have. V^jn = E - g cos i/'. Art. 536. Since n we see that the particle tcill 

rise, fall, or describe a horizontal circle according as is greater, less, or equal to 
g^ianj/. If «=/(f) be the equation of the surface of revolution, tan ^ = dz/df. 

To fin'd the level to which the particle will rise or fall we use the cubic surface 
described in Art. 550, the constants A and h being known from the equations 
Vi=A, V'^— 2g {h - z) . The intermediate motion may be deduced from the equations 
{!), (2) of the same article. 

552. Ex. To find the pressure on the particle when in any position. 

We use the formula given in Art. 536. The principal radii of curvature of the 
surface are the radius of curvature p- of the meridian and the normal n. The 
velocity perpendicular to the meridian being v.j = ?d0/di, the velocity Vj along the 
meridian is given by + The formula 

V,? „ 

— + — =E- pcos i/', 
p n T-i 

shows that 

This problem has a special interest because we can use it to represent experi- 
mentally the path of a particle under the action of a centre of force. If Q be the 
projection of the particle on a horizontal plane, the motion of Q is the same as 
that of a particle moving under the action of a central force whose magnitude is 
R sin \p. If then a surface is so constructed that the generating curve satisfies the 
differential equation R sin where R has the value given above, the path of 

Q should be a conic with a focus at the origin. 

The experiment cannot be properly tried with a particle, for the surface must 
then be very smooth. It is better to replace the particle by a small sphere which 
is made to roll on a rough surface, but in that case, the theory must be modified to 
allow for the size of the particle. Nature, 1897. 

553. Small oscillation. Ex. A heavy particle P, describing a horizontal 
circle on a surface of revolution, is slightly disturbed. It is required to find the 
oscillations to a first approximation. 

The plane zOP may be reduced to rest if we apply to the particle a horizontal 
acceleration Art. 495. Since ^'hl4>]d.t = A, this acceleration is equal to 

Resolving along the meridian, we have 
dh 

^, = Y(iosf-gBinfi, 

where \j/ is the angle FGO which the normal to the surface makes with the axis. 


_ , 2g{h-z) A‘^ 

Ti=g cos w+'N-A ^ -|- _ 

^ p l;- 
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Let the radius of the mean circle be N^P^-c and, let the normal to the surface 
at any point of its circumference make an angle PiGiO = 7 with the vertical. 



Since s may be taken to be the arc of the meridian between the particle and the 
mean circle, we have 

^ — C+SCOS 7 , \p = y + slp, 

where p is the radius of curvature of the meridian at its intersection with the 
mean circle. 

Substituting, we find by Taylor’s theorem . 

F=^oos 7 -^,sin 7 , ^ 

The position of the circle of reference is as yet arbitrary except that the 
deviation s must be small. Let it be so chosen that the mean value of s (taken for 
any long time) is zero; we then have F=0. The mean circle and the angular 
momentum mA are so related that A‘^=:c^g t&ny, while the oscillatory motion is 
given by s = L sin where L, M are the constants of integration. 

To find the motion round the axis of figure we use the equation ^d<l>fdt=A ; 

. # A A (\ 2ii \ 

. , At 2A cos 7 L 

+ — ^5 • -cos(pt + M) + N, 

where N is the constant of integration. 

If we write w for the mean value of we have A = c^w. We then find 

cw2=^tan7, 3 008=7^ + . 

The time the particle takes to travel from the highest position to the lowest or the 
reverse is trip. 

554. The Faraboloid. Ex. 1. A smooth paraboloid is placed with its axis 
vertical and vertex downwards, and its equation is ^=4taz. A heavy particle is 
projected horizontally with velocity V, the initial altitude being z = b, show that the 
particle is again moving horizontally at an altitude z=V^l2g. Show also that 
the pressure on the surface at any point of the path is inversely proportional to the 
radius of curvature of the parabola. 
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To prove the first, we notice that the angular momentum A = V^ where |®=4al!). 
The cubic ^{h-z) = A^'l2g becomes -hz + V^bj2g=(}, one root of the quadratic 
being z = b, the other b' is given either hyb + b' = h or b' = V^I2g. The second part 
follows from Art. 552. 

If the time T of passing from one limit to the other be required, we first 
notice that 

the limits being b and b'. This integral can be reduced to elliptic forms by putting 

a + 2 =( 5 ' + a) cos® 

Ex. 2. A particle moves under the action of gravity on a smooth paraboloid 
whose axis is vertical, vertex downwards and latus rectum 4a. If the particle be 
projected along the surface in the horizontal plane through the focus with a 
velocity i^{2nag), prove that the initial radius of curvature p of the path, and the 
angle e which the radius of curvature makes with the axis, are given by 

J{n^ + 1) p = 2na^2, (1 -n)'tan& = l+n. [Math. T. 1871.] 

Ex. 3. A heavy particle moves on a paraboloid with its axis vertical, the 
equation of the surface being .x'®/a + ?/®//3 = 4«. Show that the particle when moving 

a^/ 1 ' .\/B 1 \ z{h-z) 

horizontally must he on the quartio surface 4 ( ' 

where \ = + + ^ initial value of +’^ + 25 ^^ Show also 

that when the paraboloid is a surface of revolution, the intersection reduces to two 
horizontal planes and two coincident planes at the vertex. 

555. The Conical Pendulum. To find the motion of a 
heavy particle P on a smooth sphere*. 

It will be convenient in this problem to take the origin of 
coordinates at the centre 0 of the sphere and to measure Oz 
vertically downwards. Let I be the length of the string OP and 
6 the angle it makes with Oz. Let <p be the angle the vertical 
plane zOP makes with some fixed plane zOx. Let r be the 


* The problem of the conical pendulum has been considered by Lagrange in 
the second volume of his Mecaniqiie Analytigm. He deduces equations equivalent 
to (1) and (3) of Art. 555 from his generalized equations, and notices that the 
cubic has three real roots. He reduces the determination of t and ^ to integrals, 
and makes approximations when the bounding planes are close together.^ He 
refers also to a memoir of Clairaut in 1735. There is an elaborate memoir by 
Tissot in Liouvillc’s Journal, vol. xvii. 1852. He expresses t, z, and the arc s in 
elliptic integrals in terms of u. A long communication by Chailan may be found 
in the Bulletin de Soc. Math, de France, 1889, vol. xvn. There is a brief discussion 
of this problem in Greenhill’s Applications of Elliptic Functions, 1892, Art. 208. 
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distance of P from 0.?. Let h be the altitude above 0 of the 
level of zero velocity. We now proceed as in Art. 5.50. 


By the principles ofrangular momentum and vis viva, 



Eliminating d^/dt and writing r = ^ sin 

I" sin®^ =2g(h + I cos 6) sixi^d (2). 

Putting z = lcos 9, this may also be written in the form 

+ (3). 


To find the positions: of the horizontal sections between which the 
particle oscillates (Art. 550), we put dzjdt = 0. We thus have 
the cubic 

(h + - z^) ~ A^/2g = 0 (4). 

Since the initial value of z must make (dzjdty positive, the 
left-hand side of the cubic (4) is positive for some value of z 
lying between z=±l. When z ==± I %h.Q left-hand side is negative, 
hence the cubic has two real roots lying between + I and separated 
by the initial value of z. Let these roots be .0 = a and z = h. 
Lastly when 0 is very large and negative the left-hand side is 
positive, the third root of the cubic is therefore negative and 
numerically greater than 1. Let this root be 0 = — c. The 'particle 
oscillates between the two horizontal planes defined by z — a, z = b. 

Since the cubic can be written in the form 


z^ + hz‘^-Pz + {A’^l2g-Ph) = Q, 
we have the obvious relations 


0. -1- 6 - c = - /i, {a + b)G~ah = P, abc = A'^j^g - Ph. 


Conversely, when the depths a and b of the two boundaries of 
the motion are given, the values of the other constants of the 
motion, viz. c, h, and A, follow at once. We have 


ah ^ _ {P — 0 ?) (P — 52) 
a + b ’ 2g~ a + b 


h = c — a~b. 


656 . Ex. Prove (1) that one of the two horizontal planes bounding the 
motion lies below the centre ; (2) that the plane equidistant from the two bounding 
planes also lies below the centre; (3) that both the bounding planes lie below the 
centre if 2ghP<:A-; (4) if a length OC=c be measured upwards from the centre 0, 
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the point G is not only above the top of the sphere, but above the level of zero 
velocity. 

To prove (1), we notice that if all the roots were negative, every coefficient of 
the cubic (4) would be positive, which is not the case. To prove (2) ; since both 
a and h are numerically less than I, it follows from the v.alue of c that o + & is 
positive. (3) The two roots u and h will have the samb or different signs according 
as the left-hand side of the cubic when 2 = 0 and 2 = J has the same or different 
signs. The fourth result follows from the fact that c — h, i.e. a + b, is positive. 

The first and third results follow also from Descartes’ rule of signs ; for since 
all the roots of the cubic are real, there are as many positive roots as changes of 
sign, and as many negative roots as continuations. 

557 . jE.v. To find the tension of the string we produce the radius vector OP 
outwards to a point Q so that PQ is half the length of the string. Let z be the 
depth of Q below the level of zero velocity. Prove that the tension mR is given 
by lR=2gz'. Thence show that the string can become slack only when Q crosses 
the level of zero velocity. It may be noticed that the tension or pressure on a 
sphere is independent of the angular momentum mA. 

558 . Ex. 1. A 'particle P is projected horizontally with a velocity V. 
JOetermine whether it loill rise or fall, and find the position of the other boundai y to 
the motion. 

Let the initial radius OP make an angle a with the vertical. Resolving along 
the normal, we find that the initial tension mR is given by R = g cos a+V^jl. 
The particle will rise or fall according as Pcos a is > or <g, that is, according as 
F^cos a is > or <lg sin^a. If these are equal the particle describes a horizontal 
circle. See Art. 551. 

To determine how far it will rise or fall, we notice that one root of the cubic in 
Art. 555 is known, viz. 2 = Z cos a ; the cubic may therefore be reduced to a quadratic. 
But it is more easy to repeat the reasoning. We have by the principles of angular 
momentum and vis viva 

^ = Ff sin a, )%- = V^ + 2gl (cos 6 - cos a). 

Eliminating and putting zero for dOjdt, the limiting values of 9 are 

found from 

]72 = V^ + 2gl (cos e - cos a) ; 

sin=^ 9 

V'^ (cos 9 + cos a) = 2gl sin^ 9. 

Putting V‘^l2gl=2n for brevity, we find 

cos 0 = - 11 + ~ cos a -h a^), 

where the positive sign is given to the radical because cos 9 must be less than unity. 
This value of cos 6 and cos 0 = cosia determine the positions of the bounding planes 
of the motion. 

Ex. 2. A heavy particle, constrained to move on the surface of a smooth 
sphere of radius a, is projected horizontally with a velocity F from a point on the 
surface whose depth below the centre is x. Prove that, when next moving hori- 
zontally, the depth x' of the particle below the same point is given by 
2g[x-^-aP') + r^{x' + x) = (i. 
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Ex. 3. In the centre of a hollow sphere resides a repulsive force. A heavy 
particle is projected horizontally along the surface of the sphere from a point 
distant 60° from the highest point with a velocity due to falling througl^ the 
diameter by its weight only. Prove that it will be again moving horizontally at a 
point whose distance from the lowest point is tan~^4^|. [Coll. Ex.] 

Ex. 4. A particle is attached by a string to the top of a hemispherical dome, 
and is projected horizontally along the interior surface, which is rough, with a 
velocity just sufficient to prevent it from at once -leaving the surface. Find the 
velocity after describing a given arc, and show that it will, always remain in contact 
with the surface. ' . [Math. Tripos, 1863.] 


559. Ex. 1. Shoto that the radius of curvature of the path and the inclina- 
tion X of the osculating plane to the nm'inal to the sphere are given by 




g^A^ 


tan Y= 




where V is the velocity and niA the constant angular momentum. 


We follow the method given in Art. 540. Let F be the component of accele- 
ration along that tangent to the sphere which is perpendicular to the direction 
CoS Y 1 *1?^ 

of motion. Then = - , - sin x=F. To find F, we notice that the accelera- 
P t p 

tion perpendicular to the meridian plane is zero, while that tangential is g sin 0. 
Hence if the direction of motion makes an angle ^ with the meridian, 

F = g sin 0 sin \f'. 

Since- the components of velocity in and perpendicular to the meridian plane are 
ae' and a sin 0(f)', we have vcosf-=ae', v sin ^ -I fin 0(j)' . Choosing the latter 
component to find and remembering that Z^sin^d^'rr^, the values of cos^/p and 
sin x/p are evident. 


Ex. 2, A particle is projected with velocity V horizontally from a point on 
the surface of a smooth sphere. Prove that the radius of curvature of its path is 

^ radius of the sphere and a the inclination to the 

vertical of the radius at the point. [Coll. Ex. 1881 ] 


Ex. 3. A particle is projected inside a smooth sphere of radius I with a velocity 
.Jigl along a tangent to the horizontal equator, prove that at first the radius of 
curvature is 2Z/V5. [Coll. Ex. 1897.] 


560. Ex. Prove that the projection of the path of the particle on a horizontal 
plane is a central orbit described under a force R sin 0 = -^ {2h + Bs/(l:- - r''^)}, where 
the radical changes sign lohen r= l. 

Show also that if the two roots a and b of the cubic in Art. 565 have the same 
signs, the central path is a spiral curve touching alternately two circles whose 
radii are and the curve being always concave to the centre of 

force. If a' and b have opposite signs the central path after touching each bounding 
circle, touches the circle r = l and then touches the other bounding circle. There 
will be a point of inflexion only if R vanishes and changes sign. 
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561. Ex. If roe write ^h + l cos d = kaos ip, the general equation of motion.of 
a conical 'pendulum may he reduced to the form 

- sin® (cos - cos 3a), 

by properly choosing the constants k and a. 

Show that these values are 

+ -«3cos3a=^ + ^ft®-|w®. 

Find also the positions of the bounding planes when the constants k and a of the 
motion are given. 

662. Time of passage. The motion of tho particle as it 
travels from one boundary to the other may he found hy an elliptic 
integral. 

We write the equation (3) of Art. 555 in the form 

V(2g),_ f 

I J f {a — z) {z — h) {z cf 

where the limits are z = a and z = h, and a>h. Putting z — a — 
the integral takes a standard form which is reduced to an elliptic 
integral by writing ^ = sin i/r \/{a ~ 6), i.e. we write 
z = a cos® i|r + 6 sin® ip' ; 

. V{2.9), 2 r ' df 

I f(a + c)j\/{l — K^sm^'^)' 


where 


a — b 


P + ab 


a c a b 

If the time of passage, from one boundary to the other is required, 
the limits are 0 and I-tt. 


If the two bounding planes are close together, k is small. By 
expanding in powers of k and eflfecting the integrations we find 
that the time from one boundary to the other is given by 


V(2^) 

I 


f{a- 




If the two bounding planes are also close to the lowest point, 
we put 

a cos a = Z (1 — 6 = Z cos ^ = Z (1 — 1 / 3 ®). 

We then find that the time of passage from one boundary to the 
other is 




1 + 


a® + (d‘‘ 
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the fourth powers of a and ^ being neglected, 
given by Lagrange. 


This result is 


Let u 


Jo 


\/(l — K- sin^ -x/rj value of u when 

ir = i-TT. Let t be the time of passage from the lower boundary 
to the depth ^ defined by any value of f , and T the time from 
one boundary to the other, then tjT = ujK. 

f' \ *he lower to the 

pper boundaiThas elapsed, the particle is above the mean level between the two 
boimdaries. Prove also that the depth of the particle is then (/« + b)/(«' + l). where 

[Tissot.] 

partMe is ^ ^ 

+ + !)_+_& (V(l + k') - ^k') 

(i+V«')N/(l + «') • 

664. The apsidal angle. To find the change in the value 
Of <f) as the particle moves from one hounding plane to the other. 

Eliminating dt between (1) and (3) of Art. 555 we find 


^ f ^ 

^l J — ■s^) — b) f(2! + c)(l^ 


whei^ the limits of integration are .^ = 6 and .^ = a, and a>h. 

utting a ~-m + p, h = m- g,, z=zm + ^ qo that m is the middle 
value of ^ and g the extreme deviation on each side of the middle 
we have ’ 


V(2jr) 




d^ 


J f(g^- V(»rTcTf ) [P - (m + ^y\ 

where the limits are ^ = — g and g. 

565. When the bounding platies are close to each other the 
range g of the values of g is small. If also the planes are not 
near the lowest point, the two last factors in the denominator 
m-e not small for any value of f. We may therefore expand 
these m powers of f and thus put the integral into the form 
d^ 


d.=f 


(vP + + R^-) = tt (P -1- I- Rg-y 


' fig^- P) 

After calculating P and R, this gives 

A — f-j _ 3 {W 4- 13?n‘^) mfi- 

\/(P + 3m2) I 4 (Z2 - mf {P + 3w=)' 
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see. If both the hounding planes are near the lowest point of the sphere, I and 
z are nearly equal, and the last factor in the denominator of (p (Art. 564), may be 
so small that its changes in value are considerable fractions of itself. We write 
the integral in the form 

^ 1 

Al ^ j s/ia~z) ^{z-b){l-z) ' ,J(c+z) (l + z)' 

The two factors in the denominator of the second fraction are not small and these 
may be expanded in' powers of some small quantity properly chosen. We shall 
make the expansion in powers oi I- z=7}. 


Eememhering the values of A and c found in Art. 565, we have 

<^=2 f + 2 ’ 

all these integrals are common forms. To find the first we put I - z= l/«. We have 

f dz _ 1 f du 

J J(a - z)^{z-b) (l-z) ~ J{1- a) J(l~b) } - u) sj{u - p) ' 

where a and j8 are two constants which we need not calculate. For since the 
limits of the first integral, viz. z = a, z = b, make the denominator vanish, the 
limits of the other must be u=a, uAp. Putting 14=4 (a + j3) + f we see at once 
that the value of that integral is v. ' Since 71 = 1- z the values of the remaining 
integrals have just been found. Hence 

where, we have written for c + i! its value given in Art. 566. 

If p, q be the radii of the circles which bound the oscillation, we have 




and in the small terms which contain the product pq as a factor, we can write 
a=l,b = l-, hence (see Art. 562) 






p^ + q^} 

p r 


The first of these results differs from that given by Lagrange. The correction 
was first made by M. Bravais in a note to the Mecanique Analytique. 


567 . Ex, A simple spherical pendulum of length I is drawn out to the 
horizontal position and is then projected horizontally with a velocity 2_pl. Show 
that, if d is the angle that the string makes with the vertical, and (p the azimuthal 

angle of the vertical plane through the string, sin 6 sin {(p-pt)=^ \/2 cos d, where 

a is equal to ijgll. [Math. Tripos, 1893.] 
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Motion on an Ellipsoid. 

568. Cartesian coordinates. To find the motion of a 
particle of unit mass on an ellipsoid*. 

Let X, T, Z be the components of the impressed forces in 
the directions of the principal axes. Let R be the pressure on 
the particle measured positively inwards. Since the direction 
cosines of the normal are pxja^, &c., the equations of motion are 


f^Y-Rp!,. y'^X-Rp£...(l), 

where accents denote differential coefficients with regard to the 
time. We also have from the equation .of the surface 


a 


a ^ A2 ^ .2 


," 2 . 


XX , yy , zz x‘^ y ^ z'' 


•( 2 ), 

.( 3 ). 


Multiplying the dynamical equations (1) by x\ y\ z\ adding and 
integrating, we have 

i + y'^ + ^ ■\-f{Xdx + Ydy + Zdz) (4) ; 

.\\v^=G+U, 

where U is the work function and C' is a constant. This is of 
course the equation of vis viva. 

Substituting from (1) in (3), we find 


Rp 


-I- ‘A _| 


(^+yl 

\ ^ hi 


z- 
c 


+ 


U”“ lY 




The motion of a particle constrained to remain on an ellipsoid is discussed 
by Liouville in his Journal, vol. xi. 1846. He uses elliptic coordinates and shows 
that the variables can be separated when V = (^) _ („). There is also 

a paper on the same subject by W. E. Westropp Eobefts in the Proceedinrjs of the 
Mathematical Society, 1883. He also uses elliptic coordinates and especially treats 
of the case in which the path is a line of curvature. The case in which the 
particle is attracted to the centre by a force proportional to the distance is solved 
in Cartesian coordinates by Painlev^, Lecnns sur I’inteyration des equations diffe- 
rentielles de la Mecaviquc, 1895. He also treats separately the limiting case of a 
heavy particle moving on a paraboloid whose axis is vertical. There is a short 
paper by T. Craig in the American Journal of Mathematics, vol. i. 1878. He 
discusses the same problem as Painlevc, beginning with Cartesian coordinates, but 
passing quickly to Elliptic coordinates. He shows that the path is a geodesic when 
the central force is zero and the particle is acted on by what is equivalent to a 
force tangential to the path and varying B.sf(t) + F{s) v where s is the arc described. 
This result follows also from Art. 539. 
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6^ + 3? 


In an ellipsoid we have 

1 _ if 1 P 'm2 

1)2 

where B is the semi-diameter of the ellipsoid whose direction 
cosines are {I, m, n). Also the radius of curvature of the normal 
section whose tangent is parallel to JD is p = B^jp. Taking B to 
he parallel to the tangent to the path l = cc'lv, m^y'jv, n^z'jv. 
The equation (5) is therefore the Cartesian equivalent of 


R==--N 

P 


•in 


where A is the inward normal component of the impressed force. 

569 . In certain cases we may find another integral. Differ- 
entiating (5) and remembering (6), we have 


d /R 


dt V 


P 


= 2 


OB X 


, yY I 

2 '^2 ’ i ” 


d fXx 

+ 


dt \ a^ 


a^ c 

Substituting for x'\ y", z" from (1) and using (6), 


^ ej 






dt \p, 
R 


+ &c., 


(«)• 


dt \p 

If then the forces acting on the particle are such that 

+ + = 0 ( 9 ). 

we have • R = Ap^... (10). 

Substituting in (5) or (7), we have the third integral which may 
be written in either of the forms 


¥ 


z “ 
c- 

9 


a^ 


Yy 

¥ 


Zz . 


N = Ap^ 


( 11 ). 


If only the direction of motion is required, we eliminate v 
between the equations (4) and (7). Kemembering that p — B-j-p, 
we see that the direction of motion at any point of the path 
is parallel to that semi-diameter B whose length is given by 

2(cr+o)^ iV (1,^. 

jj- 
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Supposing the condition (9) to be satisfied we notice that 
when the initial velocity and direction of motion are such that 
the equation (11) gives = 0, it follows by (10) that the pressure 
R is zero throughout the motion. The particle is therefore free 
and moves unconstrained hy the ellipsoid. Conversely, if the 
particle, when properly projected, can freely describe a curve on 
the ellipsoid, the condition (9) is satisfied. If it can describe the 
same curve when otherwise projected, the pressure varies as p\ 

If the components X, Y, Z do not satisfy the condition (9), 
we may sometimes make them do so by adding to them the 
components of an arbitrary normal force F and subtracting" F 
from the reaction B. The condition (9) then becomes 


1 d 


where F is an arbitrary function of x,y, z and jp is a function of 
a, y, A given by (6). The equation (10) then becomes B==F-\- Ap\ 
It is only necessary that the condition (9) should hold for the 
path of the particle, but as this is generally unknown, the con- 
dition should be true for every arc on the ellipsoid. 


S70. Ex. A particle is acted on by a centre of attractive force situated at the 
centre of the ellipsoid, the force being Kr. If E is the semi-diardeter parallel to 
the tangent to the path, prove that 

^ = ^/(a: + A'p^), = 2(7 - 

These reduce to the ordinary' formulffi of central forces when A—Q. 

Since X=:-kx, &e. the condition (9) is satisfied. The first of the results to be 
proved then follows from (11), for N=Kp. 


671. Ex. A particle P moves on the ellipsoid under the action of a force 
Y= - kIi/, whose direction is always parallel to the axis of y, and is projected from 
any point P with a velocity = m a direction perpendicular to the geodesic 
joining P to an umbilicus. Prove that the path is a geodesic circle having the 
umbilicus for centre, i.e. the geodesic distance of Pfrom the umbilicus is constant*. 

We see by substitution that the condition (9) is satisfied by this law of force. 
The path is therefore given by 




A2P+ 


N 


V-=:-!^ + 2C, 

y- 


where, as before, D is the semi-diameter parallel to the tangent to the path. Since 
the cosine of the angle the normal makes with the axis of y is pyjb^, we have 


* This result is due to W. E. W. Eoberts, who gives a proof by elliptic cO' 
ordinates in the Proceedings of the London Blath. Soc. 1883. 
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1 A 1 

N=Kjp/ 6 y. The conditions of projection show that (7=0. Hence ^ = + p • 

If p, a are the semi-axes of the diametral plane of P 

p 2 ^(r 2 _Cj 2 ^ J, 2 ^g 2 _y 2 ^ pa — abclp. 

If also D, D' are two semi-diameters at right angles of the same plane 
1111 a? + b'^+e^-r^ 

X»2 + X)'2-p2 + 0.2- a262c2 P > 

1 _^a^-\-b'‘+c^-r'^ _ _1 Ay^ 

p^D'^ ~~ K 

Substituting for p and r their Cartesian values 

jp2J)/2 ~ ^2^2 a^b^C^ \ »“ c^J 

Using the equation to the surface, this becomes 

1 1 . |(aS-62)(62-c2) Ah^\ 

Since the particle is projected perpendicularly to the geodesic defined by pD'=ae, 
the coefficient of y^ must be zero. It then follows that throughout the subsequent 
motion pD'==ac, and the path cuts all the geodesics from the umbilicus at right 
angles. These geodesics are therefore all of constant length. 

Let w be the angle which the geodesic joining the particle P to an umbilicus U 
makes with the arc joining the umbilici. If ds be an arc of the orthogonal trajectory 
of the geodesics, d 8 =Pdw, where P=?// 8 inu (Art. 646). Since v’^=Kly^ it follows 

that the angular velocity w' of the geodesic radius vector is given by siri w. 

a ' 

When the ellipsoid reduces to a disc lying in the plane a;y,ithe geodesics become 
straight lines and the geodesic circle reduces to a Euclidian circle having its centre 
at H(kxt. 676). The theorem is then identical with one given by Newton, viz. that 
a circle can be described under the action of a force 7= - /c/?/®. 

The motion of a particle in a geodesic circle under the action of a force, or tension, 
along the geodesic radius is given in Art. 548, where the result is deduced from 
(xauss’ coordinates. 

C72. Ex. 1. A particle, moving on the ellipsoid, is acted on by a centre of 
force situated at any given point E. If the force F is such that the condition (9) 
is satisfied, prove that P=,ar/P®, where r and P are the distances of the particle 
from E and, from the polar plane of E respectively. Thence show that, if the 
initial conditions are such that the constant j1=0, the path is a conic and the 
velocity at any point is given by v‘^=pN. 

To prove this we put X=zG(x-a), Y=G(y -P), Z=G{z-y), where G—Flr 
and (a, |3, 7 ) are the coordinates of E. Substituting in the equation (9) and 
remembering (2) Art. 568, we have an easy differential equation to find G. When 
A = 0 , the particle moves freely on the ellipsoid under the action of a central force. 
The path is a plane curve and is therefore a conic. The equation of vis viva fails 
‘ to give the velocity, but this is determined by (11) Art. 569. when the direction of 
motion is known. 


/ X Jl -a \ o 

(^2 + P + 7 )^ 
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Ex, 2. A particle moving on a prolate spheroid is acted on by a central force 
tending to one focus and attracting according to the Newtonian law. Prove that 
the integrals of the equations of motion are 


/ dry 
\dt ) 


2fX, fjJjr^ ^ ^ i!)2p2 

r ar‘ 




r 


where j? is the perpendicular from the centre on the tangent plane, r the distance 
from the focus, and A, B the constants of integration. 


673. Ex. 1. A particle under the action of no external forces is projected 
from an umbilicus of an ellipsoid, prove that the path is one of the geodesics 
defined by pJD =ac. 

Ex. 2. A particle is projected with a velocity v along the surface of an 
indefinitely thin ellipsoidal shell bounded by similar ellipsoids. Prove that when 
it leaves the ellipsoid the perpendicular p from the centre on the tangent plane is 
given by MF^It^=v^ahe, where B is the radius vector paraUel to the initial 
direction of motion, P the perpendicular on the initial tangent plane, M the 
attracting mass and a, ft, c the semi- axes of the ellipsoid. [Math. Trip. I860.] 


674. Ex. Let the forces be such that Zdv) is a perfect 

differential, say dS, for all displacements on the ellipsoid, where A, p., are the 

direction cosipes of the normal, i.e. X=jpiB/o2, &c. Prov^ that 

P+N=2i)»(5+P). J)=2p3(S'+P). 

where B is the constant of integration. 

Divide (8), Art. 669, by p^ and integrate by parts. The integrals of the equations 
of motion are then obtained by using (6) and (7), remembering that p-D^/p. 


676. In order to include in one form all the different cases of paraboloids, cones, 
and cylinders, it may be useful to state the results when the quadric on which the 
particle moves is written in its most general form (f>{x, y, z)-0. 

. . 4 

Writing where suffixes denote partial differential coefficients, 

let the forces satisfy the condition 

I 1 I (0/^)=O .....(9), 

for all displacements on the quadric. We then find that the pressure 
The three components x', y', z' oi the velocity may be deduced from the equations 
+ (2) , I (a:'2 +y'^+z'^) = U+C (4), 

+ &o. + 2<p^'y' + &c. + <f>^+<PyY+ 4 >,Z= — .,. (5), 

1 ? 

where the numbers appended to the equations correspond to those in Arts. 668, &c. 

673. BUiptie coordinates. Preliminary statement. The position of the 
particle P in space is defined by the intersection of three quadrics confocal to a 
given quadric. In the figure APC, A'MM', A"NN' are respectively the ellipsoid 
hyperboloid of one sheet and that of two sheets; only that part of each being 
drawn which lies m the positive octant. Let their major axes OA=\ OA'==fi, 
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0A''=p. Let a, h, c be the three axes of any confocal. If a‘^-c^=¥, 

then OjBr= ?i, 0 A= Ifc are the major axes of the focal conics. 

The quantities X, m, v are the eUiptic coordinates of P; the first X is always 
positive and greater than the second jx is less than ft and greater than A; the 


, N 



third . is less than A. and changes sign when the particle crosses the plane of yz. 
tmra v is less man n, ^ two of these are 

^^1 anr^e thild^is^iL’^nary. "rhese radicals are positive when the particle lies 
Sihe positive octant, bnt the aeoond or third vanisheB and changee 
rartirlsse. the pU ot ar, according .. it traveie along PN or PM. Snnrlar 

remarks apply to the z axes. ^ \ 

The major axes of the three confocals which intersect m any point {x, y, z) 

given by the cubic ^2 


; + 




where hand it an= the constants of the system. of fcacdons and^ ' 

ing the cnhio in descending powers ot o>, we see that the three roots X , a , s a 

snchthat Xs+^.+,^=aS+./+r«+W+«? )' 

+ + + 

\fxv = hkx ) 

Prom the third equation we infer by symmetry 

= ( 2 ). 

677 . To prove that the velodty v of a paHide in elUptio 
coordinates is given hy , , ^ o\ , « 2\ ta 

We notice that the three quadrics confocal to a 

each other at right angles at P. so that the square of the velo y 
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is the sum of the squares of the normal components of velocity. 
It is therefore sufficient to prove that the first term is the square 
of the component normal to the ellipsoid, the other terms follow- 
ing by symmetry. If p is the perpendicular on the tangent plane 
to the ellipsoid, the normal component is p'. Let {I, m, n) be the 
direction cosines of p, then 

— hj^) _ ^ 2 ^ ^2 

== 'S? — h^Tn? — pp' = w\ 

If Di, Dg are the semi-diameters of the ellipsoid respectively 
normal to the tangent planes at P to the two hyperboloids, we 
know that 




p^ 








See also Salmon’s Solid Geometry, Art. 4(10. 


578. To find the motion of a particle on an ellipsoid in elliptic 
coordinates. Let the ellipsoid on which the particle moves be 
defined by a given value of X. The mass being taken as unity 
the vis viva is determined by 


2P = = {y? - v^) 

This we write for brevity in the form . 


(y2 _ __ ^2^1 



2P= M + Qv'^] 

If we express the work function U in terms of (X, /a, v), we 
have (since X is constant) the Lagrangian function T+ U expressed 
in terms of two independent coordinates p, v. 

Comparing (5) with Liouville’s form. Art. 522, we may obviously 
solve the Lagrangian equations by proceeding as in that article. 
The results are that when the forces are such that the work 
function takes the form 


the integrals are 




•(A), 


^ ^ (ya^ - A*) _ ^2^ - A (f) +Op^ + A 


...(B). 
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There is also the equation of vis viva 

+ C (C). 

Dividing one of the equations (B) by the other, and remembering 
that A is constant, the equation of the path takes the forms 

{tj? - }fi) {(J? - F) {J’l (ii) + C/jfi + 1} ~ {v^ - h?) - A-q {i-'s (1>)-Gp^-A} 

in which the variables are separated. 

679. Ex. 1. Let and be the components of the velocity of the particle 
in the directions of the lines of curvature defined by ;u.= constant and j'= constant 
respectively. Prove that 


2_t!2, 


F^{v)-Cv'^-A 


~ 


11 JE_ 

j 


2“! p?-p^ 

Prove also that the pressure R on the particle is given by 

■where p is the perpendicular on the tangent plane and N the normal impressed 
force. The value of p in elliptic coordinates is given in Art. 677. See Art. 568. 

Ex. 2. Supposing that the equation (D) of Art. 678 is written in the form ■ 
RdiJ,= Qdp in which the variables are separated, shoAV that the time 

t=jPii^dii - jQp^dp. [Liouville, m.] 

The equations (B) become 

(fjL^~p^)Pdix = dt, Qdpsidt. 

Multiplying these by fP, p^ respectively and subtracting we obtain the result. 

680. To translate the elliptic expressions into Cartesian geometry we use the 
equations (1) and (2) of Art. 576. Let the normals at the four umbilici U^, U^, &c. 
intersect the major axis in the two points E^, E^, which of course are equally 
distant from the centre 0. We easily find that 

(1). 

A A 

The equations (1) Art. 676 give 

hkv . (X^-feq 

X- 






a;± ) 4- ys + a.! 


.( 2 )- 


Let I'l, r^ be the distances of the particle from the points Ej, JSj, and let m 
be the distance of from the umbilicus Ui', then 

(fx-p)^ = r-i^ - (ja + J' )“ = 

From these /x, p may be found in terms of x, y, z and the constant \. 

581. Ex. Show that the equation E((a^-vq.= Ei(^)H-E 2 (j') is equivalent to 
{Up,p,) = £-^(Up,p.^, where p,=:JO?-iii^), p,, = J{ri-w?). 

We have U {/x- - p^] 
d/xdp 

A. 

dfx 

The result follows at once. 


=0, and by (2) Art. 580 
d d d d d 

dpi ^ ’ dp~ dp^ dpi ■ 
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582 . The condition (A) of Art. 578, viz. 

{u.^~v'^)U=FAl*)+F^{r)..... (A), 

can he satisfied by several laws of force. 

1. Let the force tend to the centre of the ellipsoid and vary as the distance. 
Eepresenting the force hy Hr, we have, by (1) Art. 576, 

17= - + (\2 _ /i2 _ ^2) j. . 

Fj{fl)=~lH (X2 _ ;j2 _ ^2) ^2}^ {v) = \H {*>4+ (X2 - 7i2 _ 

Substituting these in the equations (B), the motion is known. 


2. Let the direction of the force be parallel to the axis of x, and X— -2Hlx^. 
Then 

H Hh^k'^ . „ mm 


^ a:2 ~ X‘VV’ 

3. Let the work function Uz 


.2 mm \ 1 1) 


H 


particle from the point , Art. 580. We then have 
H 


, where r^ is the distance of the 


H=- 




To find the force we notice that since dUjd\=zO, the direction of the force is tan- 
gential to the ellipsoid. Also 

(/t - = a;2 + ^2 + 22 _ 2a: W/\ - + ;i2 + ^;2 ; ^ 

^ ' hk fhkx \ d\) 

‘-v)® r" X V X» ^J dx)' 


^~dx~ 


(M' 


with similar expressions for Y and Z. Now the equation to the ellipsoid being 
X= constant, the last term of each of the three expressions represents the compo- 
nent of a normal force. This normal force has no effect on the motion. Taking 
only the remaining terms we see that X, Y, Z are the components of a central force 

Hr. 

. When the ellipsoid is reduced 


tending to the point E whose magnitude is 


{r{^~m?) 

to a disc, X=ft (Art. 576), and jre=0 (Art. 580). The point E-^ becomes a focus and 
the law of force is the inverse square. 


583 . Ex. 1. Show that a particle can describe the line of curvature defined 
imder the action of the central force — ^ tending to the point E.. 

(rj2 - m^)® 

Show also that the velocity at any point is then given by v^z=:H -f — ? — - . 

. _ ((ri®-m®)^ /*of 

We notice that when the ellipsoid reduces to a plane, m=0, and this becomes the 
common expression for the velocity under the action of a central force varying as 
the inverse square. 

Eefemng to the general expressions marked (A) and (B) in Art. 678, we see that 
the particle will describe the line of curvature if both ju' z=0 and ya"=0 when /uz=jug. 
This will be the case if we choose the constants G and A so that ”* 

■^1 (a^) + <7/*^ + A = (/! - ^g)2 0 (^) j 

where ,6 (^) is some function of Supposing this done, we have, when ju=gg, 
(^rt.579) 


SPHEROIDS. 
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In the special case proposed U=Hj{tJL-v). We have therefore to make 
Cfjt?+H/ji.+A = (n-fJio)^G. This gives -2 Cmo=jH’, A = (7Ato2. Also (»') = H’y. 

v^=H - -I =H - ij- . 

iMo-" W I(ri2-m2)v Mo) 

Ex. 2. A particle is constrained to move on the surface y = xt&'anz. By 
putting a; =/t cos na, 2 /=jtJC sin we have 

Hence show that when the forces are such that 

{p!hi^ + l)U=F^(fi)+F^[z), 

the Lagrangian equations can he integrated. The path is given by 

„'2 s '® 

+ 1) {Px (m) + G + 1) + a } = F^ (z) - A tLiouville, 1846.]^ 

If the particle is acted on by a force tending directly from the axis of 2 and 
varying as the distance from that axis, find the components of velocity along the 
lines of curvature. 

584. Spheroids. When the ellipsoid on which the particle moves becomes a 
spheroid either prolate or oblate, the forpaulse (A) and (B) of Art. 578 require some 
slight modifications. 

Let (X, 6, c), {fi, h', c'), {v, h", c") be the semi-axes of the three quadrics which 
intersect in P; then also a=X, a'=M. «"=»'. 

In a prolate spheroid 5=c, 7i = &, and the focal conics become coincident with 


CTJ 




Prolate. 

OH and HA. The axes of the hyperboloid of one sheet are n=1h &'=0. c'=0; it 
therefore reduces to the two planes y^lb'^ + s^lc'^=0, the ratio b'/c' being indeter- 
minate. Art. 676. ^ _ 

In an oblate spheroid X=6, h=0; one focal conic becomes coincident with OG, 
while the other is a circle of radius k. The axes of the hyperboloid of two sheets 
are v=Q, h"=0, c"®= - ifc®; it therefore reduces to the two planes x^lv‘^ + y^lb"^=0, 

the limiting ratio vlb” being indeterminate. 

In the figure the positions of the focal conics just before they assume their 
limiting positions are represented by the dotted lines, while PM or PN represents 
one of the planes assumed by the hyperboloid. 

Before taking the limits of the equations (A) and (B) we shall make a change of 

variables. In the prolate spheroid we replace by a new variable such that 

2„'2 


tan® 0 = - " 2 ~ 7 j 2 ’ 






MM 




360 


MOTION ON AN ELLIPSOID. 


[chap. VII. 


Thus tan 56 varies between the limits 0 and ao as ^ varies between k and h. Since 
c'^=p?-k^, and y^lb'^+z^Jc'^^O, it is clear that 0 is ultimately the angle 
the plane FM makes with the plane AB. Putting fji,=h, the formulffi (A) and (B) 
become 

( j,) + C» + A, 

- i {P^ -V) p'^ = Fs (p) -Cp^-A. 

In the oblate spheroid, we replace p by the variable <p where 

__ ^2 «^2 
tan 20 = :.p=hcos(f>, 

thus tan ^ varies between 0 and 00 as v varies between h and 0. Also since 
x^lp^+y^lb"^=0, <f> is ultimately the angle the plane PM makes with the plane AG. 
Putting j>=0, ^=0, the limiting forms of the equations (A), (B) are 

=F, (y.) + Cm.^+A, 
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SOME SPECIAL PROBLEMS. 


Motion under two centres of force. 


585. To find the motion of a particle of unit mass in on 
plane under the action of two centres of force*. 

Let the position of a point P be defined as the intersection of 
two confocal conics, the foci being Pi , Pa > OPj == h. Let 

the semi-major axes be OA=pt 0A' = v: the semi-minor axes 
are therefore — h^), V - h^f 


Since -.+ -^2 = 1, we have 

— hr 

. fjii-(x‘^ + f + h^)p^ + h^x‘‘-0 ( 1 )* 

The relations between the elliptic coordinates p, v of any point 
P and the Cartesian coordinates x, y are therefore 


y~' ’ 

where r is the distance from the centre. 


r^ = p^+v"^ — h^, 

'SN^e also have r;^=p + v, 


p — V, where, fi, ■Ta distances of P from the foci. 


* Euler was the first who attacked the problem of the motion of a particle in 
one plane about two fixed centres of force, Mimoires de VAcaMmie de Berlin, 1760. 
Lagrange, in the M6canique Analytique, page 93, begins by excusing himself for 
attempting a problem which has nothing corresponding to it in the system of the 
world, where all the centres of force are in motion. He supposes the motion to 
be in three dimensions and obtains a solution where the forces are ajr^ + irr &nd 
Blr^ + 2yr. Legendre in his Fonctions elliptiques ■pointed out that the variables 
used by Euler were really elliptic coordinates, and Serret remarks that this is the 
first time these coordinates were used. Jacobi took this problem as an example 
of his principle of the least multiplier, Grelle, xxvii. and xxix, Liouville in 1846 
and 1847 gives two methods of solution, the first by Lagrange’s equations and the 
second by the Hamiltonian equations. Serret extends Liouville’s first method to 
three dimensions, Liouville's Jourml, xin. 1848, and gives a history of the problem. 
Liouville in the same volume gives a further communication on the subject. 
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Proceeding as in Art. 577, the velocity v of the particle ex- 
pressed in elliptic coordinates is 

( /,'2 

2T=V^^{lJU^-v‘^) 






•( 2 ), 


where the accent represents d/dt. Comparing this with Liouville’s 
form 

^T = M(Pfi'^ + Qv^) 

in Art. 522, we may obviously solve the Lagrangian equations by. 
proceeding as in that Article. The results are that when the 
work function has the form 

— ‘(3), 

we have the two integrals 

\' 






.(4). 


There is . also the equation of vis viva which may be deduced 
from these by simple addition, viz. 

U + G (5). 

586. Let the central forces tending to the foci be respectively 
JTi/ri® and H^fr^. We then have 

+ E,) ^ + (E,-H,)v.. .(6). 

The integrals (4) then become 






A 




= K.v~Gv^-A 


in 


V‘ - 

where Kj = lli + = Hi— H^. To find the path we eliminate t, 

_ -{dvf - 2{dtr 

(//,2 - h^) (Ofi^ + K^fj, + A ) (i/2 - 7i2) (_ Ci/2 + iqu -A)~ {/jfi - ^ 

The initial values of fi, fi , v, v being given, the equations (7) 
determine the constants A, G. Another constant is introduced 
by the integration of (8) which is also determined by the initial 
values of /x, v. A fourth constant makes its appearance when the 
time is found in terms of either /x or v. 
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687. Ex. 1. Show that the particle will describe the ellipse defined by 
if the particle is projected along the tangent at any point Avith a Telocity v 

/2 1 \ ^ /2 1 \ 


To prove this we notice that if the particle describe the ellipse, ij. is constant 
throughout the motion, and the values of /x', /x" given by (7) must he zero. The 
right-hand side of that equation must take the form 0 (m-Mo)*> therefore 
- 2Gjxq=Ki. Substituting for G in the equation of vis viva (5) the result follows 

at once. See also Art. 274. 

Ex. 2. A particle is projected so that both the constants A and G are zero. 
Show that the velocity is that due to an infinite distance and that the path is 


given by 


[ d<t> _ 1 


j\/(l-4sin=^^) 

KKJ jx/(l 


de 




+ E, 


where ia=7i sec® 0, J' = fec6s2 S and B is a constant. 

Ex 3. A' particle moves under the action of two equal centres of force, one 
attracting and the other repelling like .the poles of a magnfet. The particle is 
projected with a velocity due to an infinite distance. Show that if the direction 
of projection be properly chosen the particle will oscillate in a semi-elhpse, the two 
poles being the foci. If otherwise projected the path is given by 

log {m+ - h^)} + B = > 


where V = /i cos*^ + j3 sin^ <;&, 2fc— and A— 22rj8. 

Ex 4 Prove that the lemniscate, = can be described under the action 
of two centres of force each tending to the foci, provided the velocity at the 

node is | Art. 190, Ex. 11. .a 

688. To find the motion of a particle of unit mass in three 
dimensions under the action of two centres of /orce attracting 
according to the Newtonian law. 

Let the two centres of force be situated in the axis 

of ^ and let the origin 0 bisect the distance Let be the 

angle the plane zOP makes with zOx and let p be the distance 

of P from 0^. 

Since the impressed forces have no moment about Oz, we have 
by the principle of angular momentum (Art. 492), 

p^(l)=B.. (^)* 

We now adopt the method explained in Art. 495. We treat the 
particle as if it were moving in a fixed plane zOP under the 
influence of the two centres of force together with an additional 
force p<f)'^ = B^lp^ tending from the axis of This problem has 
been partly solved in- Art. 585; it only remains to consider the 
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effect of the additional force. This force adds, the term 
to the work function U. 


Taking as the foci of a. system of confocal conics, let 

jji, V he the elliptic coordinates of P. As before, we suppose that 
the work function U of the impressed forces satisfies the condition 


Since p is the ordinate of the conics [Art. 585], 
,, . p?—v-_ 

P~ -Ji? ’ ' ■ p^ 


( 2 ). 




.(3). 


The term to be added to U has therefore the same form as those 
already existing in U and shown in (2). To obtain the integrals 
we have merely to add the terms given in (3), (after multiplication 
by — to the functions Fi,F^. 

In this way, we find the integrals 


W- O” = -F. W + - i ^ 


■■■(*)■ 


When the central forces follow the Newtonian law, 

+ (iJ‘-^)U = K,fL+K,v, 

n n 

where Kj = Si + K .2 = — Sz, as in Art. 586. We therefore 

write in the solution (4), Pi (p) = KiP, Pg (v) K^v. 

If the particle is acted on by a third centre of force situated 
at the origin and attracting as the distance, we add to the 
expression for U the term - + v^~- If). The 

effect of this is to increase the functions Pi, Pa by - {p^ - /i>-), 
and {v^ “ /tV) respectively. 

In the same way if the particle is also acted on by a force 
tending directly from the axis of ^ and equal to or a force 
parallel to and equal to /c/.s®, the effect is merely to give 
additional terms to the functions Pj and P 2 . See Art. 582. 


689 . Ex. A particle P moves under the attraction of two centres of force at 
A and B. If the angles PAB, PBA he respectively dj, 0^, the distances AP, 
BP be ri, ig, and the accelerations be Mi/Fi^i prove that 

Tt) cos di + ^2 cos Sg) + C, 

where AB=a, C is a constant and the motion is in one plane. 
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If the motion is in three dimensions, prove that 

^,.^2 ^ /j 2 cot cot cos«0i +/i 2 cos 6^ + C, 

where li is the areal description round the line of centres. [Coll. Ex. 1896.] 

On Brachistochrones. 

600. Preliminary Statement. Let a particle P, projected from a point A at 
a time with a velocity Vq, move along a smooth fixed wire under the influence 
of forces whose potential Cr is a given function of the coordinates of P, and 
let the particle arrive at a point B at a time h with a velocity v^. Let us suppose 
that the circumstances of the motion are slightly varied. Let a particle start 
from a neighbouring point A' at a time to + 5to with a velocity -Uq + ^^o- I'®* i* 
constrained by a smooth wire to describe an arbitrary path nearly coincident with 
the former under forces whose potential is the same function of the coordinates as 
before, and let it arrive at a point B' near the point B at a time with velocity 

Vi + aui- 

According to the same notation, if x, y, z] x', y', z', are the coordinates 
and resolved velocities at any point P of the first path at the time t, then 
3 ! + 5a:, &o.; a:' + 53 :', &c., are the coordinates and resolved velocities at any point 
P' of the varied path occupied by the particle at the time t + 5t. 

Let P, Q be any two points on the two paths simultaneously occupied at the 
time t. Let the coordinates of Q be x + Ax, i/ + Ay, &o. Then 5a: exceeds Aa: by 
the space described in the time St, 

Ax = dx- (x' + Sx') St—dx~ x'St 
when quantities of the second order are neglected. 

We may regard 5a:, Sy, Sz, as any indefinitely small arbitrary functions of 
X, y, z, limited only by the geometrical conditions of the problem. 

We here consider two independent changes of the coordinates. There are 
(1) the differentials dx, dy, dz when the particle travels along the undisturbed 
path, and (2) the variations 5a:, Sy, Sz when the particle is displaced to some 
neighbouring path. It follows from the independence of these two displacements 
that dSx = Sdx. 

591. The Brachistochrone. A ‘particle of unit mass moves 
under the action of forces so that its velocity v at any point is given 
hy = U+G, where U is a known function of the coordinates, the 
constant G being also known. Supposing the initial and final 
positions A, B to lie on two given surfaces, it is required to find 
the path the particle must he constrained to take that the time of 
transit may he a minimum^. 

* An account of the early history of this problem is given in Ball’s Slwrt 
History of Mathematics. Passing to later times, the theorem v=Ap for a central 
force is given by Euler, Mechanica, vol. ii. There is a memoir by Roger in 
Liowoille’s Journal, vol. xiii. 1848 ; he discusses the brachistochrone on a surface 
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The time t of transit being i = / dsfv, we have to make this 
integral a minimum. Since a variation is only a kind of dif- 
ferential, we follow the rules of the differential calculus and make 
the first variation of t equal to zero. Let the curve AB be varied 
into a neighbouring curve A'B\ each element being varied into a 
corresponding element. Since the number of elements is not 
altered, the variation of the integral is the integral of the variation. 
Writing <j6 for l/z> to avoid fractions, we have 

Bt=JB(^ds)=‘J(<j>dBs + dsB<p). 

Since {dsf = {dxy + {dy)^ + {dzy, we have 

dsBds ■= dxBdx + dyBdy dzBdz] 


Integrating the first three' terms by parts, 




d<fy d ( , dx 


-9M 


ds 


Bx + &c. j ds, 


dx ds 

where the part outside the sign of integration is to be taken 
between the limits to JS. 


We notice that in this variation, C has not been varied. If C were different 
for the different, trajectories, we should have 

There would then be an additional term inside the integral. It follows that is 
regarded as the same function of x, y, z for all the trajectones. 


Since the time t is to be a minimum for all variations con- 
sistent with the given conditions, it must be a minimum when 
the ends A, B are fixed (Art. 144). We then have at these points 
Bx = 0 , By = 0, Bz = 0, and the part outside the integral vanishes. 

The required curve must therefore be such that the integral 
is zero whatever small values the arbitrary functions Bx, By, Bz 
may have. It is proved in the calculus of variations (and is 


and generalises Euler’s theorem that the normal force is equal to the centrifugal 
force. Jellett in his Calculus of Variations, 1850, proves these theorems and 
deduces from the principle of least action that the brachistochrone becomes a free 
path when d = F/i;'. Tait has applied Hamilton’s characteristic function to the 
problem in the Edinburgh Transactions, vol. xxiv. 1865, and deduces from a more 
general theorem the above relation to free motion. Townsend in the Quarterly 
Journal, vol. xiv. 1877, obtains the relation v = v' in free motion, and gives 
numerous examples. There are also some theorems by Larmor in the Proceedings 
of the London Mathematical Society, 1884. 
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perhaps evident) that the coefficients of So?, must separately 

vanish. We therefore have, writing 1/w for 

(h\vj ~ ds[v dsJ ' d^[vj ds\vdsj’ d^\vJ ds[vds/' 
These are the differential equations of the brachistochrone. 


These three equations really amount to only two, for if we multiply them by 
&c. and add the products, we find 

which is an evident identity. 


692 . Supposing these differential equations to have been 
solved, it remains to determine the constants of integration. To 
effect this we resume the expression for St, now reduced to the 
part outside the integral sign. We have 



which is to be taken between the limits A to B. Since we may 
vary the ends A, B of the curve, one at a time, along the bounding 
surface (Art. 144), this expression for St must be zero at each end. 
The variations Sx, Sy, Sz are proportional to the direction cosines 
of the displacement of the end, and dx/ds, &c. are the direction 
cosines of the tangent to the brachistochrone. This equation 
therefore implies that the_ brachistochrone meets the hounding 
surface at right angles. 

The expression for St may be put into a geometrical form 
which is sometimes useful. Let Sa^ be the -displacements 
AA', BF of the two ends. Let 6^, 9^ be the angles these dis- 
placements respectively make with the tangents at A and B to 
the brachistochrone AB. Let Vi, be the velocities at A, B, 
Then 

- Sa^ cos ^2 So-i cos 


693 . In some problems the velocity is a given function of 
the coordinates of one or both ends of the curve. This does not 
affect the differential equations, for in these the coordinates of the 
ends, when fixed, are merely constants. 

The case is different when we vary the ends in that portion 
of the expression for St which is outside the integral sign. W’^e 
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must add to that expression the terms of 3^ due to the variation 
of the ends! If ocQ,-yQ, Sq; oci,y^, are the coordinates of the 
ends A, B, w6 then have 


,Bt = 



ds + &c. + Sa?! 


/g* + &0., 


where the &c. indicate terms with y and z respectively written 
for X, The conditions at the ends are then found by equating 
this expression to zero. 


604. The equations of the brachistochrone are found by equating the first 
■variation of the time to zero. To determine whether this curve makes the time a - 
maximum, a minimum, or neither, it is necessary to examine the terms of the 
second order. For this we refer the reader to treatises on the calculus of variations. 
In most cases there is obviously some one path for which the time is a minimum, 
and if our equations lead to but one path, that path must be a true brachistochrone. 
In other cases we can use Jacobi’s . rule. Let AB be the curve from AioB given 
by the calculus of variations. Let a second curve of the same kind but with varied 
constants be drawn through the initial point A and make an indefinitely small 
angle at A, with the curve AB, If they again intersect in some point G, the curve 
satisfi.es the conditions for a true minimum only if 0 be beyond B. 

696. Theorem I. When the only force on the particle acts 
(like gravity) in a vertical directioBj — a function of z 

only^ and the first two differential equations of the curve (Art. 
591) admit of an immediate integration. Eernembering that 
dx/ds = cos a, dyjds = cos/S, it follows that the brachistochrone for 
a vertical force is such a curve that at every point v = acos a, 
v — b cos where a, /3 are the angles the tangent makes with any 
two horizontal straight lines, and a, b are the two constants of 
integration. By equating the two values of v and integrating, 
we see that the brachistochrone is a plane curve. 


696. Theorem II. Let X, Y, Z be the components of the 
impressed forces, the mass being unity; then since ^v^ = U + G, 
we have X = ^dv^fdx, &c. The differential equations of the 
brachistochrone therefore become 


d (1 dx\ X ^ d (1 dy\ , F „ „ _ ... 

dsU + &c.-0...(i). 


ds\v ds) V 


Let /M, V be the direction cosines of the binormal, then since 
the binomial is perpendicular both to the tangent and the radius 
of curvature 

dx dy dz^ d^x , d% d?z 

ds ds ds ds^ ^d^ ds^ 


0 . 


.( 2 ). 
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Using the values of X, Y, Z given in (1) we find 

\X + fiY ■{■vZ — Q (3), 


the resultant force is therefore perpendicular to the hinormal, and 
its direction lies in the osculating plane. 


Let I = p 


d^x 

d?’ 


m = 



&c. be the direction cosines of the 


positive direction of the radius of curvature, then 

IX + mY+ nZ + + n[ ^ d /1\ 

V p ds \vj 




Since the radius of curvature is at right angles to the tangent, 
the last term is zero, and we have 

JX + mr + K^=- - (4). 

P 

This equation proves that in any brachistochrone the component 
of the impressed forces along the radius of curvature is egual to 
minus the component of the effective forces in the same direction. 

597. To find the pressure on the constraining curve. Let 
be the components of the impressed forces in the directions 
of the radius of curvature and binomial. Let JSj, Ii>i be the 
pressures on the particle in the same directions. Then by Art. 526 

v^Ip = Fi + Ri, 0 = J!^2 4- -Sa- 
in a brachistochrone F^^O and Fi = — v^lp, hence — ^ 

R, = -2F,. 


598. To find a dynamical interpretation of Theorem II. 

We see by referring to the equations of motion in Art. 597, 
that if we changed the sign of F^, the component of pressure R^ 
would be zero, and the path would then be free. We also suppose 
the tangential component of force to remain unchanged so that 
the velocity is not altered. It follows' immediately, that a 
brachistochrone and a free path may be changed, either into the 
other, by making the resultant force at each point act at the same 
angle to the same direction of the tangent as before, hut on the other 
side, and still in the osculating plane. In this comparison the 
velocities of the particle, when free and when constrained, are 
equal at the same point of the path, i.e. v' — v. & 
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699. Theorem 111. The equations of motion of a particle 
P constrained to describe the brachistochrone are 

as \v dsj dx \vj as \v dsj dy\vj 
If we now write vv' — k^.or, which is the same thing vds = k^dt', 
where v' = dsjdt', the first of these equations becomes 

A ( ' 

ds \ dsr dx' 


Now v'dxjds being the x component of the velocity, is equal to 
dxjdt'. Multiplying by v' or dsjdt', the equations take the form 
d?x __ 1 dv'^ d^y _ 1 dv'^ „ 

df^~2d^' 

These are the equations of motion of a free! particle P' moving 
along the same path with a velocity v' and occupying the position 
X, y, z at the time t'. It follows that the brachistochrone from point 
to point in a field U + G is the same as the path of a free particle 

in a field U' + C\ provided + (7' = ^ ; i.e. v' = ^ . 


To understand better the relation between the two fields of 
force we notice that if X,X' be the components of force in any 
the same direction at the, same point, 


Y-M. 

dx' ^ ~ dx' ' 
We also notice that dt'ldt = vlv'. 




600 . This theorem is useful, as it enables us to apply to a brachistochrone 
the dynamical rules we have already studied for free motion. It also enables us 
to express at once the fundamental differential equations in polar or other co- 
ordinates. 

The first theorem (Art. 595) follows at once from the third, for when the force 
is vertical we see by resolving horizontally that v' cos a is constant. Since v'=k^jv, 
this gives the result. 

To deduce the second theorem, we notice that in the free motion v'^lp=Fi, 
where F-^' is the component of force along the radius of curvature. Using the 
theorems v' — k^lv, X'= -X{kjvY, (where Z is here Ej) this becomes v^lp=: -Fj. 

601 . Ex, 1. To find the ’brachistochrone from one given curve to another, 
the acting force being gravity and the level of no velocity given. The motion is 
supposed to he in a vertical plane. 

Let the axis of x he at the level of no velocity and let y be measured down- 
wards; then v^=2gy. By Art. 595 the curve is such that u = acoso. This gives 
y = 2bcos^a,: where b is an undetermined constant. This is the well-known 
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equation of a cycloid, having its cusps at the level of no velocity. Tie radius of 
the generating circle and the position of the cusps on the axis are determined by 
the conditions that the cycloid cuts each of the bounding curves at right angles ; 
Art. 692, 


Ex. 2. If in the last example the bounding curves are two straight lines 
which intersect the axis of no velocity in the points L, L'; and make angles /3, jS' 
with the horizon, prove that the diameter 2ft of the generating circle is iL'/C/S- j8') 
and the distance of the cusp from L is 2ft/3. Explain the results when the lines 
are parallel. 

602 . Ex. Show by using Jacobi’s rule that the cycloid from one given point 
A to another J5 is a real minimum, the level of zero velocity being given (Art. 594). 

The cycloid found by the calculus of variations passes through A and B and 
there is no cusp between these points. Describe a neighbouring cycloid passing 
through A and having its cusps on the same horizontal line, the radii of the 
generating circles being ft and b + db. Since the base of a cycloid from cusp to 
cusp is 27rft, it is easy to prove that the next intersection of the two curves lies in 
a vertical which passes between the two next cusps. The cycloids therefore 
cannot again intersect between A and E and the time from A to B must be a 
minimum. See also Art. 654. 


603 . Ex. Find the brachistochrone from one given curve to another when 
the acting force is gravity and the particle starts from rest at the upper curve. 

Fixing the ends, it follows, from Art. 601, that the brachistochrone is a cycloid 
having a cusp on the higher curve. To determine the constants of the curve, we 
examine the part of St due to the variation of the two ends. Let Xf^y^', x^, y^ be 
the coordinates of the upper and lower ends, then v^=:2g (y-y^). By Art. 593 
we have 

where (ft-llv and the expression is taken between limits. Now in our problem 


diJo ~ dy ~ds\f ds) ’ 


by usirig 
fore have 


the differential equation of the brachistochrone in Art. 591. 


We there- 


Bemembering that ^ = 1/u and v — a cos a, this takes the form 

[5.1; + tan a 5?/]J - St/o “]o= 0* 

When we fix the lower end, we have, since y is measured downwards, 5xi^=0, 
5?/]=0. Hence 

- (5.X-0 + tan SiJq) - fti/o (tan tti - tan ao)=0 (1). 


When we fix the upper end, 5.i;o = 0, Sy^=-0-, 

.-. Sxj + tan 5^1 = 0, (2). 

The last of these two equations proves that the brachistochrone cuts the lower 
curve at right angles, while the first, giving SyolSXfj = Syfdx-^, proves that the 
tangents to the bounding curves at the points where the brachistochrone meets them 
are parallel. 
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604 . JEae. 1 . A particle falls from rest at a fixed point A to a fixed point C, 
passing through another point B ; find the entire path When the time of motion is 
a minimum, ( 1 ) 'supposing JS to be a fixed point, (2) supposing B constrained to lie 
on a given curve. [Math. Tripos, 1866.] 

■ The paths from A to B, B to C are cycloids having their cusps on a level with 
the point A. It is supposed that there is no impact at B in passing from one 
cycloid to the next. The particle describes a small arc of a curve of great curva- 
ture and moves off along the next cycloid without loss of velocity. 

We have yet to find the position of B when it is only known to lie on a given 
curve. Taking the origin at A, and the axis of z vertically downwards, we have 
v^=2(}z. The time is given by 






ds' 

sjz' 


where accents refer to the lower cycloid. 




by Art. 592. Let (a, 7), (a', /S', 7'), {6, tj), be the direction angles of the 

tangents at 15 to the two cycloids and to the constraining curve. Then remember- 
ing that A and C are fixed points and that B is varied on the curve, we ha,ye 


(cos a cos $ -I- cos /3 cos 0 -f cos 7 cos xj/) — (cos a' cos 6 -1- cos /S' cos ^ -f- cos 7' cos xp) = 0. 
It follows that the tangent to the loom of B mahes equal angles with the tangents to 
the two cycloids AB, BC. This determines the point B. 

Ex. 2. Find the curve of quickest descent from a fixed point A to another G, 
supposing that a screen is interposed between A and 0 having a given finite 
aperture through which the path must pass. [So long as the curve AC can be 
arbitrarily varied the minimum curve is found by Arts. 591, 601. Hence if the 
single cycloid A G does not pass through the aperture, the minimum curve must pass 
through a point B on the boundary of the aperture. The curve then consists of two 
cycloids AB, BC, and the position of B is found by Ex. 1.] [Todhunter.] 


605 . Ex. 1. If the brachistochrone is a parabola when the force is parallel to 
the axis, prove that the magnitude of the force is inversely proportional to the 
square of the distance from the directrix. [This follows from the equation 
r=acos a.] Prove also that the time of describing any arc PQ varies as the area 
contained by the focal radii, SP, SQ. [For cos a varies as l/p, therefore dt varies 
as pds.] See also Art. 649. 

Ex. 2. A point moves in a plane with a velocity always proportional to the 
curvature of the path, prove that the brachistochrone of continuous curvature 
between any two given points is a complete cycloid. [Math. Tripos, 1875.] 

We here have jpds= jtpdx a minimum, where The curve can 

be immediately found by using two rules in the calculus of variations. First, 
we have ^ ^j4>^x=(f>dx + {Y,-Y,/)u+Y„u'+j{-Y/ + Y„")o}dx, 

where Y, , Y,, , are the partial differential coefficients of 0 with regard to y', y " ; 
bi = Sy — y' 5x, and the part outside the integral sign is to be taken between limits. 
Also accents denote differentiation with regard to x. The extreme points being 
given, 5a; = 0, 52/ = 0 at each end. Hence exactly as in Art. 591, 592, the 
differential equation of the curve is r/-y,;' = 0 and r,,=0 at each end. This 
gives Y,-Y,l -A. 
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Secondly, the calculus of variations gives also the integral 
y,={Y-Y„')y' + Y,y" + B. 

Eliminating 7,/ between our two first integrals we find (l>=Ay' + Y„y"+B, 
which contains two arbitrary constants A, B. Substituting for 0 and 7,, , this 
leads to • {l+y'“YIy''=^-^y' + ^B', pds=^Ady+^Bdx. 

Taking the straight line Ay + Bx=0 as an axis of this is equivalent to 
pr= (7 sin i/' where sin yp^dylds and (7 is a constant. This is the known equation of 
a cycloid. The condition Y,, =0 at each end gives y" infinite and therefore p^O. 
The cycloid is therefore complete. 

Ex. 3. Prove that the differential equation of the brachistochrone from rest 
at one given point A to another point B, when the length of the curve is also given, is 

+ hit)] ■ tAiry’B Tracts,] 

To make jdsjv a minimum subject to the condition that Jds is a given quantity 
we use a rule supplied by the calculus of Variations. We make J(\/u + l)ds a 
minimum without regard to the given condition and finally determine the constant 
X so that the arc has the given length. ■ , 

606. Central force. Ex. 1. Prove that the brachistochrone for a central 
force F is given by v=Ap, where ^v^=jFdr and p is the perpendicular from the 
centre of force on the tangent. The mass is unity, as is usual in these problems. 

The brachistochrone is a free path for a particle moving about the same centre 
but with such a law of force that the velocity k^jv. Since v'p=:h by Art. 306, 
wehavez)=Ap. ' 

When F= /xu", and the velocity is equal to that from infinity, the differential 
equation v = Ap can be integrated exactly as in Arts. 360, 363. 

Ex. 2. Prove that the same path will be a brachistochrone for F=fxu”’ and 
a free path for F' = /x'-a"' if n + n’=2, provided the velocity in each case varies as 
some power of the distance. 

For the brachistochrone and the free paths respectively, we have 

These satisfy the condition vv'—h^ if n-\-n' — 2, (Art. 599). 

Ex. 3. Prove that the ellipse is a brachistochrone for a central force tending 
from the focus and equal to ^/(2a - rf. [Townsend.] 

The conic is a free path for a force /x/SP^ tending to the focus S. Hence 
making the force act on the other side of the tangent as described in Art. 598, the 
conic is a brachistochrone for an equal force tending from the other focus if. 

Ex. 4. Prove that the central repulsive force for the braohistochronism of a 
plane curve varies as d {p^)ldr, the circle of zero velocity being given by the 
vani.shing of p. 

Prove that the cissoid x ix'^Ai/):=2ai/ is brachistochronous for a central 
repulsive force from the point (-a, 0) which at the distance ?• from that point is 
proportional to r/(?•2 + 15tt‘^)^ the particle starting from rest at the cusp. 

[Math. Tripos, 1896.] 
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Ex. 5. ProTe that the lemniscate of Bernoulli can be described as a brachis- 
tochrone in a field of potential /wr®, r being measured from the node of the 
lemniscate, and find the necessary velocity. [See Arts. 320, 606, Ex. 2,] 

[Math. Tripos, 1893.] 

Ex. 6. A particle, acted oh by a central attractive force whose accelerating' 

effect at a distance r is ® being a constant, is projected from a given point 

with the velocity from infinity. Prove that the form of the groove in which it must 
move in order to arrive at another given point in the shortest possible time is a 
hyperbola whose centre coincides with the centre of force. [Math. Tripos.] 

Ex. 1, Show that the force of attraction towards the directrix of a catenary, 
along perpendiculars to it, for which the catenary is a brachistochrone, will vary as 
the inverse cube of the perpendicular. [Coll. Ex. 1897.] 

607. Brachistoclirone on a surface. To find the brachis- 
tochrone on a given surface we require only a slight modification 
in the argument of Art. .591. Proceeding as before, we find 

Sa; -H &C.J +/(pat» + Qa?/ + pa^) ds, 

d 1 d. (1 dx\ . f. ■, 

_ -with similar expressions lor Q and 

dx V ds \v dsj ^ 

B. Since Bt is zero for all variations of the curve on the surface, 

we must have 

PBx+ QBy + BBz = 0. 

If f{x,y,z) — 0 is the equation of the surface, the variations are 
connected by the one equation 

fx^(e-\-fyBy ■\-fzBz = Q, 

where suffixes imply partial differential coefficients. We must 
therefore have Pjfx — Qjfy ~ B/fz. The equations of a brachisto- 
chrone on the surface f {x, y,z) = Q are therefore given by 

d^dx\l^_fdl d dy \ j „ _ fd 1 d c 

dx V ds vds) I \dy V dsvds/!^'^ \dzv dsvdsj 
If the brachistochrone is to begin and end at given bounding 
curves drawn on the surface, we equate to zero the integrated 
part of Bt, taken between the limits. Fixing the ends in turn,, we 
see that at each end the cosine of the angle between the tangents 
to the curve and to the boundary is zero (Art. 592). The brachis- 
tochrone therefore cuts the boundaries at right angles. 

k^fv' as in Art. 599 these equations may be put into 


eoa. By writing v 
the form 

\dt'^ dx 




d'-y 

dt'2 






dU' \ 
dz ) 


If.- 
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These are the equations of motion of a particle moving freely on the constraining 
surfae®' ■ follows that the brachistochrone from point to point on a constraining 
surface in a field U+G is a free path on the same surface in a field 17' + C, where 
4^2=17+ (7, iv'^=U' + C', vv'=h\ 


The relation between the component forces in any direction is F= - F ^-y , 

If the particle is constrained by a smooth wire to describe the brachisto- 
chrone on the surface without a change in the field of force, prove that 
- sin xjp = G, cos xIp=H+R, -2G=E., 


where K, G are the components of the impressed forces along the normal to the 
surface, and that tangent to the surface which is perpendicular to the path, and 
R, i ?2 components of the pressure in the same di|ections. Also p is the 

radius of curvature of the path, a^d x angle the osculating plane makes with 
the normal to the surface. 


The first is obtained by transforming the equation of motion of a free particle 
p\ viz. v'- sin xlP=G' by the rule given above, the others then follow from the 
ordinary equations of motion of the particle P. 


eOO. We may also sometimes fipd the brachistochrone on a given surface by 
making a comparison with the brachistochrone on some other more suitable 
surface. 

Let us derive a second surface from the given one by writing for the coordinates 
a?, y, z of any point P some functions of f, tj, f, the coordinates of a corresponding 
point < 3 . Let these functions be such that 

{dx)'^ + {dyf- + {dzf = p? { -I- [dyf + m , 
where is a function of y, Geometrically this equation implies that every 
elementary arc ds drawn from a point P on the surface bears the same ratio to the 
corresponding arc da drawn from Q, viz. the ratio p : 1. 

The brachistochrone on the given surface is found by making t a minimum, 



and the velocity v of P is some given function of the coordinates of P. 

Expressing v in terms of this integral implies that the corresponding 

curve on the derived surface is also a brachistochrone, the velocity v' being given 
by v' — vjp. The work functions for the motions of P and <3 are respectively 
= 2 ( r/ + C) and U' = {U-v G)Ip^ 

If we arrange matters so that pjv is constant, the velocity on the second 
surface is constant. The brachistochrones on the given surface then correspond to 
geodesics on the derived surface. ~ • 

This comparison assists us in determining the point on a brachistochrone with 
one end given at which the time ceases to be a minimum. 

The derived surface may be obtained in many ways, for example by using the 
method of inversion. The theory of this surface is also used in making maps ; 
see the United States Coast Survey, Graig's treatise on Projections. The applica- 
tion to brachistochrones is given by Darboux in his TMorie generale des Surfaces. 

Idx. A particle P moves on a sphere under the action of a centre of repulsive 
force situated at a point 0 on the surface, and the velocity v at any point distant 
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T from 0 is v=Ar^. Prove that the brachistochrone from one given point to 
another is a circle whose plane passes through 0. 

Inverting the sphere with regard to 0, the diameter 2a being the constant of 
inversion, the derived surface is a tangent plane. The curve is traced out by Q, ' 
usually called the stereograpMc projection of that traced by P. The ratio of the 
elementary arcs described by P and Q are in the ratio : iaK Hence if the path 
of P is a brachistochrone for a velocity v=Ar^, that of Q is a brachistochrone for 
a uniform velocity. The path of Q is therefore a straight line and that of P is a 
circle. Another proof follows from Arts. 608, 318. 

610 . Bertrand’s tbeorem. A series of brachistochrones is drawn on a given 
surface from a point A,^ and the ares AB, AB', &c. are described in equal times, 
the velocity at A being given. Prove that the locus of B cuts all the brachisto- 
chrones at right angles. 

The following amounts to Bertrand’s proof. If possible let the angle AB'B' be 
acute. Drawing the arc PC so that the angle CBB'>GB'B, the sides of the 
triangle PCP' will then be elementary and the triangle may be regarded as recti- 
linear. It follows that the arc CB' > GB. The time of describing GB' is > than 
that of describing OB because the velocity at every point in the neighbourhood of 
C is ultimately the same. The time of describing the line AGB is therefore less 
than that of describing AB' or AB. The path AB could not then be a brachisto- 
chrone. This proof is the same as that used by Salmon in his Solid Geometry, 
Art. 394, to prove the corresponding theorem for geodesics. Bertrand’s theorem is 
now generally enunciated in a generalized form and to this we proceed in the next 
article. 


611 . A surface Sj_ being given, let us draw from every point A on it that 
brachistochrone which starts off at right angles to the surface. Let lengths AP be 
taken along these lines so that the time t of transit from the surface along each is 
equal to a given quantity. The locus of the extremities P traces out a second 
surface which we may call Pj- By -A^rt. 592, we have 

dt = Scr 2 cos • 

By construction cos ^i=0 for each line and, since the times of describing neigh- 
bouring lines are equal, dt=0. It follotoa that the surface S^ also cuts the lines at 
right angles. • 

If the surface S^ is an infinitely small sphere all the brachistochrones diverge 
from a given point A. The locus of the other extremities of the arcs drawn from A 
and described in equal times is therefore an orthogonal surface. 

This proof may be applied to brachistochrones drawn on a given surface by 
expressing the conditions at the limits in Art. 607 in a form, similar to that in 
Art. 592. 

This theorem though enunciated for a brachistochi'one applies generally to 
problems in the calculus of variations. The time t may stand for any it tegral of 
the form jg> . ds where gi is a given function of x, y, z, and the curve is such that 
the integral is a minimum between any two points taken on it. 


612. Ex. 1. Prove that the equations of a brachistochrone on a surface of 
revolution for a heavy particle with a given level of zero velocity are r'^^=Av, 
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v^=2gz, where r, <p, z are cylindrical coordinates, z being measui 
from the zero level. Prove also that the brachistochrone touches 
the zero level. 

Ex. 2. A heavy particle is projected from a given point along 
out on the surface of a right circular cone whose axis is veri 
upwards, with a velocity due to the depth from the vertex. Prove 
another given point not more than half-way round the cone in i 
time, the curve of the groove must be such as would, if the cone 
become a parabola with the point corresponding to the vertex as fc 

[Mai 

Ex, Prove that the brachistochrone on a vertical cylin 
particle with a given level of zero velocity becomes the brad 
vertical plane when the cylinder is developed on the plane. 

Ex. 4. Find the brachistochrone when the velocity at any ; 
proportional to the distance from a given straight line. Prove t 
on a sphere and cuts all the circles whose planes are perpendi 
straight line at a constant angle, i.e., the curve is a loxodrome. 


Motion of a ^particle relative to the ean... 

613. Let 0 be any point on the surface of the earth i 
A be its latitude. Then A is the angle which the normal 
surface of still water at 0 makes with the plane of the eq 
Let OL^h be a perpendicular from 0 on the axis of rotu,. 

Let 6) be the angular velocity of the earth, then the earth turns 
round its axis from west to east in the time 27r/w. 

As we intend to discuss the motion of a particle P relative to 
axes moving with the earth and having the origin at 0, it is 
convenient to begin by reducing 0 to rest. We therefore apply 
to the particle P an accelerating force equal to oy% and acting in 
the direction ZO. We also apply an initial velocity equal to 
opposite to the direction of motion of 0, i.e. in a direction due 
westwards from 0. 

When the particle has been projected from the earth it is 
acted on by the attraction of the earth and the applied force 
The force usually called gravity is not the attraction of the 
earth hut is the resultant of that attraction and the centritagal 
force. The form of the earth is such that at every pomt of its 
surface this resultant acts perpendicularly to ^ 

water. Let p he this force at the point 0, then when h part c 
is at 0, and 0 has been reduced to rest, the resultant force 

represented by g. 
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When the moving point P has ascended to a height h, the- 
attraction of the earth is altered and is nearly equal to ^ (1 — 2hja), 
where a is the radius of the earth. Since Ji is usually not more 
than a few hundred feet and a is roughly 4000 miles, it is obvious 
that the change in the value of gravity is so small that, /or a 
first approocimation at least, we may regard gravity as a force 
constant in direction and magnitude. Since ^Trjco is 24 hours, we 
find that (d^a is nearly equal to ^/289. Hence if we neglect ghja 
we must also neglect a>% at all points near 0. The applied force 
ft) i is not neglected because at points near the equator b is 'nearly 
as large as the radius of the earth. 


614. The equations of motion of a particle referred to axes 
moving with the earth have been already formed in Art. 499. 
We have here merely to express the components 6^, 6^ in 
teims of the angular velocity co of the earth. We then substitute 
the values of the space velocities u, v, w in the equations of the 
second order and neglect all terms of the form ay^x, co^y, 0 ^z. We 
thus find 


CL(0 y- _ 


dP 

dt^ 

d^z 

dt^ 


-2|a + 2 


dt 

dx 

di 

dy 

dt 


o,=x, 

~ g -{• Z, 


where X, Y, Z are the impressed forces other than gravity, the 
mass being unity. 


616. ^ It will clearly be convenient to choose as the axis of ^ 
the vertical at 0. If the axis of x be directed along'the meridian 
towards the south and the axis of y towards the west, we have 
(9i = &)CosX, ^2 = 0, d 3 = -(wsinX, 
since \ is the latitude of the place. 

It is sometimes necessary to take the axis of x inclined to the 
mei’idian at some angle /3, the angle /3 being measured from the 
south towards the west. We then have 

= ft) cos X cos /3, ^2 = — ft) cos X sin /3, ^3 = — &> sin X. 

616. If we wish the axes to move round the vertical with 
an angular velocity p, w'e have fii—pt + e, where e is some constant. 
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We then have 

0i = (o cos \ cos /3, ^2 = ~ <0 cos \sm$, 6s=~a} sin \+p. 

The components ^i, ^ 2 ) are not now constants, and in making 
the substitutions for % v, u* in the equations of motion their 
differential coefficients will not disappear. But if p be any small 
quantity of the same order as eo, these differential coefficients are 
of the order w®. The equations of motion will then be still 
represented by the forms given in Art. 614. 

617. As in some few cases it is necessary to examine the 
terms which contain cd\ we give the results of the substitution 
when the axis of ^ is vertical, while those of x, y point respec- 
tively southward and westward : 

2t« sin ~ sin® -- w® sin \ cos Xz = X, 
up cLt 

d?y ci -v n • 2 v 

,-^--2cocosA.- 77 — 2ci)smA,-;j7-«2/ ==T, 

dt^ dt dt 

4- 2(w cos a ^ — ft)® cos® Xz — ft)® sin X cos Xx=^ — g Z. 
df dt 

618. Ex, A ’particle P is attached to a point A at the summit of a high tower 
xnd when in relative rest the particle is allowed to fall freely. The point A being 
%t a height h vertically above 0, it is required to find the point at which the particle 
itrikes the horizontal plane at 0. 

Taking the axes of x, y to point due south and west, the equations of 
(notion are 

x" - 2i/es = 0, 'f - 2z'9^ + 2x% = 0, z" + 2y'0i =-g, 

where ^1 = w cos X, d.^--w sin X, and the accents denote d/dt (Art. 614). We solve 
these by successive approximation. 

As a first approximation, we neglect the terms which contain w. Remembering 
that initially ai, y, x', y', z' are each zero and z-h, we arrive at .^=0, i/ = 0, 
z = h~lgt\ 

As a second approximation we substitute these values of x, y, z in the terms of 
the differential equations which contain 6 or w. We obtain after an easy integration 
x=At + B, y~Ct + D~igt%, z=Et + F~^gt^. 

The particle being initially in relative rest we have a:'=0, y' — O, s' = 0, hence 
AisO, (7=0, 23=0. The initial velocities in space are not required here, but (after 
0 has been reduced to rest) these are given by w=0, v= - hd^, w=0. To the 
value of V we may add the velocity of 0, viz. — w&. Also when ( = 0, we have a: = 0, 
iy=0, z = 7i; 

a: = 0, y=-:^gt%, z-h-^gt^. 

We see from the value of z that the vertical motion is unaffected by the rotation 
of the earth. The time of falling is given by h — ^gt". Since .r = 0 throughout 
the motion, the particle strikes the horizontal plane on the axis of y, and there is 
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no southerly deviation. Since d-^ = w cos X we have y = -^gw cos Xi® ; there is there- 
fore a deviation towards the easi' which is proportional to the cube of the time of 
descent. This deviation is greatest at the equator. 

019. Ex. 1. Show that the path of a particle falling from relative rest is 
nearly the curve 325ay®= eos^ X 2 ®. 

Ex. 2. A particle is projected vertically upwards in vacuo with a velocity V. 
Prove that when the particle reaches the ground there is no deviation to the 
south, and that the deviation to the west is 4w cos xr^jSgK [Laplace iv., p. 341.] 

Ex. 3. A particle falls from relative rest at a point A situated at a height h 
above the point 0. Supposing the resistance of the air to be represented by kv 
where v is the velocity and k a small quantity, find the effect on the easterly 
deviation. 

Measuring ^ upwards and neglecting the terms x%, y'd^, as we now know 
that they are of the order w® (Art. 618), the equations of motion becorge 
y"~2e^z'=-Ky', z"=-g~Kz'. 

The vertical motion is sensibly the same as if the earth were at rest, Substi- 
tuting z'= -gt in the first equation, 

y" + xy'=- 2g9^t, .-. y' + Ky=- go^t '^ ; 

where 5=d/dt. This leads at once to yzz: -^ge^t^ The easterly 

deviation is therefore slightly diminished by the resistance of the air. 

Ex, 4. Prove that, if the attraction of the earth on the falling particle were 
represented by -gxia, r= ~gyla, Z=-g (1^2./a), the time of falling from 
rest at a height h, as deduced from the equations of Art. 614, would be increased by 
the inappreciable fraction 5/i/6« of itself. Thence show that the easterly deviation 
IS not perceptibly altered. 

^ Ex. 5. The southern deviation. A particle falls from relative rest at a point A 
situated on the vertical at a point O on the surface of the earth. Let the southern 
horizontal component of the attraction of the earth be represented by 
A’'=sinXcosX(Aa;+G 2 ), 

where A and G are very small functions of the ellipticity and the angular velocity 
of the earth, the point 0 having been reduced to rest. Prove that the southern 
deviation measured on the tangent plane at 0 is sinXcosXyt’^dw^ + ^'ijC'). 

This result is obtained by substituting the approximate values of y and z 
obtained in Art. 618 in the small terms given in Art. 617. Expressions for the 
components of the attraction of the earth are to be found in treatises on the 
“figure of the earth” (see Stokes’ Mathematical and Physical Papers, vol. ii. p. 
142). These give approximately (after some reduction) C={2m-e)2gla where 
m= oPaIg and e = 1/300, hence G = 2<jP nearly. 

620. ^ Two cases of motion. Two special cases of the motion 
of a particle deserve attention ; (1) when the particle in its motion 
does not deviate far from the vertical and (2) when the motion is 
nearly horizontal. 
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Supposing the axis of z to be vertical, the horizontal velocities 
dxjdt and dyjdt are small compared with the vertical velocity 
dzidt in' the first case. The products of the horizontal velocities 
by ft) are therefore of a higher order of small quantities than the 
product of the vertical velocity by co and should be neglected in 
a first approximation. 

In the second case, on the contrary, dz/dt is small and we 
neglect its product by co. The two sets of equations are therefore 
as follows (Art. 614) : 




• dt^ 
d"z 
df 


— g + Z. 


d^x dy 

dt'^ dt 

d^y _ dx 

d^z dx 

di‘^'~ dt 


0.= Y, 


^2 + 2 


dy 

dt 


\ 

I 

Oi — — g + Z. 



We hotice that when the motion is nearly vertical the com- 
ponents ^ 1 , 6 2 enter into the equations, while 6s does not appear 
until we proceed to higher approximations. It is therefore the 
component of the angular velocity about a tangent to the earth 
which affects the motion. 

On the other hand when the motion of the particle is nearly 
horizontal it is the component of the earth’s rotation about the 
vertical, viz, which plays the principal part. 

If we compare the x and y equations for the case in which 
the motion is nearly horizontal with those given in Art. 614, 
when the square of co is neglected we see that they express, the 
motion of a particle moving freely in space but referred to axes 
which turn round the vertical with an angular velocity 6s. If, 
as is generally the case, the forces X, Y are either zero or in- 
dependent of the changes of the nearly constant quantity z, we 
can thus obtain these equations in an elementary way. The particle 
moves freely in space, unaffected by the rotation of the earth, 
but the axes of reference move round the vertical and leave the 
particle behind. This geometrical interpretation of the equations 
may be made more evident by considering some simple cases. 

621 . As an example consider the case of a pendulum. When the bob malces 
small oscillations the motion is nearly horizontal. To construct the motion we 
suppose the pendulum to oscillate freely in space (with the proper initial conditions). 
This oscillation is left behind by the earth, and the effect is that the plane of 
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oscillation appears to revolve about the vertical with an angular velocity equal and 
opposite to the vertical component of the earth’s angular velocity. The plane of 
oscillation therefore turns from west to south with an angular velocity wsinX. 
This problem is more fully considered in Art. 624. 

622. riat trajectories. A bullet is projected from a gun, situated at the 
point 0, with a great velocity V, in a direction making a small angle a with the 
horizon so that the trajectory is nearly flat. It is required to find the motion. 

The initial velocity of the bullet in space (after 0 has been reduced to rest) is V. 
After leaving the gun the bullet describes a parabolic path in space, while the axes 
of reference turn with the earth round the vertical at 0, and the bullet is left 
behind by the axes (Art. 620). Supposing that the initial plane of xz contains the 
direction of projection, the coordinates of the bullet at the time t are evidently 
x=Vtcoaa, y= -xd^t vrlaexe 63 = - usinX. 

The deviation y is therefore always to the right of the plane of firing in the 
northern hemisphere, and to the left in the southern hemisphere. If R be the 
range the whole deviation is Rtx sin X. We notice also that the deviation y is 
independent of the azimuth of the plane of firing, and that the time of describing 
a given distance x is independent of the rotation of the earth. 

The third equation of motion (Arts. 614, 615) gives 
{l^z dx 

— = -f/ + 202— , .•. sina- Fwt- cos acos Xsin /3, 

CLZ 

where ’^ 2 = -wcosXsinj3 and /3 is the angle the plane of firing makes with the 
meridian. The vertical deviation of the bullet from its parabolic path at the 
moment of reaching a target distant x from the gun is therefore - xtw cos X sin /3. 

623. Deviation of a projectile. Ex. A particle is projected with a velocity 
F in a direction making an angle a wuh the horizontal plane, and the vertical 
plane, through the direction of projection makes an angle with the plane of the 
meridian, the angle |3 being measured from the south towards the west. If x is 
measured horizontally in the plane of projection, y horizontally in a direction 
making an angle j8 + Jtt with the meridian, and z vertically upwards from the point 
of projection, prove that 

x = V cos at + (F sin at^ - gt^) 03 cos X sin jS, 
y = {V sin at^ - w cos X coap + V cos af^ w sin X, 

z= V sin at-^gt^.- Vcoa at^w cos X sin (3, 
where X is the latitude of the place, and w the angular velocity of the earth. 

Prove also (1) that the increase of range on the horizontal plane through the 
point of projection is 4w sin cos X sin a (^ sin^ a - cos^ a) V'^lg^, ‘ 

(2) that the deviation to the right of the plane of projection is 
4w sin^ a (^ cos X cos /3 sin a + sin X cos a) F^/p®, 
and (3) that the time T of flight is decreased by 22’ cos a cos X sin /S Fw/p. 

It is not usual in practical gunnery to take account of the rotation of the earth 
except when F is very great, and then only the terms containing F are perceptible. 

624. Disturbance of a pendulum. A particle of mass m 
is suspended by a fine wire of length I from a point 0 fixed 
relatively to the earth, and being drawn aside, so that the wire 
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makes a small angle a with the vertical at 0, is' let go. It is 
required to find the motion ; see Art. 621. 


The equations of motion are those given in Art. 614. Taking 
the axis of z vertical and the origin at the position of equilibrium 
of the mass m we see that the ordinate z is less than Z (1 - cos a), 
and the terms of the form Bdzjdt are of the order Icoa!^: these we 
shall reject. Let us also make the axes of a;, y turn slowly round 
the vertical with such an angular velocity p relatively to the 
earth that ^3 = — twsinX+^ becomes zero, as explained in Art. 
616. The equations of motion are now 


d^x 

W 

d^z 

df 


T X d^y T y 

m I * df ml’ 




Sf + 


Tl-z 
m I , 



where T is the tension of the string, and d^, have the values 
given in Art. 616. 

The third equation proves that the tension T differs from mg 
by quantities of the order Icoa at least. Since xjl and yjl are of 
the order a, and we have agreed to reject terms of the order cocB, 
we must put T = mg in the two first equations. 

Since the two first equations are independent of co, the motion 
of a real pendulum ®when affected by the rotation of the earth is 
the same as that of an ideal pendulum, unaffected by the rotation, 
but whose path, viewed by a spectator moving with the earth, 
appears to' turn round the vertical with an angular velocity 
^ = £B sin A in a direction south to west. 

If In? = g, the solutions of the equation are clearly 

a; = A cos {nt + (7), y = jB sin (ni + D) (2). 

It appears that the time of oscillation, viz. 27r/n, is unaffected by 
the rotation of the earth. To determine the constants of inte- 
gration, we notice that when the particle is drawn aside from the 
vertical and not yet liberated, it partakes of the velocity of the 
earth and has therefore a small velocity relative to the axes. 
This is equal to — kwsinX- and is transverse to the plane of 
displacement. Taking the plane of displacement as the plane 
of xz at the time i = 0, the initial conditions are 

x=^loL, 2 / = 0 , dxldt=^0, dyldt^-loKosiiiX 
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It is then easy to see that 

A = lix, Bn — — law sin \ (7=0, D — 0. 

The particle therefore describes an ellipse whose semi-axes are 
A and — B. Since the ratio of the axes, viz. w sin X \/(l/g) is 
very small, the ellipse is very elongated and the particle appears 
to oscillate in a vertical plane. The effect of the rotation of the 
earth is to make this plane appear to tnrn round the vertical 
with an angular velocity, w sin X. 

635 , It is known that, independently of all considerations of the rotation of 
the earth, the path of the bob of a pendulum is approximately an ellipse whose 
axes have a small nearly uniform motion round the vertical. This progression of 
the apses vanishes when the angle subtended at the point of suspension by either 
axis of the ellipse is zero; see Art. 566. As the presence of this progression will 
complicate the experiment, it is important (1) that the angle of displacement should 
be small, (2) that the pendulum when drawn aside should be liberated without 
giving the bob more transverse velocity than is necessary. This is usually effected 
by fastening the bob when displaced to some point fixed in earth by a thread, and 
when the mass has come to apparent rest it is set free by burning the thread. 
The progression of the apses dhe to the angular magnitude of the displacement 
is in the opposite direction to that caused by the rotation of the earth. 

The advantage of using a long pendulum is that the linear displacement of the 
bob may be considerable though the angular displacement of the wire is very small. 
The bob should also be of some weight, for otherwise its motion would be soon 
destroyed by the resistance of the air; Art. 113, 

626 . As we have rejected some small terms it is® interesting to examine if 
these could rise into importance on proceeding to solve the equations (1) to a 
second approximation. To determine this we substitute the first approximation of 
Art. 624 (2) in the differential equations. The third equation shows that i'lm - g 
has tAvo sets of terms, Pirst, there are terras independent of w which lead to the 
solution already obtained in Art. 555, and need not, be again considered here. 
Next, there are terms which contain w as a factor and have the form sin(?it±/3) 
where j3=pt, Art, 616. These when multiplied by xjl or ijjl give no terms of the 
form sinnt or Goa nt. None of the terms whicji contain w can rise into importance 
(Art. 303). 

627 . The idea of proving the rotation of the earth by making experiments on 
falling bodies originated Avith NeAvton. But more than a hundred years elapsed 
before any observations of value were made. In 1791 Guglielmini of Bologna 
made some experiments in a tower 300 feet high. The liberation of the balls Avas 
effected by burning the thread by which they Avere suspended, and this was not 
done until they had entirely ceased to vibrate as observed by a microscope. The 
vertical Avas determined by a plumb line, but he had to Avait several months before 
it- came to rest. The results AA'ere disappointing for they showed a deviation 
tOAvards the south nearly as great as that toAvards the east. This discrepancy Avas 
due to tAvo causes, (1) the numerous apertures in the Avails of the toAver caused 
slight Avinds, (2) the vertical Avas not ascertained until a change in the seasons had 
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altered its positiou. Other experiments were made by Benzenberg about 1802 in 
Hamburg, but Reich’s experiments in 1881 — 3 in the mines of Freiberg are 
generally considered to be the most ’important. The height of the fall was 158^ 
metres and the mean of 106 experiments gave a deviation to the east of 28 J 
millimetres, the deviation to the south being about a twentieth of that towards the 
east. These were the experiments that Poisson selected to test the theory; he 
showed that the observed easterly deviation was within a thirtieth of that given 
by calculation., Poisson also investigates the general equations of motion of a 
particle relative to the earth and obtains equations equivalent to those given in 
Art. 617. He then applies them to a variety of problems. Journal de Vecole 
iwlyteelinique , 18.88. 

The defect of experiments on falling bodies is the smallness of the quantities 
to be measured. In 1851 Foucault invented a new method; he showed that the 
plane of oscillation of a simple pendulum appeared to rotate round the vertical 
with an angular velocity equal and opposite to the component of the earth’s 
angular velocity. The advantage of this method is that the experiment can be 
continued through several hours, so that the slow deviation of the pendulum can 
be (as it were) integrated through a time long enough to make the whole displace- 
ment very large. Foucault’s experiment was widely repeated with many improve- 
ments. Among English experiments we may mention those by Worms in 1859 
at King’s College, London, in Dublin by Galbraith and Haughton, at Bristol, at 
Aberdeen, at Waterford in 1895. The accuracy of the method is such that it is 
possible to deduce the time of rotation of the earth. Foucault’s observations gave 
23’', 33'", 57“, while the repetition of the experiment at Waterford led to 24”, 7‘", 30®, , 
the true time lying between the two (see Engineering, July 6, 1896). Though the 
experiment can be easily tried when only the general result is required, yet many 
difficulties arise when the deviation has to be found with accuracy. Indeed 
Foucault admitted that it was only after a long series of trials that he made the 
experiment succeed (see Bulletin de la Societ6 Astronomique de France, Dec. 1896). 

Inversion and Conjugate functions. 

628. Inversion^. Let a point P of unit mass move under 
the action of forces whose potential in polar coordinates is 
U=f{r, 6, (jo). Produce any radius vector OP of the path to Q, 
where 0P.0Q==t-, the locus of Q is called the inverse path of 
that of P and any two points thus related are called inverse 
points. Let OP = r,0Q = p. 

Let P', Q' be two other inverse points near the former, then 
since OP . OQ = OP' . OQ', a circle can be described about the 
quadrilateral PQP'Q'. 'The elementary arcs PP', QQ' are there- 
fore ultimately in the ratio r : p. If the points P, Q move so as 

* The reader may consult a paper by Larmor in The Proceedings of the London 
Mathematical Society, vol. xv. 1884. The principle of least action is there applied 
to both the method of Inversion and that of Conjugate functions. 


R. D. 
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to be always inverse points, their velocities u, are connected by 
the equation ujui = rjp. . 

The position of the point P in space is determined either by 
the quantities (p, 6, (p) or (r, 9, ^). Choosing the former as the 
coordinates, the Lagrangian equations of the motion of P are 
deduced from 

I 

- ■ V+0=/(^'. «..#.) + (7. 

These equations contain only the polar coordinates of Q. They 
primarily give the motion of a point Q describing the inverse 
path in such a manner that P and Q are always at inverse points. 

Let us now transpose the factor ¥lp^ from T to U, We then 
have (Art. 524) 

The Lagrangian equations derived from these give the motion of 
a particle which describes the same path as that of Q, but in a 
diiferent time. Let the particle be called 11. The form of 
shows that 11 moves as a free particle, acted on by forces whose 
potential is P’s. We see also that the masses of the particles P 
and n are equal. See also Art. 650, Ex. 2. 


The path of either particle may be inferred from that of the 
other. Ijf the path of the particle P described with a work function 
f{r, 6,^) + G is known, then the other particle 11, if 2 ^'t'operly pro- 
jected, will describe the inverse path, with a work function 


- p‘ {■' 




629. To find the relation between the velocities u, v of the 
particles P, TI, when passing through any inverse poipts P, Q, 
we notice that by the principle of vis viva =U ■+ G, ^v^=U'.>. 
It follows immediately that v — idc-jf, and therefore that ur = vp. 
Since the planes of motion OFF', OQQ' coincide, the angidar 
momenta of the particles, when at inverse points of their j^f-dhs, 
about every axis through the centre of inversion are equal. 

The constant G is determined by the consideration that the 
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known velocity u in the given path must satisf’ 


^u^ = U+G. - 

The particles P, IT do not necessarily pas 
points of their respective paths at the sam'' 
be the times at which they pass through an; 
points; t + dt, r + dr the- times at which 
neighbouring pair P', Q' of inverse points, 
arcs PP', QQ' are in the ratio r : p while t 
are in the ratio 1/r : 1/p, it follows by divisioi 
"times dt, dr are in the ratio : p^ The rel 


is found by integration from ^ ^ 


This 


given in Art. 524. 

Supposing that the particles P, 11 are ] 
points on their respective paths, their initio 
inversely as their distances from the centre 0 oi 
initial directions of motion must be in the same px 
supplementary angles with the radius vector which paox-v.. 
both the initial positions. 


630. If the particle' P is constrained to move on a surface the argument 
needs but a slight alteration. The inverse point Q describes a curve which lies on 
the inverse surface. Let {p, 6, 4>) be the polar coordinates of Q ; then these may 
also be taken as the Lagrangian coordinates of P. Using the equation of the 

inverse surface, we have p' = ^^6' + *^ <A'- Substituting the values of p, p' in the 
ctu ct<p 

expressions for T and U+C given in Art. G28, we proceed as before and arrive at 
similar results. 


631 . The Fressures. When the particles P, H are constrained to move on 
a surface and the inverse surface respectively, the pressures Ii«, at any pair of 
inverse points are such that Bir^=B«p^. 

To prove this we take any axis of z and resolve the forces on the particles 
perpendicularly to the meridian plane zOBQ, Art. 491. We then have 

1 dA 1 dU _ 

- + cos ttj, 


r sin 9 dt 
1 dA 
p sin 9 dr 


r sin 9 d<p 
1 


p sin d d(p 


dU„ „ 

- + Kn cos aq 


where A is the angular momentum of either particle about the axis of z, Art. 629, 
and dt, dr are the times respectively occupied by the particles in passing from any 
pair of inverse points to an adjoining pair. 

The forces B^, B^ act along the normals to the two surfaces. To understand 
the geometrical relations, we describe a sphere passing through P , Q and touching 
one surface. Then since the sphere has the property that for every chord the 
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product OP . OQ is the same, the sphere -will touch the inverse surface also. The 
normals therefore meet in the centre of the sphere and will make equal angles with 
every straight line perpendicular to the radius vector OPQ. The angles a^, a., of 
resolution are therefore equal, if the reactions are taken positively towards the 
centre of the sphere. 

Since p^dt=r^dr and p~U 2 =r^ (U + C), we see at once that r^Iti=p^It^. Since 
ur=vp, we have JR-ylxi^=BJv^, i.e. the pressures at inverse points are also as the 
cubes of the velocities. 

Ex. Deduce from the relations p^Uo=r^{U+C), lu^=:U+C, 

(1) that the parallel components G, G' of the impressed forces on the particles 
P, n in any direction perpendicular to the radius vector are connected by the 
•equation p^G'=‘i'^G. 

(2) that the radial components P, F', are connected by pW + r^F= -4cr^{U+C). 


633 . Ex. 1. The path of a free particle under the action of no forces is a 
straight line; in this case we have u^ = 2U=2C. By inversion the path of a free 


particle, when v^=u^ 


= 2112 , inverse of a straight line, i.e. a circle passing 


through the origin. This gives U 2 =Ck^lp^, and the central force F=dCk*lp^. 
This is Newton’s theorem that a circle can be described freely about a centre of 
force on the circumference whose attraction varies as the inverse fifth power of the 
distance. 


Ex. 2. Show that a particle can describe the curve 

under the action of a force F in the origin which varies as i - I ' 

(a^ IP 2 p^) 

When the axes a, b of the curve are so unequal that their ratio is greater 
than sJ2, the force F changes from attraction to repulsion as the particle proceeds 
from the extremity of one axis to the other. Verify this by tracing the curve, 
and show that the curve is convex at the extremity of the lesser axis. 


Ex.-S. Prove that the central forces F, F', under the action of which a curve 
and its inverse can be described about the centre of inversion are so related that 

^ /j'F' ' 7^2 ~ ^ ^ » show also that the velocities v, v' at inverse points are connected 

by vr=vY. [This follows easily from the expression for F given in Art. 310. 
When h = h', Art. 629, this agrees with Art. 631, Ex.] 

Ex. 4. A particle P moves on a sphere under the action of a centre of 
attractive force situated at a point 0 on the surface, and the velocity v at any 
point is P/?-2 where r=OP. Prove that the path is a circle whose plane passes 
through 0. 

Inverting the sphere, we find that the stereographic projection is a straight 
line. The result follows at once, see Art. 609. 


'633. Conjugate flinctions. Let the Cartesian coordinates 
2/)> v) of two corresponding points P, Q be so related that 

ai + yi=f{^ + r]i) (1), 
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where /is any real function and ^ = /(— 1). Expanding the right- 


hand side we have 

X + iji = 7]) + 7}) i (2), 

where <p and 'xfr are real functions. The transformation is therefore 
effected by using the equations 

^ = y = .....'.(3), 


the motion of F following geometrically from that of Q. Differ- 
entiating (1) we find 

x' -1- y'i =f' + -qi ) . [^' ■+• qi], 

+ + (4), 

where y? is a real positive quantity given by 


= + ( 5 )- 

Let U = F(x, y) be the work function of the forces which act 
on the particle P. The motions of P and Q uiay be deduced by 
the Lagrangian rule from 

T = (p + y'% P - P {c/, (e ^), t (I. v)], 
the constant of U being included in F for the sake of brevity. 
Transposing the factor fF to the work function, the equations 

give by the same rule the motion of a particle IT, whose mass is 
equal to that of P, which (when properly projected) will describe 
the same path as the point Q, but in a different time, Art. 524. 

To find the relation between the velocities u, v of the particles 
P, n at corresponding points of their paths, we observe that 
since \iC- = If, = U,,, the velocities are such that v — yu. 

To find the ratio of the times dt, dr we notice that, by (4), 
the corresponding arcs ds, da are such at ds = yda, while yu = v. 
It follows by division that dt = yHr. 


634 . Ex. It is known that a particle can describe the ellipse x-ja^+i/lb^ = l, 
with a force tending to the centre equal to kv. It ie required to find the conjugate 
path and law of force when we use the transformation = 

Let x=:i'cqs6, ?/ = rsin0; ^ = "r] •= p six\ (p ■, the equation of transforma- 

tion then gives 

= d = n<p. 


The equation of the path is therefore 


COS" 

(r 


7^' 
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Also, (I+ 17 O/' 

Again in the elliptic orbit, 

tt2=2(!7+C) = /f(a2 + &2-r2). 

Hence since v=fj.u, 




j2n~2 J > 


(9.V - 1) p2 


The ratio of the angular momenta, viz. vpjur, is easily seen to be equal to n. 


When n= -1, this transformation becomes r=c^lp, d — -(p. The transforma- 
tion reduces to a simple inversion, except that <p is measured positively in the 
opposite direction to 6, 


635 . Ex, If the particle P is constrained to move on a,ny given curve with a 
work function H, while the equal particle 11 is constrained to move on the 
conjugate curve, with a work function TJ^=fj?XJ, the pressures Rj, on the two 
curves are in the ratio of the cubes of the velocities, i.e. RJit,^=R 2 jv^. This gives 
also i?o = /a2Rj. 


The grouping of trajectories and Jacobi's solution. 


636. The Cartesian equations of the motion of a free particle 
of unit mass are • 


_dU 

dx ' ^ dy ' ^ dz 


( 1 ), 


and to these we join the equation of energy 

+ z'^ — ‘ITJ + 20 ( 2 ). 

When the equations (1) have been integrated we have x, y, z 
expressed by three functions of t with six constants whose values 
become known when the initial values a, h, c of the coordinates 
and the initial velocities a', b', c! are given. 

Since t enters into the equations (1) only in the form dt, the 
differential equations are not altered by writing i + e for t. One 
of the constants of integration therefore enters into the solution 
as a mere addition to the time. When we eliminate the time Ave 
arrive at two equations which are the equations of all the possible 
trajectories in space. The constant e disappears with and the 
equations of the possible trajectories contain five constants, of 
Avhich the energy 0 may be regarded as one. To understand the 
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relations of these trajectories to each other it becomes necessary 
to group them into systems. 

We first group the trajectories according to the values of the 
energy G. Taking any one group, having any given energy, the 
four remaining constants are determined for any special trajectory 
when the coordinates of some two points A, B arbitrarily chosen 
on it are given, . 


637. Action. If ds be an element of the arc of the trajectory, 
the integral V=f mvds is called the aetion as the particle passes 
from A to B. If viv- be the vis viva of the particle in any position 
we also have V=Jmv-dt, the limits being the times ti and t of 
passing through A and B. When we are only concerned with the 
motion of a single particle, it is convenient to suppose its mass 
to be taken as unity. 

Considering a single particle, let s be measured from A to B 
along the trajectory of least action and let the length AB be I 
Let A'B^ be a neighbouring trajectory (Art. 590) from some point 
A' near A to a point B' near B. Proceeding as in Art. 591, writing 
V for we find 




Sx + &c. 
ds 



A. 

ds 



S«;+&c. + ~aC 
dG 


ds...(3). 


where the part outside the integral is to be taken between the 
limits A and B and the energy 0 has been varied for the sake 
of generality. It is easy to deduce from the equations of motion 
(as in Art. 599) that the coefficients of hx, By, Bz inside the 
integral are zero. Also since = U + G, we have vdvjdG = 1. 
Since, vdx/ds is the x component of the velocity we thus have 

S F = x'Bx + y' By + z'Bz — a'Ba — h'Bh — o' Be + {t — ti) BG . . .(4). 


When we consider the motion of a system of particles, either constrained or free, 
and all taking different paths, it is more convenient to take t as the independent 
variable. Let us imagine the system, to be moving in some manner which we will 
call the actual course. Let the w'ork function of the Held be U and let L be the 
Lagrangian function, then L = T+ U (Art. 506). Let 6^, 6.,, &c. be any indepen- 
dent coordinates of the system, a.,, &c. their values in some position A occupied 
by the system at a time /j . Then , 0.^, c&c. are functions of t, whose forms it is 
our object to discover. 

Let us next suppose the system to move in some varied manner, i.e. let the 
coordinates be functions of t slightly different from those in the actual course. By 
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the fundamental theorem* in the calculus of variations, we have 


r d Jj ”1 

t f^/dL 

d dL\ 



dt dd') 


where u = d0- O'dt, 2 implies summation for all the coordinates d^, 6^, Ac. and the 
limits of integration are and t. Since each separate term inside the integral 
vanishes by Lagrange’s equations (Art. 506), we have 

5jLtfi = [(r+U)5t + 2^J,(W-d'5i)]^ . 

If the geometrical conditions do not contain the time explicitly T will be a 

homogeneous function of 6^', &o. (Art. 510) and therefore 2 = 21. We 

also suppose that for each varied course the velocities are so arranged that the 
principle of energy holds, i.e. T-U=G, though G may be different for each course. 
Hence L -2T - G,mdd] Gelt = 5 {G{t-ti)}. We now have the two equations 


S/Ldt = - (7 (S( - SI,) + S S») ■- S (1^ Sa) , (A) 

3/2ra< = (i-t,) 5C + S (5 m) -2 (g 5«) .(B). 


The action Tof the system is the sum of the actions of the several particles. 
We therefore have F= J22'd!«. When the system reduces to a single particle of unit 
mass 2^=a!'2 + ^/'^ + 2'^ and the equation (B) becomes the same as (4), 

638 . Let} BS consider the motion of a single free particle and 
let the energy G he given, therefore 8(7=0.. Let v. be the 
velocities at A, B] 8<ra, Sa. the displacements A A', BF ] 6^, 6^ 
the angles these displacements make with the positive directions 
of the tangents at A, B] then, as in Art. 592, (4) becomes 

8V=V2 cos — Vi COS diScTi (IV). 


* The proof of .this theorem is as follows. We have 
, gj L(?f =J idLdt+Lddt)==[L5t] + ^{dLdt - dIM). 

Now L is a function of the letters typified by 0, d\ 

^L = l.{LeBd + Ld'd9'), dL = ^{L6de + Le'0"dt), 

where suffixes imply partial differential coefficients. Since 

dd _ dO +^de _ dd _ dde- _ do ddt 

^ dt ~ dt + ddt dt dt dt dt ’ 


substituting we find 
Integrating the last 


dd' - (""Sf = (5^ - S' Si) = 

g J Ldt = [Lgf] + 1 2 (I-flw + Ls'w') dt. 

term by parts we immediately obtain the theorem in the text. 
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Introducing the mass m, this maybe read, the change of the action 
in passing from one trajectory AB to a neighbouring one is the 
difference of the virtual moments of the momenta at the two 
ends. 

Taking any arbitrary surface which we may call S^, let us 
group together all the trajectories which cut 8 i orthogonally, 
then cos di = 0 . On each of these trajectories let us take the 
point B so that the action from the surface Si to B is some given 
quantity. As we pass from one trajectory to a neighbouring one, 
B traces out a second surface which we may call 82 , and at every 
point of 82 we have S F = 0 . It follows that for this surface 
(supposing it to he of finite extent) cos 62 is also zero. The 
trajectories therefore intersect the surface *§3 at right angles. 

Considering all possible trajectories we first group them ac- 
cording to the value of the energy. We classify them again by 
selecting all those at right angles to some given surface. We 
have now a congruence of trajectories. The theorem just proved 
asserts that all these trajectories can be cut orthogonally by a 
system of surfaces. These orthogonal surfaces are such that, 
when any two are given, the action frbm one to the other is the 
same for all the trajectories. See Thomson and Tait, Treatise on 
Natural Philosophy, 1879, vol. i. Art. 332. 

All possible trajectories may be grouped together in the manner 
just described in many different ways. One method is to select 
a surface intersecting all the trajectories. Each point of this 
surface may be regarded as the centre of an infinitely small 
sphere which all the trajectories intersect at right angles. The 
surface 81 is then reduced to a collection of points occupying an 
arbitrary surface. This is the method of grouping adopted in 
Arts. 159, 330, 339, &c. By a different grouping we obtain different 
orthogonal surfaces. 

639 . These considerations lead us to a rule which is a special 
case of that given by Jacobi for the solution of d 3 mamical problems. 
When this method is applied to the dynamics of a particle the 
orthogonal surfaces are investigated first and the trajectories are 
afterwards deduced. In the general case of a system of rigid 
bodies the interpretation is not so simple. 
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640. Let the action V he expressed as a function, of the energy 
<J and of the coordmates (x, y, z), {a, h, c) of the particle in the two 
■arhitrary positions B and A. Then by the principles of the 
differential calculus, 

dV- ^ gy + ^ ia + Sh + Ho + jg SC. . .(o). 

the energy being varied for the sake of generality. Comparing 
this with the expression (4) (Art. 637) we see that 


dV „ ; , dV 

'S’ “=-s 


, &C., &C., t—t: 


d^ 

dC' 


..( 6 ). 


Substituting in the equation (2) of energy, we find 


dvy f 

dxj 


dz 


-. 211 + 20 , 


SJ 


/dVV 


+ 


\ dc J 


= 2t7o + 2C..(7), 


where is the value of U when we write for x, y, z their initial 
values a, b, c. These are called the Hamiltonian equations of 
motion. ■ ' 


It. is obvious that if we can deduce from the equations (7) 
the proper form for the function F, the first set of (6) will give 
the component velocities of the particle and the second set will 
give the relations between the coordinates x, y, z and their initial 
values. The last equation will give the time. 

Jacobi proved that it is not necessary to obtain the general 
integral of either differential equation. It is sufficient to discover 
one solution of the form 

^ =/(«> a, /3) + 7 • . (8), 

containing three new constants a, jS, 7. He also proved that the 
introduction of the initial coordinates a, h, c into the expression 
for F is unnecessary. Instead of these he uses the two constants 
of integration here called a, B- 


641. In the first differential equation (7) and in the complete 
integral (8), the quantities' x, 7, are the independent variables. 
Jacobi’s rule asserts that if ^ue establish the following relations 
between x, y, z and a new variable t, the equations of motion (1) 
will be satisfied. These assumed relations are 


df df 

da~ (ifi 


-/3 


1 ) 


if 

dC 


= ({■+■ 6 


( 9 ). 
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where a^, /3i, and e are three new constants. These new .relations 
make a), y, z functions of t, G and the five constants a, /3, aj, 
and 6. 

To prove these relations we differentiate (9) with regard to t 
. and thus arrive at three equations of the form 




dcoda. 


.( 10 ). 


The other equations have ^ and G written for oc, but in the third 
the zero on the right-hand side is replaced by unity. These 
equations determine x , y, z'. 

Also since (8) is a solution of the first of the differential 
equations (7), it must satisfy that equation identically. We 
may therefore differentiate (7) after substitution with regard to 
each of the constants a, G. We thus arrive at three equations 
of the form 


df df 


+ + an 

fl/it rl/iirJr/ ^ r 


dx dxdoL . dy dyda . dz dzda 
The other equations have /3 and G written for a, but in the third 
the zero is replaced by unity. 

Comparing the three equations (10) with the three (11), we 
see at once that 

, df , df 


dx^ ~ d%y " dz 


It also follows that 


dy / dy , , 


IL, 

dxdz' 


.( 12 ). 

.(13), 


with similar expressions for y", 

W e may also differentiate (7) after substitution from (8) partially 
with respect to any one of the three variables x,y,z', 

dx dx" dy dxdy dz dx dz dx ’ 

Substituting from (12), the left-hand side becomes by (13) equal 
to x”: We therefore have 


,, dU 

y ^ dy' 

Vv^hich are the equations of motion (1). 


dfl 

dx 


dU 
dz ' 
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642 . Consider the system of surfaces defined by 

f{x,y,z,G,a,^) = K (14), 


where G, a, /3 are constants and K the parameter. The equations 
(12) prove that the direction of motion at any point is normal to 
that surface of the system which passes through the point. Thus 
the surfaces (14) cut the trajectories at right angles. These tra- 
jectories (with their parameters /3i) may be deduced from (14) 
by the rules given in the theory of differential equations or more 
easily by Jacobi’s equations (9). 

The trajectories in Jacobi’s method are thus grouped together 
according to their orthogonal surfaces. By taking different com- 
plete integrals for (8), we group the same trajectories in different 
ways. Art. 638. 


643 . As an example which requires no long algebraical process, let us discuss 
the trajectories when the forces are absent. The Hamiltonian equation is 


fdVf 

[dxj 


:2G 


(15). 


One complete integral, suggested by the rules for solving differential equations, is 

F=|a.r + /3i/ + ^/(l-a2-|32)^}^/(2C) + 7 (16), 

another complete integral is 

V = { {X - ay^ + ( 7 / - py^ + ffi.^/(26') (17). 


If we choose the first integral the surfaces V=K are planes and the trajectories 
are grouped into systems of parallel lines, the lines taking all directions. If we 
choose the second integral, the surfaces V = K are spheres having their centres on 
the plane of xy. The trajectories are grouped into systems of straight lines 
diverging from points on that plane. ' 


To illustrate the use of equations (9) let us substitute in them the second 
integral. We have at once 


X - a y - B r 

r ” "V “ 

where r‘^=(x - a)'^ + (y - ^y^-j- z^. These evidently give a system of straight lines 
diverging from the point x = a, y=g, 2 = 0 , described with a velocity s/(2(7). 


644 . When the coordinates chosen are not Cartesian the 
expression for the kinetic energy does not take the simple form 
given in (2). Let the kinetic energy T be given by 

2T= Fd'- + + Ai/r'- (19), 


where P, Q, R are functions of the coordinates 6, (p, i/c. 
now take as the Hamiltonian equation 

1 /dW 1 fdVV 1 /dVV 


Let us 
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Proceeding exactly in the same way as before, we prove that if 

a, /3) + y (21), 

be an integral of (20), the first integrals of the Lagrangian 
equations of motion (Art. 506), are 


Fd' 


if 

d9’ 


Drk' if 




The trajectories, &c. are given by 

da d/3 dG~ 


it 


( 22 ). 


i “f" 6 ( 


.(23), 


where oti, /3i, and e are new constants. 

This enunciation includes the most useful cases of JacoTi’s 
rule. But his method applies also to any dynamical system, in 
which T is a quadratic function of the velocities. For these 
generalizations we refer the reader to treatises on Eigid Dynamics. 


645 . Ex. I. Apply Jacobi’s rule to Ifind the path of a projectile. 
The Hamiltonian, equation is 

fdVY'/clVy . 

(sj +(%) r" 

Separating the variables, we find that one complete integral is ' 

F = V(2a) a: - ~ (2(7 - 2a - 2 f/y )^ + Y. 


Ex. 2, Apply Jacobi’s method to find the path of a particle in three dimensions 
about a fixed centre of force which attracts according to the Newtonian law. 

Taking polar coordinates we have 

2r=r'2 + ?'V2 + r“sin2d0'2 U=^. 

r 


The Hamiltonian equation (Art. 644) may be put into the form 





sin'^ 9 



= 0 . 


If we equate these three expressions respectively to a, -a + ^cosec^d aud 
“ ^ cosec^ 6, we obtain three differential equations in which the variables are 
separated and whose solutions satisfy the Hamiltonian equation. Let the inte- 
.grals of these be V=f^{r, a), V=f„(9, a, ^), V=U{<t>, I3j. It is obvious that 
V=fi+f,^+f^ + y is a complete integral from which all the trajectories may be 
deduced. 


Ex. 3. Apply Jacobi’s method to find the motion of a particle in elliptic co- 
ordinates (X, /M, v) when the work function is 

u = M +(>''^ - V-)./‘3(M)-KXg-M^)/3(r ) 

(X=^ - (/j.^ - (r‘^ - X'-^) 

Taking the expression for T given in Art. 677, the Hamiltonian equation (Art. 
‘644) after a slight reduction becomes 
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'(2) (X2 - k-) {ix- - V-] + (m- - (m- - (*'" ~ ~ 

= - 2 {{fx-- v^)fi (X) + (v* - X-)/2 (m) + (^" - ./-i (*') } “ 2CU, 


^2 

dv^ 


where D = {\^- fx“) {fx- — v”) {v- - X^) . Since 

[/Jr — V-) + ^ (X^ - fx-) = 0, 


X2 (ix^ - V-) + /x® [v^ - X2) + V“ (X2 - /X-)~(), 

X'^ [jj? - V-) + jx^ {y2 _ x2) + [X- - fx-) = - D, 


the differential equation is satisfied by assuming 


(X2 - h-) (X2 - k") ^ ^ = - 2/i (X) + a + + 2CX^, 

with similar expressions for dVjd/x and dJ jdp. In these trial solutions the variables 
X) fx, V have been separated, the first containing X, the second /x, and the third v. 
Supposing the integrals to be V=F-y (X, a, C), F = P ’2 {/x, &c.), V=Fg [v, &c.), the 
required complete integral is then F = Ni + P\; + J ''3 + 7- solution then follows 

by simple differentiations with regard to the constants a, /3, G. 

This expression for U is given by Liouville in his Jouvucil, vol. xii. 1847. He 
uses it in conjunction with Jacobi's solution. 

We may also write the expression in a different form. Let 2h> Ps 
perpendiculars from the origin on the tangent planes to the three confocals which 
intersect in any point, and let X, /x, v be as before the semi-major axes. We find 
by using the expressions for these perpendiculars in elliptic coordinates (Art. 577) 

U = (X) + («) + p./F.^ (,) . 

Taking U=p^F{\), (omitting the suffixes) we see at once that the level surfaces 
intersect the ellipsoids in the polhodes. . The direction of the force at any point P 
is therefore normal to the polhode which passes through P . It may be shown by 
differentiation that the components, T and N, of the force, tangential and normal 
to the ellipsoid which grasses through P, are 

T= - 2pip (X) {Ss -p-Se^}‘ = - 2p«P (X) 

N-2iPP(X)S,i-i-'^^P'(X), 

where -b H- - • The Cartesian components A, i’, A are 


, xh/ [X- - b'-)2 
' ^ “XSbs 




_2pXr 

- - 



,py F' (X) 
^ X- X 


with similar expressions for Y and Z. 


We may obtain simpler expressions by combining the three terms of U. Putting 
(X) — _ X2”+^, /o ifx) = - /y (v) = - we see that U is equal to the sum 

of the different homogeneous products of X\ /x-, v- of n dimensions, each product 
being taken with a coefficient unity. This symmetrical function of the roots of 
the cubic in Art. 576 may be expressed as a rational function of the coefficients. 
We thus find possible forms for U in Cartesian coordinates. For example, putting 
/j (x)= -X*’ &c., we find 

U = X" -h /x^ -b = (.T® -b ?/■ + 2“) -1- zl . 
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As another example, put (X) = - X® Ac., we then have 
N = X^ + /^^ + V* + X'^^^ + + i;-X” 

= (*- + ?/- + z-)~ + [x^ + y~ -p z^) {Ifi + k^) + h-ij^ + k-z- + B, 
where A and B are two constants. 

- 646. Principle of least action. Let the extremities A, 
B of the trajectories be given and let the particle be constrained 
to move from one point to the other along a smooth wire, the 
energy being given, Art. 636. Of all the different methods of 
conducting the particle from A to B there may be one which is 
the trajectory the particle would take if unconstrained. We' see 
by Art. 637 that for this course the value of SF is given by 
equation (4). But since the points A, B are fixed, hx, hj, Bz 
vanish at each end. We therefore have SF=i 0. It follows there- 
fore that the free trajectory is such that the change of action in 
passing from it to any neighbouring constrained course is zero. 
The action for a free trajectory with given energy is either a 
maximum, a minimum, or is stationary. , 

Conversely, if the path from A to B is requhed which makes 
the action a max-min, the principles of the Calculus of Variations 
require that the coefficients of Bx, By, Sz inside the integral (3) 
in Art. 637 should be zero, provided the geometrical conditions 
of the problem permit Bx, By, Sz to have arbitrary signs. Assuming 
this, the vanishing of the coefficients leads, as already explained, 
to the equations of motion. The result is that the free trajectory 
from A to B is then the path of max-min action given by the 
calculus of variations. 

A similar theorem holds for the motion of a system either free or connected by 
geometrical relations. Let any two configurationa or positions A, B be given. If 
we conduct the system from A to 1> by any varied paths as described in Art. 637 we 
have (since the variations of the coordinates of these positions are zero) 

S\Ldt= -G (dt-Stg (A), dj2Tdt = {t-t^)dO (B). 

Let us now suppose that in these varied paths the particles, without violating 
the geometrical relations, are conducted with such velocities that the energy 
C=T - U has a given value, (the same as in the actual course,) then 3(7=0, and the 
equation (B) shows that the action ^2Tdt is a max-min or is stationary in the actual 
path. 

The equation (A) gives a companion theorem. Let us suppose that in the varied 
paths the particles are so conducted that the time t~ q f.v equal to a given quantity, 
then \Ldt is a ma.r-inin or is stutio)iarij. 
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647 . The action from one given point to another cannot be a real maximum 
if the velocity is always the same function of the position of the particle. Every 
elmLt of either of the integrals or J.rf. is positive and here ore, whatever 
path from A to R may he taken, we can increase the whole action hy conducting 
the narticle along a sufficiently circuitous but neighbouring path. Thus, if G be 
any point on thf tree conrse AB we can conduct the particle along that coutee 
to O Ln compel it to make a circuit, and after returning to the neighbouiliood 
f 0 Idrft along the remainder OB o, the tree path. Additional posihve 
11 are thus giuen to the integral and the action is increased. Ihe energy of the 
motion is unaltered, hiit the time ot transit is longer. 

Since every element ot tlie integral is positive, there must be some path joining 
A and ii which makes the action a true minimum. It the theory of max-mm m 
ie Calculus ot Variations gives only one path, that path must be a minimum. 

n4a It may be that there are several free paths by which the particle could travel 
torn A to B. Selecting one ot these, say ADB, we may ask if the action along it is 
a tacminimnm. Let a noighhoiiring tree path starting Irom A (the energy being 
the same) intersect ADB in C, To simplify matters lot no other fiee path 
fntersect AM nearer tO'A than C. II B lie between A and C there is only one 
free uath from A to R which is in accordance with the principles of mechanics, and 
ha/pth ^es the aetion a true minimum i Art. 647 It I. is heyon C, there 
L two neighbouring free paths from A to C. It may be proved that tiie action 
from A to R is not in general a true minimum, th^e action for some neighbouring 
courses being greater and for others less than for the free path Ah (Art. 6o3). 

649 It maybe that there is no free path froffi A to B, yet ^here must be a path 
of minimum action. For example, a heavy particle projected from A with a given 
velocity can by a free path arrive only at such points as he within ^ ^itain 
parahlid whose focus is at A, Art. 159. The path of minimmn aetion from A t 
a point R beyond the paraboloidal boundary is not a free path. _ ^^n de^«^ 
from the Calculus of Variations it falls under the case mentioned in Art. 646. Its 
position is such that it cannot be varied arbitrarily on all sides, i.e. the signs of 
the variations Ar, Sy, 5^ are not arbitrary along the whole length of the conrse. 

Such limitations exist when the path runs along the boundary of the field of 
motion (Art 299). We therefore draw verticals from A and h to intersect the 
Lei of Ito veloU (which in this case is the directrix) in C and R. Let us 
conduct the particle from A along AC to a point as near C as we please, and thence 
along a course coinciding indefinitely nearly with the directrix to a point as near 
D as we please. The particle is finally conducted along the veitical RR to t 
Kiven point R. Throughout this course the velocity is always supposed to be 
where z is the depth below the directrix. The velocity being ultimately 
zero along the directrix the whole action from A to R is reduced to the sum of the 
actions along the vertical paths AC, RR. The path close to the 
be varied arbitrarily, because the particle cannot he conducted above that level 
without making the velocity imaginary- This minimum path is therefore not given 
by the ordinary rules of the Calculus of Variations. 

A similar anomaly occurs in the case of hrachistochrones. The parabola is a 
brachistochrone when the force acts parallel to the axis and is such that he 
velocity is inversely proportional to the square root of the distance from 


EXAMPLES. 
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directrix; Art. 605. The directrix being given in position, the initial and final 
points A, B ot the course may be so far apart that no such parabola can be drawn. 
In this case the brachistochrone is found by conducting the particle along the 
vertical straight line AC? in accordance with the given law of velocity, thence with 
an infinite velocity along the directrix CD, and finally along the vertical line DD 
to D. 

The further discussion of these points is a part of the Oaloulus of Variations. 
Some remarks on the dynamics of the problem may be found in the author’s 
Bigid Dynamics, voh ii. chap. x. 

660. Ex. 1. Prove that the same path is a brachistochrone for v^=f (x, y , «) 
and a path of least action for v'^=Alf(x, y, z ) ; Art. 599. 

The brachistochrone is deduced from the calculus of variations by making 
jdsjv a minimum; the path of least action by making jv'ds a minimum. These 
must give the same curve if v'^k^jv ; (Jellett and Tait). 

Ex. 2. Prove that, if a path be described by a particle P with such a work 
function that v^=f(r, d, y>), the inverse path can be described by a particle n with 

14 //jS \ 

a velocity?;', such that 0 j . rp=k^; Art. 628. 

To find the first path we make jvds a minimum. Since ds'fds^plr, the second 
path is found by making ^v'dsplr a minimum. These are the same integrals. 
This mode of proof applies equally whether the particle is free or constrained to 
move on a surface. 

661. Ex. 1. Prove that in an elliptic orbit described about the focus 8, the 
time is measured by the area described about the focus 8 and the action by the 
time described about the empty focus E. 

If P, P' be *be perpendiculars on the tangent from 8 and H, we know that 
pp'=h\ Since v = hlp, the action jvds becomes jp'ds.hjb^-, the area ' described 
about E being ^jp'ds, the result follows at once. [Tait, Dynamics of a particle.] 

Bx. 2. In an ellipse described about the centre G, perpendiculars PM, PN are 
drawn from P on the major and minor axes CA, CB, and A, B represent the 
elliptic areas PMA, PNGA respectively. Prove that the action from A to P is 

{Ai -I- b^B) /Jfifab. 

Bx. 3. Prove that the action in describing an arc of a central orbit is 

f!!: When the central force is P=p./r” and the initial velocity is 

J P \ ^ J 2^^ n — S 

that from infinity, prove also that the action is where 6 is 

measured from the maximum or minimum radius vector; Art. 360. 

Ex. 4. A heavy particle describes a parabola. Prove that the action from any 
point A to another B ie k times the sectorial area ASB, where 8 is the focus, 
K^=l&gll and I is the semi-latus rectum. 

Prove also that, if the chord AB pass through the focus, the action along the 
parabolic path is greater than that along the course AG, CD, DB where AG, BD 
are perpendiculars on the directrix. Arts. 159, 649. 
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652 . Ex. 1. Wheii a heavy particle is projected from a point A Avith a given, 
velocity to pass through a point B, there are in general two possible parabolic 
paths. Prove that the action is a minimum along that parabola in which the arc 
AB is less than the arc AC where C is the other extremity of the chord drawn 
from A through the focus. 

The action is a minimum when B is not beyond the intersection with the 
neighbouring parabola drawn from A ; Art. 648. Since the chord of intersection 
ultimately passes through the focus of either of these neighbouring parabolas, Art. 
159, the result given follows at once. 

Ex. 2. When the force is central and varies according to the Newtonian law, 
there are in general two elliptic paths which a particle could take when projected 
from A with a given velocity to pass through B. Prove ^that the action is a 
minimum along that ellipse in which the arc AS is less than AC, where C is the 
other extremity of the chord drawn from A through the empty focus: Art. 339. 


653 . Ex. A particle descriies a circular orbit about a centre of force 
represented by F=fj.lr‘^, situated in the centre 0. It is required to find the change 
in the action %ohen the particle is conducted with the same energy from a given point 
A to another B on the circle by some neighbouring path lying in the plane of the 
circle. 


Let a he the radius, then taking the normal resolution, the velocity 
VQ-s/ipja''^-'^). The principle of energy for the varied path gives 


Also , since the energy G is the same for both paths. 

7L j. 


Let the ecjuation of the varied path be r=a(l + p) where p is some function 
of d. Substituting we find 

+ + (!)• 

Here p is equivalent to the Sr of the Calculus of Variations. 

Since {ds)^=r^ {d9f + {drf, we find by the same substitution 



The action therefore when 6 increases from 0 to d is 

jvds = av, jd + i J dd + ...^ (3) 


where p‘^=d-n as in Art. 367, and the limits are 6 = 0 to 6. By substituting for p 
the value corresponding to any assumed variation of the path, the change in the 
action follows immediately. 

If the particle starting from A were to describe a neighbouring free path with 
the same energy, we know by Art. 367 that the first intersection of the new path 
with the circle is at a point given by 0=7r/p nearly. 

We may easily deduce from the expression (3) that the action from A to B is a 
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true minimum if the angle AOBcvl^t; see Art. 694, 648. To prove this we use 
an artifice due to Lagrange*. Since 

d dp „d\ 

de 


where X is an arbitrary function of 8, we may write the integral on the right-hand 
side of (3) in the form 

1 = -txp‘]+ j |(g)%2v| + 4 '*"• 

The term \p^ taken between the limits is zero, since both paths begin at A and end 


at B. Let us choose the function X so that 

••• X=ptanjtj(d-a) (5), 

then I=j(^^g+\pyde (6). 


Since this integral is essentially positive it follows from (3) that the action along 
every varied path from A to E is greater than that along the circle. 

This argument requires that X should not be infinite within the limits of 
integration. By taking 23a=|7r — e where e is a quantity as small as we please the 
values of X given by (5) can be made finite from 0 = 0 to 0=7r/p- e' where e' is a 
quantity as small as we please. The argiment therefore requires that the point B 
should not make the angle AOB>Tr{p. 

When the angle AOB is greater than irjp ice can prove that the action along 
some varied curves extending from A to B is less, and along others is greater, than that 
in the circle. 

To prove this let us conduct the particle from A to E along the varied path 
whose equation is ./3 = L sin fji^. Let /3 be the angle AOB, then since p vanishes at 
each end, g is arbitrary except that g^ is a multiple of tt. Since p^>ir one value 
at least of g is less than p and the' others are greater than p. Substituting in (3), 
we find that the integral is 



the limits being 0=0 to 0=/3. The smaller values of g make I negative, while the 
greater values (which correspond to the more circuitous routes) make I positive. 
The conclusion is that lohen the angle AOB>Trjp, the action along the circle is not 
a true minimum. 

654. Ex. A particle moves in a plane with a velocity v = <p {x, y) beginning 
at a given point A and ending at B. The path taken being that of minimum action, 
it is required to find in Cartesian coordinates the equation of the path and the change 
of action ivhen the path is varied in an arbitrary manner. 

Let the elementary action vds = 4> iJ['i-\-y'^) dx be represented by / {x, y, p) dx, 
where p has been written for y'-dyidx. Then writing y + dy, p + dp for y and p, 


* Lagrange ThSorie des fonctions Analytiques 1797. He refers to Legendre, 
Memoirs of the Academy of Sciences 1786, and adds that it must be shown that X 
does not become infinite between the limits of integration. Not being able to 
settle this question, he just missed Jacobi’s discovery. See also Todhunter s 
History of the Calculus of Variations, page 4. 
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(but not varying ."c) tho wholo incroaso of action on tho varied curve is by Taylor s 
tilil 6 0 1* @X£X 

’ dA=j[fy5y+fp5p + i{fyy(87jf + 2fyp5ySi>+fpp(dp)^} + &Q.]dx, 

where suffixes as usual represent partial differential coefficients. Integrating the 
second term .by parts, as in Art. 591, we have 
5^ = [fpSy] +Hifv- fp) 

where the part outside the integral, being taken between fixed limits, is zero, and 
accents denote total differentiation with regard to x. The path of minimum 
action is found by equating the coefficient of 5y to zero. Art. 591. This path is 

therefore given by ^ ^ ni 

fy-fp =^ •••• W. 

and the change of action in any varied path by 

= 4 fifuv (^y? + 2 /,p 52/ 5p + /pp (5p)2] dT (2) . 

To find the path in Cartesian coordinates we integrate the equation (1). This 
can only be effected when the form of the function (p is given. The integration 
presents only those difficulties which are discussed in treatises on differential 
equations. We now proceed to find the change in the action given by (2). 

To determine the sign of SA, we write (2) in the form 

fid =[X (SyYHl ^[(fyy - 2V) (SyY + 2 ifyp - 2X) 5ySp+fpp {dpf] dx (3), 

where the term outside the integral is zero, provided X does not become infinite 
between the limits of integration. 

Let y=F {x, be the integral of (1), then changing the constants into Ci + a, 

CjH- jS where a, § are indefinitely small, 

. T-i djF dF 

+ — ^ (4), 

is also a solution of (1). We choose the constants c,,, Cg so‘that the curve y = F 
passes through the limiting points A and B. Making the varied curve (4) also 
pass through A, we have an equation to find |3/a. Hence 

^ /dF dP jSX ... 

is the equation of a neighbouring path of minimum action beginning at A and 
making a small arbitrary angle with the path AB, the magnitude of the angle 
depending on that of a. If G is the Jirst point of intersection of these- two paths, 
then u is not zero between A and C. 

Differentiating (1) we see that dy = u satisfies the equation 

fyy Sy + fyp Sp - (fyji 5y +fppSp) = 0\ 

( fvv~ jzifmdi') (b). 


( 7 ). 


Returning to the integral (3) let us choose X so that 
(/yp-2X)w= 

Substituting in (6) we find 




<dx 


JvP ' 


„dX\ 


[fyv- 2k)- w 


/pp 


ART. 654.] TERMS OF THE SECOND ORDER 405 

the last term being obtained by substituting for u' from (7). This becomes 



The quantity under the integral sign in (3) is therefore a perfect square. Remem- 
bering (7) we see that 

SJ = lJfppjsj?~^Syl'dx (9). 

The value of X is by (7) 

( dV V U'\ 1 /I ri\ 

u) 7(i+?)” 

Hence in order that both X and the subject of integration in (9) may be finite 
it is necessary that u should not vanish between the limits of integration. The 
second limiting point B must therefore not be beyond C. It is supposed that v 
and dvjdy are finite between the same limits. See Art. 648. 

Supposing this condition to be satisfied, every term of the integral (9) is 

positive if fpp is positive from A to B. Since fpp = v and the velocity v 

is supposed to keep one sign throughout the motion, this condition also is satisfied. 
The change of action caused by a variation of path is therefore always posiUve and 
its amount is determined by (2) or (9). 

This investigation can be applied to brachistochrones and may also be extended 
to any cases in which the subject of integration, viz. /(a:, y, p), is a function only 
of the coordinates-!/, a;, and the first differential coefficient. In order that the 
course AB given by (1) should be a true minimum, no variation must exist which 
can make 5A negative. The conditions for this are (1) the point ^ “"s* 
beyond 0, as earned .in Arts. 694, 648, (2) the differential coefficient dfidp 
must be positive throughout the whole course AB. 

If dmp^ were negative for any portion PQ of the course given by (1), let us 
vary, the remaining portions AP, QB so that 5y is as nearly equal « as we 
please, the portion PQ being varied in some other manner. f 
prominence is given to the negative elements of the integral (9) that SA is made 
negative. It is also evident from (7) that X is finite if diUdpdy are finite. 


A SWARM OP PARTICLES. 

Note on Art. 414. 


The argument will be made more complete if we suppose that the boundary of 
the swarm is an ellipsoid instead of a sphere. Owing to the manner in which the 
forces of attraction depend on the shape of the swarm, the results for an ellipsoid 
are not altogether the same as those for a sphere. 

Taldng the same axes as before, the coordinates of the projection of any particle 
P on the plane of motion of the centre are r + ^, 77 , while is the distance of P 
from that plane. Treating the ellipsoid as homogeneous and of density D, the 
component attractions of the swarm at any internal point are Af, Brj, Gt, where 
A, B, C are functions of the ratios of the axes of the bounding ellipsoid and their 
sum is ivD. 

The equations (1) of Art. 414 are slightly modified by having their last terms 


replaced by -A^, -By; and instead of (3) we have 

, 

=oJ 

The equation for f is evidently 

= (II). 

Putting ^ = a aos (pt + a), T 7 =:b sin(pi + a), and f=c sin ((/t + 7 ) we find by pro- 
ceeding as in Art. 414, 

{ f - (A - 3)i") } { fP - P } - =0, q- = ?i^ + G (Ill) • 

The condition for stability is therefore A>‘6n-. 


In an ellipsoid A > P if the axis in the direction of ^ is less than that in the 
direction of tj. It follows that if the axis of ? is the least axis, A is greater for 
an ellipsoid than for a sphere. The swarm is therefore more stable for an ellip- 
soidal than for a spherical swarm provided the least axis of the ellipsoid is 
placed along the radius vector from the sun. 

Let us suppose that all the particles are describing the same principal oscillation. 
The projections of their paths on the plane are therefore given by ^ = acos 0 , 
y = bsm 6, where 6=pt + a. These paths are coaxial ellipses described in the same 
periodic time 27r/p, the semi-axes of any ellipse being a, b. By substituting these 

values of y in the second of equations (I), we find - follows that all 

the ellipses are similar to each other. There will therefore be no collisions between 
the particles. 
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The ratio of the axes of the ellipses is not altogether arbitrary. By -uaing (III) 
we find 

Y = „ f B&? = - 

\b J p--{A- 3n2) 

where A, B and therefore are known functions of the ratios of the axes of the 
ellipsoid. We may deduce from the values ot A, B given in the theory of Attrac- 
tions that Aa^ is less or greater than Bb^ according as a® is greater or less than b\ 

It then follows from this equation that in both the principal oscillations the axis 
of the ellipsoid in the direction of the radius vector from the sun is less than the 
axis of the ellipsoid in the direction of motion of the centre. 

If P, Q, P be any three particles describing similar co-axial ellipses in the same 
time with an acceleration tending to their common centre, it is not difficult to 
prove that the area of the triangle PQR is constant throughout the motion. Let 
us apply this theorem to the motion of the projections of the .particles on the 
plane of ?■>;, Joining adjacent triads of particles, we divide the whole area into 
elementary triangles. If the swarm is homogeneous, the areas of these triangles 
are initially equal and we see that they will remain equal throughout the 
motion. The swarm will therefore remain homogeneous. 

Consider next the motions of the particles perpendicular to the plane of ^rj. 
These are harmonic oscillations and are all described in the same time 2irlq. 
The amplitude of each oscillation is the ordinate of the ellipsoid corresponding 
to the ellipse described by the projection and this is constant for the same particle. 
The distance between two adjacent particles moving in the same ordinate in the 
same direction is increasing or decreasing according as they are approaching or 
receding from the plane of $ 77 . As there are as many particles approaching as 
receding, the uniformity of the density is not affected by this motion. 

When both the principal oscillations are being described simultaneously the 
state of the motion becomes more complicated. The outer boundary is not strictly 
ellipsoidal, being dependent on both the states of motion. Since also the rotations 
in the principal oscillations are in opposite directions, we can no longer neglect 
the collisions between the particles. 

To take account of the collisions we must have recourse to a statistical theory 
analogous to the kinetic theory of gases. But this would lead us too far from the 
methods of this treatise. 

For an example of the application of the kinetic theory the reader is referred 
to a memoir by G. H. Darwin, On the meohanical conditions of a siuarm of meteorites, 
(&c., Phil. Trans. 1889. He supposes a number of meteorites to be falling together 
from a condition of wide dispersion and to have not yet coalesced into a system of 
a sun and planets. No account is taken of the rotation of the system. 

Callandreau’has discussed the case in which a comet, regarded as a spherical 
swarm of particles, is heterogeneous, the density being a function of the distance 
from the centre. The eflect of a passage near Jupiter has also been taken into 
account. See his Etude sur la theorie des comStes periodiques. ^ He considers it 
probable that the periodic comets are undergoing a gradual disintegration and he 
points out that according to this hypothesis a few comets captured by the action 
of Jupiter could by repeated subdivisions produce all those known to exist. See 
The Observatory, Feb. 1898. 


LAGRANGE’S EQUATIONS. 

Note on Art. 624. 


This rule may be put into another form. We know that ifZ, = r+l7+(7he the 
Lagrangian function and 9, (p, &g, the coordinates, the equations of motion are 


d dL __ dL d d^ _ ^ 

dt d6' ~ dd ' dt d<p' d<p' 

We now see that we may use the same equations, if we substitute 

L=^+M{U+C) 


( 1 ). 

.(2), 


where M is any arbitrary function of the coordinates 9, cp, &c. which we may find 
suitable when solving the equations. 


The expression for Tj differs from T only in the fact that the differential co- 
efficients are taken with regard to a different independent Variable, which has been 
represented by t. Thus 




d9 d(p 
'’^^dt dt 






When the equations have been solved the 'paths of the particles are found by 
eliminating r loithout enquiry into its meaning. 

The equation of energy is supposed to be T- f7= <? ; the constant C is therefore, 
known when the initial values of 9, (p, &a., 9', <p', &c. are given. 

We notice that one solution must be analogous to that given by the principle 


T 

of vis viva. We therefore have (U+G). Since this must agree with the 

equation T=U+C, it immediately follows that = The 

relation between r and t is therefore Mdr=dt. 


When the paths of the particles are alone required, loe may eliminate the time 
from the Lagrangian equations by using a new function instead of the Lagrangian 
function. 

In this method we choose some one coordinate 9 to be the independent variable 
and regard the others cp, \p, &c. as unknown functions of 9 whose forms are to be 
determined by the altered equations of motion. Let 

. T = + + + G). 

where accents denote differential coefficients with regard to the time. Let also 


T'=-^A-^l + A-inpi+^A.22pi‘ + -d..,sPl'pl+ (5), 

where the suffixes of <p, \p, &c. here denote differentiations with regard to the new 
independent variable 9. 

, dT__dr dT^(fr 

dip' dpi ’ dp dp 


( 6 ). 
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The equation of energy gives 

T'0'2=U+C, 
d dT ' dT 

The Lagrangian equation 




dU 


becomes 


( 7 )- 


dt dtp' dtp dp 

fU+G\i d ifU+G\^dr\ dT' U+G dU 
\i’' ) dd tv T' ) ~ dp r dp’ 

where all the differential coeffioients are partial except the djdO. 


f J^{I^U+G)T'}i=^{(U+C)T'}i 


( 8 ). 


Remembering that U is not a function of p^, this becomes 

iL 

de ‘ ^ '’dp 

If then tve use Q = {{U + G) T'}^ as if it were the Lagrangian function and 
regard 0 as the independent variable, we have the equations 
d dQ dQ d dQ _ dQ 

dd dpi~~ dp' do dpi~ dp ’ ’ 

from which the paths may be found. 


This result follows easily from the theorem of Art. 624 by putting drz^ide, aud 
we have here reproduced so much of that article as is required for our present 
purpose. If dT=de, we have 3Ide = dt and therefore by (7) of this note 



Substituting in (2) the Lagrangian function becomes 

L = 2{(U+C)r|i. 


We notice that however the expressions for the vis viva and the worlc function 
may be different in different problems, yet so long as the product {U+0) T remains 
unchanged, the paths are determined by the same relations betioeen the coordinates 
6, p, c&c. 


Since in the Lagrangian equations, the letters d, p, &c. represent arbitrary 
functions of the quantities or coordinates which determine the position of the 
system, it is evident that we have here taken as the independent variable any 
arbitrary function of the coordinates. 


If some one coordinate, say p, is absent from the product [TJ + G) T' (though T 
contains the differential coefficients of p), we see that one solution of the equations 
of motion is 

dQ ,,, 


dpi 


(U+G)^' 


dpi 


( 10 ), 


lohere a is an arbitrary constant. If G is arbitrary, the product Q cannot be 
independent of p unless T' and U are separately independent of p. But when G 
is given by the initial conditions this limitation is not necessary. If we substitute 
for dT'IdPi and T' the values given by (6) and (7) this integral becomes dT(dp' = ‘ia., 
which is the same as that obtained in Art. 521. 


We may deduce this extension directly from the Lagrangian equations. Suppose 

r=j/ {i.-iiid'-+&c.}, u^G=^^j.f{e,p,&c.), 

where 31 is a function of 0, p, &c. while Ac. are not functions of p. In this 
case the product T[U+G) is not a function of p. The Lagrangian equation 
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for ^ gives 

d dT dM fl'2 4-&c)= — ‘^®') > 

■ ^ -I — 1. (T-U- C) (ll)- 

■ ’ ‘ dt dtp' dp M 

If then the initial circumstances are such that the equation of energy is 
^ dT 

U+ C, -we have ^/=“- 

As a simple example, consider the case of a projectile moving under the action 
of gravity. We have + U=-9y. Since the product of these is 

independent of x vte choose some other coordinate as the independent variable. 
Writing a;. =dx/di/ “we have 

1 do ^liy h ^)" 

Q={{l + x,^){y + C)}h = 

This by an easy integration leads to the parabola (a; - /3)2=4a2 (y + U - a^). 

The elimination of the time from the Lagrangian equations is given by 
in his Letjons sur Vintegration des iquations differentielles de la Micamque, 1895. 
By an application of the principle of least action he^obteins Urn function here 

called Q and writes the equations in the typical form ^ 
he deduces (page 239) that the Lagrangian equations may be written in the two 
forms ,rn/ 

dt dq' ~ dq dq’ dr dq' dq 

. where T'=T{U+G) and dr=:{U+C)dt. This special result follows from that 
given at the beginning of this note by putting 1/Jkf= U+G. Its importance lies in 
the fact that hy this change the motion is made to depend on that of a system moving 
under no forces. 

The elimination of the time from Lagrange’s equations is also given by Darboux 
in his Legons sur la theorie generale des surfaces, Art. 571, 1889. He expresses his 
results in the same form as Painlev4. 

We may oUain an extension of the theorem (2). In such problems as those 
discussed in Art. 255 the Lagrangian function takes the form 

L=L2 + Lx'l"-f^o (^^)> 

where L is a homogeneous function of d', p', &a. of the order n, the coefficients 
being fuMtions of 6, p, &c. but not of t. We then find as in Art. 512, Ex. 3, that 
the equation of energy becomes 

L,-L,= G (13). 

Proceeding as in Art, 524, we change dt into dr and write 

L:=^ + L, + M{L, + C) ( 14 ). 

We may now use this as the Lagrangian function. » 
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Cayley. Infinitesimal impulses, 160, Ex. 3. Elliptic functions, 218, 220, 364. 
Lambert’s theorem, 352, note. Motion in an ellipse with two centres of 
force, 366, Ex. 4. 
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Hoesb-poweb. Defined, 72. 

Huvgens. Terminal velocity. 111. 

Impulses. How measured, 80. Infinitesimal, 148. Smooth bodies, 83, &c. 

Inertia. Explained, 62, 183, note. Moment of, 241. 

Ineinite. Force, 100, 466. Subject of integration infinite, 99, 202. 

Ingall. Motion of projectiles quoted, 169. 

Initial. Tension and curvature, 276, &c. String of particles, 279. Starting from 
rest, 280. Initial motion deduce from Lagrange’s equations, 617. Three 
attracting particles fall from rfest, 284, Ex. 6. ^ ^ 

Integrals. Of the equations of motion. Two elementary, 74, 76. Eectilinear 
motion, 97, 101. General and Particular integrals, 244, 246. Summary o 
methods in two dimensions, 264. Integrals of Lagrange’s equations, 621 
and page 408, Liouville’s, 622. A general case in three dimensions, 497, m 
Jacobi’s method, 646. 

Inverse square, law of. Eectilinear motion, 130. Particle falls from a planet, 
134. Central force, 332, &c. See Time. 

Inversion. Of the motion of a particle, 628. Of the pressure on a curve, &c., 631. 
Of the impressed forces, 631, 632. Calculus of variations, 660, Ex. 2. 
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Magnification. Rectilinear motion, 139. In two dimensions, 303. Central orMte 


369. 

Mass, Units, 63. Problems on bodies without mass, 267. Of a planet 403. 
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Point gravity, _ 159. Under a central force, 330, 339. 
A biTichibtochroue, 691. Least action, 646. 
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Poisson. Expansion of true anomaly, &c., 487, Ex. 3. Effect of the rotation o 
the earth, 627. 

Pbessubb. Ivio dimensions, 184. Three dimensions, 626, &c., 636, 662 , 660, &c. 
A constrained motion may be free, 190, 193, 194, &c., 629, &c. Does the 
particle leave the curve? 196. _ 

PBO,jTnJ.S. In VMUO, IM, by JaooW'B melb«a, ««•_ 

Beaalance 168, oases of n=2, m, n-3. l”t »-0, 116, fe. • 
trajectory find the icaistaoce, 179. Eototion of the earth, high and flat 
trajectories, 621. Deviation from parabolic motion, 623. 

PpissETJX. The spirals of, 322. 

Becipeocai. spieal. a central orbit rd=a, 368. Badial velocity constant, 368. 
Arrival at the centre of force, 472. 

Beich. Experiments at Freiberg, 627. 

Eelative motion. Acceleration relative to a moving point, 39, 276; to a moving 
curve, 197. Belative and actual paths, 229. Coriolis, 267. Three dimen- 
sions’ relative to the meridian plane, 496, to a moving curve, 630. 

Bepbesentativb pabticiiB. Defined, 296. 

Besistino MEmuM. Eectilinear motion, light particle, 102. Heavy particle on a 
chord, 107, falls freely, 116, &o. Curvilinear motion of a heavy particle, 
162—180. Law of resistance, 171. Eesistance in the solar system, 386. 

Bobbets, B. a. Integral calculus referred to, 116. 

W. B. W. Motion on an ellipsoid, 668, 671. 

Booeb. On brachistochrones, 691, note, 612, Ex. 3. 

BoucHfi. Convergence in Kepler’s problem, 488. 


Salmon. Solid geometry referred to, 677, 610. 

Sang. Heavy particle on a circle, 217. 

ScHiAPAEELLi. Disintegration of comets, 414, note. 

Second appboximations. Eectilinear motion, 141, curvilinear, 202, 302, 303. 
Central orbits, 367 , 426. Conical Pendulum, 662, 664. 

Sebbet. Lemniscate, 201, Ex. 2. Two centres of force, 686, note. 

SiMiLAB. Configurations, 266, Ex. 9, 10. Line arrangement of three particles, 409, 
&a. Triangle arrangement, 407. 

SINGIJLAB POINTS. Of infinite force, 466. Arrival at the centre of force, 468. 
Special cases, 470, 472. 

Slbssee. Acceleration for moving axes, 600. 

Sphebes. Impacts of smooth spheres, 83, &a. Energy lost, 90. Impulses of 
spheres inside moving vessels, tied by strings, &g., examples, 94. Motion of 
a point on a sphere, 642, &-c., 666, &c. 

Stability. Energy test, 296. Of oscillations, 287. When the law of force is the 
inverse xth, 298. Of the moon’s orbit, 417, 418. Of central orbits, 439, 444. 

Stokes. Eesistance to comets, 386. On the figure of the earth, 619, Ex. 6. 

Stone. Longitude is elliptic motion, 476. 

Steing oe paetioles. n heavy suspended particles, 306. Initial tensions, &c., 279. 
Train and engine, 150, Ex. 5, 306, Ex. 3. Pulleys, 78, Ex. 10. String passes 
over a surface, 646; 

SuBFiciBNCY. Of the equations of motion, 243. Insufficiency of a first approxi- 
mation, 302. 

SxjPEBPOSiTioN. Of motions. Theory, 271 — 276. 
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SuEFACE. Small oscillations of a heavy particle about lowest point, 301. About 
steady motion, 663. Motion on any surface, 536, &c. Cylinders, 544, 
String, 645. Developable, 649. Of revolution, 641, the zones, 660, &c. 
Paraboloid, 664, Sphere, 642, 566. Ellipsoid, 668. 

SwAEM. Stability of a spherical swarm, 414. Ellipsoidal swarm, page 406. 

Sylvestee. Motion in a circle 321, with two centres of force, 194. 

Tait. Belation of brachistochrones to free paths, 691, 660. Brachistochrone 
when the velocity varies as the distance from the axis of Z, 612, Ex. 4. 
Least action in elliptic orbits, 661. 

Tautocheonb. Linear equation, 119. Examples of tautochronous curves, 211. 

Theee atteaoting paeticles. Initial radius of curvature, 284, Ex. 6. Triangle 
arrangement, 407. Stability, 408. Line arrangement, 409. Unstable, 412. 
Motion from rest in either arrangement, 413, 284, Ex. 6. 

Time. In an arc, 199, 200, In a central orbit, ellipse, 342, hyperbola, 348, 
parabola, 349. Ellipse of small eccentricity, 346. Euler’s and Lambert’s 
theorems, 360, 362. Ambiguities in sign, 350, 363. 

Tisseeand. Comet in a resisting medium, 384, &c. Disintegration, 414. Criterion 
of the identity of a comet, 416. Proof of a theorem of Laplace, 487, Ex. 4. 

Tissot. The conical pendulum, 666, note. 

Thomson and Tait. Laws of motion, 61. Orthogonal surfaces of trajectories, 638. 

Todhuntee. Error in a Newtonian piroblem, 134, Ex. 3. On brachistochrones, 604. 

Townsend. Memoir on brachistochrones, 691, note. 

Teanson. On hyper-acceleratiou, 233. 

Two atteacxinq paeticles. Orbit and time, 399. Mass of a planet, 402. 

Two CENTEES OF FOECE. A circle is a possible orbit F=ixxi^, 194. Ellipse describe 
two dimensions, 366, three, 629. F=ix,u^, lemnisoate, 687, Ex. 4. 
Liouville’s general solution, 686, &c. In three dimensions, 688. 

Unifoem. Velocity and acceleration, 2, 16, Ac. Angular velocity, 41. Defini- 
tion, 63. 

Units. Space and time, 46. Mass, 63. Force, 64. Work, 71. Horse-powei^ 72. 

Velocity. Components, 11. Moment of, 6—9. In a central orbit from infinity 
and to the origin, 312. 

ViLLAECEAU. Law of gravitation, 390, note. Force in a conic, 460, note. ^ 

Vis Viva. See Energy. Defined, 69. Constrained particle, 184. Principle for a 
fixed field, 246, rotating field, 266. Vis Viva of a rigid body, 263. Coiiolis 
on relative vis viva, 267. Deduced from Lagrange’s equations, 612, Ex. 3. 

WoEK. Defined, 70. Kate of doing work, 72. Work function, 186. Central 
■ force, 186. Elastic string, 187. Effective forces, 607. 

WoEMS. Experiments on Foucault’s pendulum, 627. 

Wythoff. Memoir on dynamical stability, 406, note. 

Young. Buie for the attraction of table land, 208. 

Zengee. Mean and true anomalies, 347, Ex. 2. 
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